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Motion in a Sf'rm'ghf Line
Motion is a chanye of position with time,
alwayk Judyed from a frame of reference.

Ln /-D- one axis is enovagh, call i+ x.
_ 9N

Position, Path Length, Displacerment

Position x . the coordinate of the body

on the x-axis at an instant t+. It has a sign.
quh Ienﬂf'h s the whole Ienyfh of path

covered. A scalar, never negative.

D:kp/aceménf 4 chanye of position, a =catar

vector. Lt can be plus, minus or zero.

AX = x = 1 oy ¥ <- cfepencfs only on. the
2 / - start and end points

Sign Convention

/?{?hf' or up . => 4+ Ve
Le#+ or down -> - Ve
Fix the .Sfyn once at the Start and Keep it

for v, V, a and s fhrouyh the whole sum.
Path /enﬁf’h >= JAxI , always.

They are ezua! om’y when the body. never

turns bacK o’unhj the motion.
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Distance & Displacement

Distance Displacement
Scalar Vector

Always > O M&y be +; -, O
Path dependenf' Path :'ndependenf‘
Adds up arithmetically Adds uvp with sign

Worked Example

A particle starts at x = O, walds to

x = + & m, then turns and reaches x = + 3 m.
& m ba

& m out

Distance = & + $ = /3 m
Ax = 3 - O = + 3 m (displacement)

IR on Vs 2 <- same trip, two
= very ds_'merenf ansSwers

IF the particle had come bak to x = O the
dt'_fpiacemenf wovld be zero, but the

distance would be /6 m.

Exam trap : never call distance a wvector.
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Average Speed & Average Velocity

Au'ﬂ speed = total distance / total time

* »

Vi = AX / Af’ <- auerye t.fefoc:'fy

e uses displacement
Avg speed is a scalar, avg velocity is a
vector. Auy speed >= mod of avg velocity.
For a round ?'r:)o avg uelocffy = O but
avg speed is definitely rot zero.
Two Standard Results -

Half the DISTAMCE at V/, half at V2

A - | <- harmonic mea
Vi, = 2 % W, CN, 4+ ¥, ) i

av

Half the TIME at V/, halF at V2

av

— <- plain Mean
Va @ (Y, + ¥, 1 J 2 P

Cheek : 90 & 60 wm/h give 98 or $O «m/h.
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Lnstantaneovs Velouty

Shrink the time interval to zero. The
average velocty then becomes the velocity

at that ore instant.

V = lim Ax / A+ = dx / dr | < slope of the
x -t ﬂraph

Fl o
[~} B N

Speed = mod of msf'am‘"aneous velocity, so
atr an instant 5peed and ueloc:fy have f'he

same maynd'ude. Only the averages difler.

Worked + x = 3+ 2 - 9+ + <

( x in m, + in s ) _

V = dx/dt = ot - 9 m/s

At + = 2 £+ N = /42 - 9 = § mls
Vv = O at + = 2/3 s -> it turns there

x(0) = £ m, x(2/3) = 17/3 m; x(2) = 9 m. *
Displacement _(O 2 sl &9 s & =Y m
Distance = 4/3 + /6/3 =-20/3 = 6.67 m

V., = 2 m/s , speed, = 2.33 m/s

av

Moral - iF v chanﬁes sign, split the time.
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Acceleration

Av /) A+
Lnstantaneovs : the limit of that as d+ -> O.

Aueraye 5o

|

av

a = d\//df' = dzx / C{f-z <- -ifope.nﬁ V-,
S umi‘: e

Dirmensions of a : sl T il

The Third Form of Acceleration

Useful when a is given in terms of x, not ft.

a = dv/dt = (dV/)dx) x (dx/dt) x
and dx/df' = V_, So

a = V G{V/dx . <- chain rule, ro
time in  sight

.S'q;qn.s of a and Velocity

! ‘ .
a and V same sign speeding up

a and V opposite slowing down
So nejaﬁue a does MOT mean sfow:'ny down.

A ball f'hrc_:wn vp has a = - 9 ﬁo:}-ig up and

coming down, but it speeds up on the wasy down.
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 Egquations of Motion (a constant)

Let v = velouty at + = O; V at time t,

s = displacement in that time, a constant.

/) From a = d\//df’ :
J, dv = J/o a df
V - v

= a t

VZU"'af'.AI <- no £ in it

27 From V = dx/dt = v + a *

JS dxzj;(u-ka'r)df

O

Szuf'-l-(//Z)af'Z l<'"°v"”"* .

3) From a.-= V dV/dx - -

Vi = v 4+ 2 a s . {—nof‘s'n:'f

Also sz(u+v)f/2,fheww(v5a=rrmeanmle.



_Ezuaﬁons from a Velocity Graph

- Constant a y:’ues a sfr_a{g);:f' V-t line.

If_' starts at v ar_wf reaches V at time +.

L

Ty

<
1
<
tl
0

T
N - e e
|

| Read the Graph

Slope of the line = (v -_u_)/f' = a, .30

V =oyredag i straight away.
| Area of the trapezivm = displacement :

52(//2)(u+\_/_)f'zuf'-f-(//g)a.f‘z

Eh}z:{ba_hhj t between the two j;i.les

= v+ 2a s e e

-

. All three are graph Fa_cfs,_nof new physics.
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Displacement in the nth Second

— e —n —

This is the distance covered dunhﬁ the nth
second alore, ‘not in n seconds. So its unit

is metre, even though it looks like a rate.

I e e

z[u.n-f-(//Z)anzj -
- [ _u(r)-/) + (1/2) a (n-/_’)z ]

s = v+ @2 2n - 7 ) | 25 ap

number here _—_——

—— P - - - —

Quick Example

= 5 _m/.s_, a’ = 2 - "g, __Qnd ‘the $th second.

b i zS"-fj_(Z_/Z)(/O-/)zs‘_-l-?z/Vm_

=

e

0dd Mumber Rule B
Start +from rest (v = O). Then _
e = {af2NEn - J) =» L 23 0 & 2

For a freely falhhy b_c_:dy_ (5 = /O) the
: succex.::}xe_:econds 3_:':._!@ £ m, /55 m, 25 m,

35 . A Q?E/O_Urff‘e ong-marA JEE_ check.
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| Motion Under Gravity : Dropped

TaKe__ d'&w_n as positive, v = O,ja = 9.

Use g9 =./0 m/s N 2 unless the paper says

<- mass does nrot
appear anywh"eré"

|

_Tabie for g =

bl ="

r O v (m/s) | h fallen (m)

/0 _ N

20 - 20
20

LA

h grows as t 72, so it is $, 20, 95, §0,

in the ratioc / 9 9 : Je.

L

and
B0 = GjplGo) v o> vile e b= E
V.= g t = 90 m/s (or v = 20/0)(50))

F = 9 sasM = 9O m/s]

|
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Thrown Ven"t'cally Upward

Taue up as positive : v = + v, a = - 9.
At the top V. = O, but a is still - g there.
Time vp - tip = /£ 9

Max height : H = o / 29
Time of ﬁ{g‘hf‘ > T = 2o 9

feturrn speed = v (same mﬂﬁm’f‘udg)

<- symmetry

down = f-up 1 Speedfn - Speedour‘

/

At any he{ghf h the up-.speed and the
down'_fpeed are ezual in maﬂn#ude

2 2

VZU‘Zﬁh-

Worked : v = 20 m/s, 9 = /O
tp = 20000 = 2 & ; 1 9 s
H = 900 / 20 = 20 m

bl

When is it at h = J& m

Je = 0ETY & 2 P - 9 FaBw=00

= i/ 3 (90‘-”{9 up) and + = 2o (comﬂnj down)

Speed there : V2 = Y00 - 300 = /OO , V = /O m/s

Two roots +or one he{ghf : Symmetry ayain.
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Thrown Down & OFF a Tower

Case A : thrown down with v

. -
Down positive : v = + v, a = + 9
2

Page : //

hzuf'-f—(//Z)yf'z,vzzu.-f-Zﬁh

v = /0O rh/.s'@'o:whz'?f m,ﬂz/O
75 = /Ot + £ o> 2 - /5
F = 3 s , V= /O F JO(B) = 90 m)s

Case B : thrown up' from 'a tower

= O

Up positive -+ v = + 20, a = - /0, and the

Iand:'r)y point is 26~ m BELOW the start, so

S = - 265 m (S{?n matters most here)

- 26 =20+ - &£ > Y9t - & = O

t = & s (et b= o V)

V = 20 - 10(s) = - 30 , speed = 30 m/s

(¥}

I
N

23

t = £ s,V = 30 m/s dow

--5-

Note : the Zuadra‘h'c always has ore
positive root and one negative root when

the body ehds below the start po:'nf'.
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Gravity : Two More Problems

Q/. A body falls freely and covers ‘25" m in

the aieim- second of its Fall. Find the height.
*

Use the nth second formula with v = O

s, = (g/2)N2n - 1) = $(2n - /)

LAty SornTe & -> I A

h = (1)22000)3°) = 9 m

2¢>

H

rF 23 &, h =9 m

Q2. Two stones are dropped +rom the same
_ : PP 1
point / s apart. Find their separation when

the Hirst has fallen for 2 s.

First + h = $(2)° = 20 m

/

Second (+ J £ e b, = )= & om

2

fl

Separation = 20 - § = /§5 m

WNicer way : both have a = g, so the

relative acceleration is ZERO. Once the

;econd stone leaves, the relative Speed )

holds at /O m/s. Gap = s + 10(/) = /5 m.

So the gap grows linearly, rot as t squared. .
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' Variable Acceleration :.a = Rt

The three constant-a ezuaﬁons are row
useless. Inf‘eyrafe' Fwier=ooe™ instead.

| Vzu-l-Jadf
o-

<- constants of
* :}af‘e:grahbn come

from the yt'uen data

' xsz+JVdr

(@)

~ Problem /

A particle starts from rest at the origin
with a = (9 - 2t ) m/s N2, Find V(#), x(1),

the maximum speed and x at + = 9 s.

t

W = , (7 - 20 dr = gt -y
| = | Gt = £ dE = 2F - #)3

2

VS e when @ = O 2 -> ¢ = 2 s
V.. = T T = 9 m/s

V.= O again at t+ = 9 s

(%) = 22 - e9/3 = B2/2 = 10.67 .m

V = m/s i x(9) =:/0.67 m
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Variable Acceleration : a = Rx)

Time is not in the data, so use the third

form and .Separaf'e V and x.

V dvV = a dx -> J:Vde_J’x_;adx

0

Problem 2

a = 3x N2 (SI) and the particle starts g‘?f”f’

resfafxzo..Ftthafszm.

Vv dv = 3x° dx

V)2 = x° -> VvV = J2 x ‘ |
At x = 2 + V' = 2(8) = /6 , ¥V = 9 m/s
Problem 3

A particle moves with V = 3 \/; (51).

Show the acceleration is constant.

L

.

a = V dV/dx = 220 B)2P

a = 9/2 = 9.5 m/.sz , onstant

So V proportional to root x always means

uniform acceleration. Worth ﬂemembenhﬁ.
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Variable Acceleration : a = RV)

Rl

Choose the +orm that separates cleanly

For V against t : dv / alv) = dt

Eor M against x : ® dv / a(v) = dx
..

Problem <

A body has a = - 2V (SI) and starts with
v = /O m/S. Find V(+) and the total .d{sf'ance

i+ travels before stopping.

dv/v = - 2 df -> n( v/I0 ) = - 2t
V = /0 ¢ m/s

V never becomes exactly zero in Finite time.

For the distance vse V dV/dx = - 2v
dv = - 2 dx -> V = JO = = 2%
x = (10 - VvV ) / £ 4 and V -> O yfves X = £ m

<- infinite time,
max finite distance

Problem £

IEV = ( & - 2x ) m/s, then a = V dVv/dx

y!

(o o )l- 207 af x = 4, a.= - & mls
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- Position - Time Graphs

!

Slope of an x-t graph = uvelocty.

Curvature of x-+ tells you about a.

(a) at resh iV, = O (o) uniform V, slope +

FRead the uelocffy as the steepress of

I WS P % | (N DO RS 5 N R

the x-t line. Where two x-t ﬁraphs cross,

. the two bodies are at the same place.

>+ >+

|
|
/ () a > O, slope grows (d) v negative; slope. -

An x-t yraph can nrever be vertical : that
would mean infinite velocity.

|

‘ A curve bendfny upwarc{ means a Is positive,

bending downward means a is negative.
9 9
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? |

Velochy - Time Graphs

b

Slope of V-t = acceleration.

L

|' Area under V-+ = disFaree d:'.:placemenf'.

|
[
| 9
ll' Example : a car $peeds up, then cruises,

|
~ then brakes to rest.
|
|_

‘ 3
!
|| A (m/.f)

'

i 20 Fe=s=r====

o]

>+ (s)

0 4

~ eading This Graph
lLiA:azZO)/%’z-I-f"m/sz,sz'?’Om
|

B :ra=0,s5s= 20 x 6 = /20 m
 C a = - 20/ = - F m)s , & = O wm
|

Total s =.90 + /720 + O = 2/0 m

If part oF f'he.- ﬁraph goes below the t-axis,

|

|

l

J . |
) Aueraje ue!oc:'fy = 2/0 /] 15 = /9 m/s.

|

' that area is neﬁai“fue for d:'spfacemenf'.

|
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Acceleration - Time Graphs

Area under a-t = chanye n ueloct'fy 5

Vv - U = J’r a dt J <- signed area again

&
The a-t yraph pelow has two Hat levels

a positive block, then a neﬁafrve blocK.

a (m/.v N-2]

>+ (s)

Wor«ed

The body starts from rest.

O s & 5 ¢ _AV:-;sz“z-f-/Om/s
ot 15 s 2 AV = - 4 x IO = = IO m)s
W& = VO m/s 4 Wis) = O

A\jump in the a-t ﬂraph is allowed. AJump
in V-t is not, and r; break in x-t is not,

Since a body cannot teleport.
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Graph Maf'cht)g-g : Standard Type

Q. The x-t+ yraph' of a particle starting i
rest at the ort‘?lh IS a parabola opem}nﬂ up.

Draw the maf'cht'ny V-+ and a-t+ ﬁraphs.

Differentiate down the chain, one step at

a time. The cfeyree drops by one each step.

x \" a
N 3

/7

0 0 - 0
ﬁ:'ven ;S x -

l
BN
-+
<
b
[sS]
A
-+
>
3

(4]
~
=1
t
a
3~

How to Attacxk It

/. D:ﬁperenﬁ'm'e once +For V, twice for a.

2. Cheek the SLOPE of the ﬁ:’uen 5raph at
t = O and at large +. Zero slope at the
o»—{g:h means NV starts at zero.

2. Count 5{9"’ chanyes. A slope that nrever
changes sign means V Keeps one sign.

7. Match the O/DER : parabola -> line ->

constant. Deﬂree drops by one each time.

Keverse the chain by famhﬁ areas instead.
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S{qneo’ Area Under Velocaty Graph

Q. From the V-t jraph below Hind the

d:'.sp!acemenf‘ and the distance in & s.

-

The line holds + 10 m/s +or 2 s, falls

throvgh zero at + = 9 s, then holds

- 10 m/.s from & s to ¥ s.

vV (m/s)

10 %

Piece by Piece

+ /O x 2 = + 20 m

O s 2 =

2 to 9 s + (1/22(22()0) = + 10 m

9 o & & - = ()2)CQNIO) ‘= - 1O m

6 to ¥ s i SO 2 = i 20 m
Displacement = O , Distance = 60 m

Add areas with S{?" for df'spfacemenf.

.
: Add  their maﬁn{f'udes for distance.
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Relative Motion in One Dimension

. Veloaty of A as seen by an observer sitting
j on B s Just the difference of uvelocities.

<- tace S{gns from
one ommon Aaxis

<
i
<

\
<

AB

| .
Also  x. = x, - x5 and Bax T B, » @

Two Cases

Same df'recf'r'on_ ; relative Speed = mod of
=\ v - %2 ). Slow cioS:]nﬂI lcnﬂ overtae.

Oppo.s:'f'e directions relative speed

= Yut+ ¥, . ﬂey close fast.

Closing Speed & Meeting  Time

| t =. separation / relative SPEEG(

This worKs only while both uvelocties stay
constant. IF both bodies are in wwoticrr free Full,

a, = 9 -9 = O, so relative mohc:n is

|

|

|

| :

| uniform even f'houﬁh each bocfy accelerates.
‘ That .anﬂfe line saves a lot of a{gebra.

[ ;
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Relative Motion : Worked

Q/. Trains of Ienjf‘h 100.. mi.and IO . m. run. on
parallel tracks at 72 and 9 «m/h. Find the

crossfny time in both cases.

72 &m/h = 20 m/s j Um/h = /15 m/s
felative distance = /00 + JE0 = 20 " m

Same way : NV, = £ m/s -> + = £0 s

rel

rel

Oppo_ﬂ'fe r N = 32"‘ m/s -> t = 74 =
Moltiply &m/h by $/18 to get m/s.

Q2. A boat does < m/s in still water. The

river Hlows at 3 m/s. It goes 4O m down’ .and a
790 m back. Find the auéraye speed.

Downstream : $~ + 3 = & m/s , + = & s
Upstream : $ - 3 = 2 m/s , + = 20 s
Avy speed = §O 1 25 = B2 m)s

Auy velocity = O (it returns)

<- harmonic . mean
- ‘_.
3.2 m/s , rot /s of ¥ and 2

The stream always costs you timg overall.
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Previous Year Style : Q/, Q2

Q/. A car starts from rest, speeds up at
2 m/s N2 for /0 s, then brakes at 4 m/s N2

until i+ stops. Find the total dr'sf'ance.

Phase / o V= 2"05"0 220 . mi/s

s, = (//2(22(10)* = 100 m

Phase 2 : + = 20/9 = & s

g, =, 20° A €2,.%,. 9= £ m

s

bl

/I$O m , T = 1§ 5§ , N Z/Om/s

Q2..A particle moves as x = 2 + $t+ + T+™N2
(SL). Find v, a and the dr'.spfacemenf' n

the 3rd second.

V = dx/dt = & + /9 + -> o = $ m/s
a = dv/dt = 19 m/s® (constant)

£, = 0 + @j2N2 x '3 - 7]

s + 72(s) = 90 m

y!

Cross cheek o x(3) - x(2) = 80 - 90 = 90 m.
The constant 2 m is only the starting

position and nrever atfects v or a.
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" Previous Year Style : Q3, Q9

¥ Q’s’_ With un_:'-/-':_brm acceleration a boc/y covers
200 <m in the First 2 s and 220, <m in the

next 9 s. _F::hd V at the en_d of 7. s.

20 + 2a = 200 -> u + a = SO0

eu~t /¥a = _‘7’20 -> v + 3a = 70

| Subtract ¢ 242 - 30D , 4 & - _/s'“_'_cm/sz

e e .
V=T = 4702 1O em)s =-0.0 ro)s
h_—"'_ Work in cm all fhroqjh_, convert only at

 the very end. Tl
QY. A ball is thrown up at 90 .m/s +rom the
3ro9nd, g9 = /0. Find T, H and the _:}qsfant'c*

when i+ s 60 m above the . jround.

T.=.2u/9g = ¥ s o i) ]
H = /29 = /600/20 = 50 m '

60. = YO .t » & K > 4 - FF oA U2

Y|
1O

=2 samd T =6 S

T = 7 s , H =90 m ,t = 2 s ,6 s

- The two roots agfd fo % & s = T. .Sy_ln_am_e_f'_ry.

-
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Previous Year Sfylé : QAs, Qo

Qs. A balloon rises at /0O m/s. At a he{ghf
of 75 m a store is released From . When

does i+ hit the yround 7 (3 = /O]

The stome starts with v = + /0 m/s (up).
Up positive, s = - 7§ m, a = - /0
. T D IO e P = A e 2 Sy = O

f—z!-"'s,\/z:'/O-S"'Oz‘-VOm/s
Common shp f-ao{:'nﬁ v = O for the store.

Qo. From rest, a = + 9 m/s ™2 for O to 2 s,
them a = - 2 m/sN2 vp to & s. Find V(8),

the df'_s'p!acemenf' and the distance.

V(Z)z‘?’xZZS’m/SzV

max

Ws) = § - 206) = - 9 ml/s 3 &

% =2 O at i = & &

Areas. . kg gt Se y = A g Tl
Displacement = 20 m

Bistance = 28 m

Sph'f' at the instant V chanﬁes S{gn, then

add maﬁnf'fudes for the distance.
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Q7 and Common Mistakes

Q7. Train B moves at 30 m/sj train A at
20 m/s, same direction. B is 150 m behind A.

When is B /50O m ahead of A ?
Virien30 < 20 = /O wafs
Felative d:kp!acemenf' needed = 300 m

t = 300 /] /10 = 30 s

Common Mistakes

USi'nﬁ V.= v + a t when a is not constant.
Caﬂtbj the area under V-+ a distance when
part of the \9ra,oh is below the axis.
Mixing .signs of v, a and s in one gravity sum.
TGKJ}'{? a'="0 afl the top of a vertical throw.
Aueraﬁs'ny sPeeds as kV/ + v2)/2 for ezuaf
DISTANMCES. That case is the harmonic mean.
Forﬂefh'ny that s is a length, not a speed.

eading an x-t+ slope as acceleration.
9 P

Y

Quick  fecall

SLOPE goes down the chain : x -> V -> a.
AREA goes vp the chain : a.-> V -> x,

I tirme s missing use V7 = v + 2as.

IFf x is j:'t/en not +, vse a = V dVv/dx.

\
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Formula Sheet -
V,, = Ax / Af‘ _fpeedw = distance / time
V = dx/dt _ a = dv/dt = v dv/dx

V=2v + a t

s = v t-+| (/2) a +°

Ve =z v +(2 a s

s=lv +|v)+ /] 2

s = v + (a/220 2n - 1 )

Free fall - V. = g + , h = (1)2) g+, V' = 2 g h
Thrown vp : H = uz/Zy,fUqu/y ,T:'.Zu/ﬁ
At height h : V' = o° - 2 g h

Variable a : V = v + ‘[H a dt

x:-'xo-f-J vV dt
E

Ezua! tirmes V,, = (V; + VZ) / 2

Zual distances : V = ZV;Vz / (V; + \/Z)

av

Vag = V4 - Vg t = separation / V

Both in +ree fall : a

ref

O

¥

rel

Slope of x-t = V , slope of V-+ = a
Area of V-t = Ax , area of a-+ = Av

7 Um/h = S_//y m/.s 1 9 = /0 m/sz (or 9.5)
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