GATE Chemistry fevision MNotes

Quantum Chemt'sf'ry and Atomic Structure

WHY QUANTUM CHEMISTRY 7?7

Microscopic  particles do  not  follow classical paths.  Their
state s described by a waveﬁbncﬁ'on, and  measurement
yfue.s probabilities.

Core idea .-

A guantum  state contains all available information. An

operator extracts a measvrable value +rom that state.

L.sf'm"e pSi + operator A = measurable result J

This volume builds +our exam sKills

— translate words into operators and equations

—+reco~9m2e standard model en.erﬁies Zufcb(ly

— count nodes, degeneracy G allowed states

— use approximation methods with clear ont'c

GATE route .-

First fdenﬁvc/ the model. Then write the elgenvalve,  check

Zuanhmv Nnumbers, and on/y then suvbstitute wvalues.

Bottom recall :-
Choose the Zuanf'um model  before selecﬁ'nﬂ any ezuaﬂon or

Zuanfum number.

— Choose the Zuanf’um model before selectin...



POSTULATES - THE mAP
7o State T postolate .-

A normalized wavetunction or «et represents the state of

a system. A global phase does nrot change the physical

Stafte.

2. Observable postulate .-
Euery measurable Zuanf’h‘y has a linear Hermitian operator.

Its eigenvales are real and are possible measurement

ovtcomes.

3. Mkasuvrement postulate -
Measurfnﬁ A 9lve5 one e{genvalue. The probability ezua/s

the Szuared overlap with that e{gensfaf'e.

i Aueraﬂe valve -

O‘ ;
ﬁ'epea ted  measurements yti/e the expectation valve, nrot

necessan'ly one allowed result From a Sf'nﬂle trial.

[<A7 = Epd) A X1 U

$. Time . evolution :-

Ar  isolated  state evolves through  the  time- dependent

Schrodfnﬂer ezuaﬁ'on onder its Hamiltonian.

Bottom recall :-

A valid  postulate links  states, observables,  measurement

probabfh'fy and time evolution.

— A valid postulate links states, observab...



WAVEFUNMCTION & BORNV RULE
Wavetunction Pat "

The wavetunction is a probabilffy amp/:'fude. Lt may  be

positive, neyaﬁ'ue or complex, but it is  rnot dt'recf'ly

observable.

Born interpretation .-

The Zuanfﬂy psi Szuared s probability densﬁ'\/. A

small interval dx contains probability p:i(x) Szuared
dx.

[ Pla to b) = Int(a,p) P.Sl();) z dx ]
MNMormalization - *

The particle must exist Somewhere in the allowed space, Sso

total probabt'lify IS one.

Efnf’(all SPace) psi z I = 7 j

Acceptable wavetunctions are

%sahﬂle'ualued and  finite

— continuous where the potential is Finite

-*.szuare—thf'eﬂrab/e and normalizable

Mistake : psi may change sign. Probability density never
becormes neﬁaﬂue.

Bottom recall :-

Probabilffy densify Pl nonnejaﬁ've, normalized and obfm’ned £rom

a

the Szuared amph'f'ude.



DIRAC BRA-KET MOTATION

Ketr and bra .-

A Ket psiZ s a state vector. Lts c0mp/ex'corgjuyaf'e

transpose is the bra <psi

E‘nner product : <phi X1 ]

[ outer producf' = psiZ<phi J

Orf'hoyoraalh‘y oo
Two different e{gensfaf’es of a Hermih'an operator are

orf'ht)ﬂona/ when their e{genualues are nondeyenera:fe.

[Cm n7 = delta__ J

Completeness .-

A complete orthonormal set can expand any allowed state.

The coethiuents are probability amplitudes.

C psiZz = Sum n ¢ n7 J
: 2
[cn =2 <n psiz, Sum c, = —J

GATE cheek . i+ the state s already normal:'zed, Szuared

coetFicients must add to one.

Bottom recall :-

Expansion coetticients are overlaps; their szuared majnﬁ"udes add

1o onre.

—"Expansfon coetficients are over/aps; the...



O0PERATORS & EIGEMVALUES
Operator action -
An operator chanyes a Fuonction. An e{yen-/:uncﬂon Keeps its

shape and gains only a constant eigenvalue.

[A»hm" psi, = a psi, ]

Common omne-dimensional operators

[posihbn x-hat = x j

Emomenfum p-haf'x = -i{ hbar d/c/x ]

[ Hamiltonian H-hat = —(hbarZ/Zrn)dz/C/xz'f-V j

Hermiﬂan properf_y o=
Hermitian operators have real e{genualues. Their
eigenﬁuncﬁons prow'de orf’hoyonal states, so observables uvse
Hermitian operators.
Lf'nearify L
A-hat acting on a sum eguals the same sum of separate
actions. This allows superpo.ﬂ'ﬁbn.

e

Mistake : an arbh"'rary wavetunction nreed not be an

egenﬁuncﬁon‘oﬁ the chosen operator.

Bottorm recall :-

An e{genﬁun(ﬁbn Keeps Its form after the maf'cht'ny operator acts
on It.

— An e:\'gen%nchbn Keeps (ts form after th...



COMMUTATORS & UNMCERTAINTY
Commutator :-
The commutator tests whether two operations can be

perﬁormed in either order with the same result.

(1481 = a8 - 8A ]

Compatible observables -

If +two operators commute, they can share simultaneous

eigentunctions and both valves may be sharp together.
7 7 g

E[X'P"j = 4 hbar ]

Unceri"al'nfy principle ;-

/Vonco:fnmuf’t'ny observables cannot both have arbff'rarf/y

small spreads in the same state.

Féx gp - 7= hbar/2 j

[ 654 68 == <fABil= )z j

This s not instrument error. Lt IS an intrinsic Spread ot

ovutcomes in a ZuanfUm State.

GATE cve .-

A  Hamiltornian commuﬁnj with an operator means that
observable s conserved in  time.

Bottorm recall :-

L 4
Commuﬂny observables can share exact ualues; noncommuh}oﬂ

pairs have intrinsic -.g:pread.



SCHRODINMGER EQUATIONS
ﬂ'me-dependenf' ezuaﬂon J-
This is the jeneral ezuaﬂon of motion +or a nronrelativistic

Zuanfvm state.

ff hoar dPsi/dt = H-hat Psi J

Stationary potential -

When the potential has no time dependence, separate space

and time. The spatial part satistes an e{genva/ue ezuaﬁon.

(H‘haf psi = B psi ]

[Psf(x,f) = psilx) exp(-iEt/hoar) ]

Stationary state - ;

The phase changes with time, but Psi szuared stays
constant. Therefore the probabf/ify den.ﬂ'fy s tirme
independent.

Boundary conditions .-

The wavetunction and its first derivative are continvous at
a Finite potential step. Infinite walls Force psi to zero.

Exam route : write the potential reylbn by rejion, solve,

then match boundary conditions.

Bottom recall -
A stationary state changes phase with time while its probability

densh‘y stays Fixed.

— A 5f—aﬁ'onar7 state chanyes phase with ti...



INFINVNITE /D BOX
Model -

A particle moves -preely between x = O and L. Inﬁnife

walls prevent escape and force nodes at both ends.

PSi A

=

o L x

[ psin = root(2/L) an(n]_[—)(/f..) J
[ En = nzﬂ Zhbarz/(erLz) J
>m = o, LS 0 e (SRneT allowed

/

— number of internal nodes = N/
= energy grows as n szuared and //L Szuared

Zero-point energy K1 nonzero becav se a constant

wavetunction cannot Sah'.ﬁcf both infinite-wall boundaries.

Probabﬂh‘y pattern -»
State » has n probabfh'fy lobes. Each internal node has

2ero ,Drol:mlz:’:'/4'1"7/J while the antinodes are the most h'b(ely

po sitions.

Bottom recall :-

Box energy grows with n szuared and Falls with the square of

box /enjf’h.



BOX - EXPECTATION VALUES
Symmef'ry Lirst -
The probabflt'fy densh‘y ot every sf'ah'onary box Sstate s

Symmefﬂ'c about L/Z. Therefore the mean position s L/Z.

f Y
<x>7 = L/2

__ i)

s,
R = Q2

\ 5

Momentum Spread c-

The sf'andinﬂ wave contains ezual positive  and neﬂaﬁue

momentum components. Mear momentum vanishes, but its
*

Szuare does not.

2 2 2 2 2
(cpx'?znﬂhbar/l_ - j

Useful result .-

(<x27 = LZ(//S" - //(anﬂz)) J

A Sfaﬂonary box state has deaff'nffe eneryy but  rnoft

definite position or momentum.
Fast cheek - doubh'nﬂ L divides euery energy by four and

doubles all spatial scales.

Bottom recall :-
Symmetry  gives mean position L over 2 and zero  mean

momentum in the box.

— Symmetry gives mean position L over 2 an...



2D & 3D BOXES
Separable motion .-
For rectangular boundaries, the total wavefunction is a
product  of one-dimensional Functions. Total energy IS the

sum of directional ene::gfes.

e

2 Z 220 2 R e
E = (ﬂ— hbar /Zm)(nx /Lx +nL/LY +73, /Lz ) ]

Cubic box /-

Ezual side Ienﬂf'hs maKe energy depend only on the sum

of three szuared Zuanf’Um numbers.

{ E proportional to nxz-f'nyz'l-nzz J

Deﬂeneracy e

Diflerent Zuathmanmber triples masy have the same
energy . Permuh'ny unezua/ numbers 9:‘(&5 distinct spatial
states.

—*(/,/,2) has three spatial permutations

~(7,2,3) has six spatial permutations

— include spin on/y when the Zuesﬂon asks

A recfanﬂular distortion uSually remouves permutation

deyeneracy becavse the three Ienﬁf'h denominators difer.

Fast example .-
In a wbe, (/,/,3) and (1,37 are o(ejeneraf'e'." In a box

with unezual St'c/es, compare the £ull wef:ghfed Sums.

— Count every distinct permutation petore...



FINITE WELL & TUNNELLIMG
Finite well :-

A Fnite wall does nrot force the wavetunction to zero.

Bound-state tails penetrate into the classically forbidden

reylbn.
i

- barrier

b — o — e —— - — = -————— = -

Tunnellfnﬁ =
A particle may oSS A arrier even when its energy (s
below the barrier he{g}n". The wave decays inside  but

remainsS nNonN2ero beyond it

S
| 7 approx exp(-2 «appa a) J

-
Kappa = roof’[Zm(\/O-E)j/hbar j
\

- w:'der barrier 9IV€S smaller transmission

*ht'ﬂher barrier ﬂf'ues smaller transmission

—>l{9hfer particle tunnels more easily

Applications  include  alpha  decay,  scanning  tunnelling

MICroScopy and proton transter.

*Tunneﬂtbﬂ increases for a fhfnner, lowe...



HARMONEC OSCILLATOR
Model -
NMear a stable ezw'h'brfum, a Smooth molecvlar potential is

approximately parabolic. This models small bond vibrations.
Voo

(\/(x) = (7/2)«x* J

[ E = (vt+//2)bbar omega j

[Orneﬁa = roof(v(/p) 7
sy = oG

= acfjacem" levels are ezua//y spaced
— 2ero-point energy = hbar omega / 2
A heavier reduced mass lowers the prezuency and

compresses the vibrational energy 5pacl'n3.

Classical turning points - .

A V. = E ¢ clacsical Speed is zero’ Zuanwm probability

still extends beyond the furm'nﬂ point.

A stronger bond has larger K, so it gives a  higher

vibrational Prezuency when reduced mass s unchanﬂed.



O0SCILLATOR WAVEFUNMCTIONS
Hermﬂ'e form :-
Each eigenfunction is a Gavssian envelope multiplied by a

Hermite polynomial. H{'gher states osaullate more often.

2 2
[ips:-u(x) = w, HV(QxJ exp(—o_ . /27 J
2
[ HOZ'-/, HIZZZ’ H22'7'Z -2 J
NMode rule -

The v-th harmonic-oscllator state has v nodes. ILts parity
alternates: even v gives even parity.

Selection rule -

L(Su = -/ for harmonic IR transitions ]

Anharmonic reality -

Real bonds dissociate, so level spacing decreases at high v.
Weav(' overtone transitions and Delta v abouve one become
poss:bl'e.

Parh‘y shortcot -

The expectation valve of any odd operator vanishes in a

state of dewc?nffe par{f’y over .symmefﬂ'c limits.

This shortcut removes many oscillator :'nf'eyrals before any
a{gebra beﬁfns.

Bottom recall :- .

The oscullator state v has v nodes and parh‘y that alternates

with uv.



ANGULAR ) MENTUM
Quantum vector -

Anﬁular momentum has a definite total maynifude and onre

definite Iaboraf'ory component, u5uall7/ chosen as z.

Z 2
l LS Im? = +hoar”  1m7 j
[_Lz /Jm'7 = m hbar /,m? ]

N = O,/ £

o = -0
— omne | wvalve contains 214/ orientations

Commutators .-

([LX,LJ = ; hbar L J

The three Cartesian components cannot be simultaneouvsly

peact, but L szuarec/ commutes with every component.

Ladder operators -

L-plus raises m by one and L-minvs lowers m by one

without cha nﬂinﬂ L

Maynmde and direction -

( L = hbar roof‘[/(/-l-/)j ]

The anyular fonctions are Spherical harmonics  Y-lm. Their

anyu/ar nodes and orientations +ollow | and m.

— For anjufar momentum, maﬂnff’ude vses | ..



RrGrD ROTOR
Model  :-

A ﬂ"gid diatomic molecule rotates with a fixed bond le,__nyf'h.

Lts moment of inertia controls the rotational Spaciny.

2= p ]

LET = hoar T/ J
o= B

*dejeneracy of level T = 2T4/
—’Spauhy E(T4+/)-E(T) grows with J

Microwave selection rule -

{63’2 Tt J

Only molecules with a permanent dl)oole show a poure

rotational absorption spectrum.

FRotational constant :-

[B—ft'Ide = W/ el J .

/‘ldjacem" absorption lines are separated by 23-tilde. A

heavier tkofopo/oﬁue has /anyf L and smaller Spaciny.

— A heauvier tkof’opoloyue has Iaryer moment...



HYDROGEN-LIKE ATOM

Covlomb problem :-

An electron moves in  the spherical Covlomb field of a

nuclevs  with charye +2Ze. Separation gives radial  and

anﬂular ezuaﬁons.

E a2 .
wenization

{ Eﬂ = =/3.b Zz/n2 eV ]

e = /. 2, 5. confrols energy and  size

— energy depends only on n in Couvlomb Field

— jonization limit is E = O
Increasmﬂ 2 maes the state more ﬁ"ghf'/y bound and

contracts the typical orbital size by rouyhly i/

Dejeneracy i
For a #ixed n, hydrogen has n squared spatial  states.

.fnc/uo(iny the two spin perecftbnS 9;1/e.$ 2n Szuared states.

Fadivs scale :-

[ fypica/ r proportional to n?'aO/ZJ

—"Hydr—oﬁemt bfndfnﬂ grows as 2 SZuared A s



ATOMIC QUANTUM MUMBERS

The +our labels -
shell, erergy and radial scale

2N
= subshell and orbital anyular momentum
e spatial orientation

= spin  projection, +//2 or -1/2

Allowed ranges -

-

(I“Of’on'/; mIZ~IfO+I J

NMode cour:h'ny o= .
( total nodes = n-/ J
[ angular nodes = | ]
( radial nodes = n-1-/ ]

Orbital capacity .-

A  subshell contains 214/ and holds 2(2147)

orbitals

electrons atter spin IS included.

Mistake : a 2d or 32f orbital is impossible becavse |/
cannot reach n.
Bottom recall -

] and = nA-l-1

Tof'al, anjular and radial nodes are i

respectively.

— Total, anﬂular and radial rodes are n-/,...



FRADIAL DISTRIBUTION
What is p!oﬂ‘ed -
The radial probabilify Plr)dr ﬂfues the chance of @'ndfnﬂ

the electron within a spherical shell of thickness dr.

LPG) = R J
PlrA
/s 2x 3s .
Most probable radivs - : K

@ :
It is the r value at a peak of Plr), rot recessarily  the

mean radivs.

Lhydroyen /5 peak - . = aa]

Penetration :-
For the same n, lower | orbitals penetrate c)oser to the
nuclevs. Thus s penetrates more than P, then d, then +.
Greater  penetration vsvally means lower energy n
multi-electron  atoms becavse nuclear attraction is less
screened.

Bottom recall :-

Greater penetration lowers orbital energy in a molti-electron atom.

— Greater penetration lowers orbital energ...



SPIw, PAULE & DETERMINANTS
Electron spin .-
Spin is intrinsic anﬁular momentum. An electron has s =

//2 and two allowed perech'onS. 3

. 2
[ S = s(s+/hoar - Sz = mShbar ]

Pauli exclusion princple -

Mo two  electrons  in one  atom  may  share  all four

guantum  pumbers. A spatial orbital holds at most two
opposite spins.
Antisymmetry .-
E)cchanjl'nﬁ two electrons chanye.s the S{?n of the total
electronic wavetunction. A Slater determinant guarantees this

properf'y.

LPSK = (//rootH(A?)) def‘[chf‘(x\ij J

If two Spin orbitals are fdenh'ca/, two def‘erminanf columns
match and the determinant becomes zero. This is Pavli in
a{gebrafc form.

Orbital approximation :-

Each electron moves in  an average Field of the nucleus
and all other electrons.

Bottom recall :-

A  Slater determinant chﬂnjg: S{gn when two celectron labels are

exchanﬁed.



MILTIE-ELECTRONVN ATOMS
Why difficult 7
Electron-electron repulsion  couples  all coordinates. Exact

separation like hydroyen 1s no longer pc;'SS:'b/e.

Shfeldfnj and effective charye o=

Lnner electrons Screen nuclear attraction. A valence electron

experiences an etfective cha::ge smaller than 2.

rZJPz:Z'S j

Penetration order -

(same o ST T d 7 £ penetration J

Greater penetration lowers orbital energy. This remouves the
hydroyenic deyeneracy between svbshells with the same n.

Auﬁbau, Hund, Pavli  :-
— Ll lo:.uer-ene;:gy orbitals First

— maximize unpaired parallel SP:‘ns'.'in a svbshell
— pair only after each orbital is singly filled

Exchanye stabilization helps explain Hund's rvle, but the

foll energy also includes Coulomb repulsion.

Bottom recall -

Shieldfnj lowers effective nuclear charye and remouves hydroyem'c

subshell deyeneracy.

—’Shie!dfny lowers e+fective nuclear cha(g...



VARLATION METHOD
Prfncfple e
For any normalized trial waveﬁzncﬁon, the calculated energy

IS never below the exact ﬂround—sfaf‘e ene::gy.

FEhﬂhl = ((D H @7 7= EO J

EF a

best state

trial parameter

Procedure

— choose a physically sensible trial Ffunction

— normalize i+ and evalvate expectation energy
—vary its parameter to minimize the energy
What improves accuracy 7

A  Hfexible trial Form with correct Symmef'ry, boundaries

and cusp behavior usvally gives a better upper bound.
Mistake : the theorem ﬂuaranf'ees an upper bound On/y

for the 9round state unless extra orfhoyona/:+y consStraints

are vsed.

Bottorm recall :-

A variational  erergy is an upper bound to  the exact

jround— state enerjy.

— A variational energy is an upper bound ft...



LINVEAR VARLATION & SECULAR EQw

Trial expansion .-
combination of Known

Build a +trial state as a linear
basis functions. The coethicients become the variables.

b)hi = Sum 7 < chi j

Stationary condition
/l/lmc}m'zfnﬁ the energy with respect to every coeFFicient gives

Simultaneouvs h0moyeneous ezuaﬂons

{ Surn\j H. - E §$). = O
9 i
Monzero solution .-
Ec/ef' H - ES =40 }
—H = <chi. H chi7
9 i J
S = <chi cht\').?
S becomes the fdenh'fy

)
' orthonormal,

IF the basis s
matrix. Solving the secvlar determinant  gives approximate

eneryt'es.
lead dfrecfly to LCAO molecular orbital

This macht'nery

f'heory.

-
-
.

Sottom recall
A  nonzero coetFicient solution rezw're.s the secular determinant to

vanish.

— A nonzero coefhcent solution rezw'res...



PERTURBATLION THEORY

Sph'f' the Hamiltonian :-
Start from an exactly solvable system H-zero, then add

a small correction lambda times H-prime.

(H = H, + < ]

l':rsf'-o::der LYk i

‘ E,,m T n(o)7 ]

The First  correction  is the expectation valve of the

perturbation ¥n the unperfurbed state.
First-order state .-

(/) o
[— n Zo= Sum  m%=n mZ H'mn/(EnO-Em 7 J

When i+ fails :-
Ordfnary nondeﬂenerafe fheor7r fails when energy

denominators vanish or the perturbation s not small.

For deyeneracy, First d:'ayonah'ze H'prfrne inside  the

dejeneraf'e Subspace.
Two Zufcv( checks -
— constant H-prt'rne shifts euery level ezual/y

— odd H-pﬂ'mg 9:’:/&5 2er0 In Qa paﬂ'fy e{yensf'afe

A correction comparable to the unperf'urbed level Spacfny

signals  that the expansion may be unreliable.

== Ffrsf'-order energy (s the perfurbahbn 2,



ATOMIC UNLITS
Purpose =
Atomic units set natural electronic comstants ezual to onre.

This remouves repeated constants ahd exposes the physics.

[me:ezhbarZ"fﬂEOZI j

LImportant atomic units

—’lenﬁf‘h B S angstrom
~energy : E, = 27.2//9 &

g energy ¢ / Harf'ree = 2 ﬁydbefy
— Hme hbar/Eh = 287 e O -l 7 5

Hydroyen Hamiltornian :-

(H = (/2] des 7

Dimensional cheek -

Convert only ar the end. . Zr  atermic units, hydroyen
ﬁround energy K1 »//2 Harfree, ezual to -/3.6 eV.

Mistake . onre ﬁydbery i I3 b e\/, while one Harf'ree <
7.2 eV,

L]

Conversion habit .-

Whrite the answer +irst in atomic units, attach the correct

unit type, then multiply by the single conversion factor.

Bottorm recall e

Ore Hartree ezuals two /?ydbeig and about 27.2 electron wvolts.

— One Hartree ezuals fwo ﬁydbefg and about...



WORKED GATE ROUTES

foute / . box SCaIt'ny

A one-dimensional box width changes from L to 2L. Since
energy varies as // L szuared ’ every level becomes

one-Fourth.

[Em(zu e L= T

foute 2 : box transition

For n = / fo n = 3, Subtract ene»:gfes beacbre

simplifying. The gap is proportional to TR M=

( SE = Vil hearKoml J

Moute 3 - isotope shif+
ﬁep/acfnj H by D nearly doubles reduced mass. Vibrational

frezuency scales as inverse Szuare root of reduced mAass.

[\/D/\/H approx //root(2) }

fovte < . perturbation

For an odd perturbation in an “even or odd state, the

ﬁrsf‘oro(er eneryy correction vanishes b7’ parify.

(odd fnf‘eﬂrand over symmetric range = O J

Bottom recall :-

Sca/my, parity  and It'm:'h'nﬁ cases should be checked before

numerical substitution.

_-,Scah'ng, parity and limiting cases shoul...



QUICK RECALL & GATE MISTAKES

Must-Know results -

— box . E proportional to n Szuarec( Al Szuareo(
— oscillator - E = (u-f-//Z)hbar omega

—rotor : E = hbar .Szuared I -7) /28
—*hydrojenfc SaE e X T Szuared/n Szuared
— nodes : radial n-1-/, angular |

Classic mistakes -

— expectation valve reed rot be an elgenvalue

— pSi «an be neym"fve/' JoX1] Szuared cannot
— finite walls allow nonzero exponential tails
—include spin degeneracy only when requested

— wvariation gives an upper bound to ﬁrounc{ £

Thfrfy- second checklist -

Check  normalization, boundﬂry condfﬁons, Zuanf'um-number
ranges, deyeneracy, units and the sign of eneryy before

choosfny an answer.

Preterred solve order -

e :'denﬁ'»cy model, Symmef'ry and boundary
— write Symbolfc result before numbers
— test ll}—m'hhy behavior and units

Revise the model, not just the formula?

— Final revision must test normalization,... .'



