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Motion in a Plane
Projectile & FRelative Motion

Unit 2 of the JTEE Main .s’yllabu.s. Two ideas

carry the whole topic:

/. motion splits into f'ndependenf' axes

. uelou'fy is measured -Q-bm a frame

Eueryf’hthﬁ else, perech'/eS, river boats,

rain problems, follows fromt those two.

The one move that matters

[esolve into x and A then treat each axis
as a separate /-D problem. They share only

one _f'h:'ny: the clocK.
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e
Horizontal and wvertical motion are
'r'ndependenf. Time s the on!y bn'dye

between them.

“9 of 76 recent PYQs here are projectiles
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Resolving a wvector

‘Any vector splits info two perpencf:'cular
L 2
preces. Those pieces do nrot interact.

A sin B

e e

A ws O

/‘ldd:th wectors

Add components, never 'maynff'udes.

Ko=d g
#*
R = A + .8
i 7 7

f= R+ R7

Direction: tan of the anﬁfe = ﬁy /] Px.
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Magnitude of a Sum

-
R = A° + B° + 2AB cose
3 Same direction: £ = A + B, the maximum.
Opposite: R = A - B , the pinimom.
Perpendt'cular: e \/AT C o B
Dot product
A . B = AB csO
= Gives a scalar. Zero when perpendfwlar. cos: along

Used for work and for pr@ecﬁbns. Sin’ Q@cross

Cross product

A B = AR 5D

Gives a vector, perpendicular to both.

Zero when parallel. Direction by r{ghf’ hand.
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Prg)ecﬁon of a uecfor
The shadow of A alony 3. A PYQ Fauounf’e

LperZ(A.B)/B J

As a vector, multiply by the unit vedor

of B apf'erward_'f.

Unit wvectors

nzlq/ A

$
Maym'fude /y direction of A. Euery unit

vector satistes (i = / and u i T S

Wor«ed :
A = 3 +.%, B =7 Prcejecﬁ'on of A on B7

A 8 = 8, and B =
so projection = 3

which s \ju.sf the x~c0mP0r;enf.
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P rg}ecﬁle: motion

Thrown at an anﬂfe, then lef+ +o yraw'fy.

Air resistance {gnored, 3 constant.

0 2, e

Split the throw at once:
J. = O cosH (cor:.sfanf)

U = v 3Sinb ('chanyes)

Horizontal has zero acceleration. -
Vertical has a = -9 fhrouyhouf’, thcludfnﬁ
at the very ftop.
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Time, height, ranqé

— All three come from the wvertical axis.

T 20 i 9 J

H = J° St'nze / Zy

ﬁzuzsmze/ﬂ

T comes from vertical d:'_fplacemenf' Zero.
H comes From wertical ue!ou'fy Zero.
° is R R nof’hl'ny more.

At the top the vertical ueiou’f\/ s
zero but the SPEED is not: the

horizontal part never chanﬁed.

Time vp = time down, for ‘level ground only.
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The path is a parabola

Eliminate t+ between the two axes:

Yy = x tan@ - ﬂxz T s c0s’0)

Quadratic in x, So the path is a parabola.

Maximum range

2 s Iaryesf when sin 20 = /.

Coéplemenf'arg; angles

Two an:gles adc/:hy to 90 cfeﬁrees ﬁflle the
SAME range, wl"H:] ditferent times.

30 and 6O share a range
20 and 70 share a range

/ 2

T S e Zf("/ 9 links 'f'he two times.

The steeper any/e always tades lonﬂer.
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Same range, two paths

=

Both land at the same K. The 60O c{eﬁree

throw 9oes h{gher and Sfays up ’0’196"-

So a zuesh’on ﬁ:i./{ny R alore canrot +ix

the anﬂfe. It needs H or T as well.

M (s the tra P.
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Velocity mid- ﬁ{th

Horizontal stays put, vertical decay_s.

Anﬁfe with horizontal: tan a = vy / vx.

Speec{ s S?mmef’rk

At ezuaz‘ he{ghfs on the way up ar;:f)’ the
way down the SPEED is ezual. The

direction is rm'rroreo::(Jl not ezuaf.

Chan"qe in_ velouty

Only gravity acts, so over a whole Flight:

AV = 9 T, .S'I'ra{:ghf‘ down

Direction of the chanye never varies,

whatever the launch anﬁ!e was.
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Thrown from a tower

Mow the landfnﬂ point s BELOW the start,

S0 f':.'me up no /onjer ezua/,s time down.

Set downward positive and sor'ue:.

h = a0 SinBit - a 9 +°

_)LL
Quadratic in t. Take the positive root.

Then K = o cog .4 % t, using that f.
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Thrown hor:'ionfally '

A- specal case: 6 = O, so v, = O.

f'Z\XZA/y

Time depends OMLY on the height. Two
balls, onre droppec/ and' one thrown Qaf]

land foyef'her.

R =09 2h / g

Land:bq velouty

Vr = \/?_ﬂh, Vi, = w

b 4

Anﬁfe below horizontal: tan a = vy / U

Independence of axes is the point of

this case. T%rom'nﬂ i+ faster does

not Keep 1+ up any !onﬂer.
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Projectile on an incline

Tilt the axes a!ony the slope. Then BOTH

axes carry an acceleration.

With axes alonﬂ and across the slope:
amnﬁ S -ﬂ Sin Q

= “-ﬂ S aQ

across

Time of #7{9)# vses the across-axis, and

the range then vses the a/ony-axf.s.

it the axes, do not it yraw‘f?/
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\/e:'ocffy s a!w'ays measured FROM a frame.

AB A

fead i+ as: ueloch‘y of A as seen by 3.
Subtract as VECTOKS, by components.

Two vsetul checks

Vg = ~Vaa

Same maynﬂ'ude, opposite direction.

IF stwo bodies have ezua! velocities, each
sees the other at rest, however fast both

are mow'ny on the ﬂround.

Closest approach happens when the

relative position s perpendf'cufar to

the relative uelou’fy.
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Fiver boat: shortest +ime

Point the boat .cfrai'ghi‘ across. The river

carries it downsfream as It ﬂoes.

path

start

Crossing time uses only the across part:

fzd/\/

Drift downstream dun'ny that time:

x =vd/V

This is the FASTEST cro.ssinﬂ, not the
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Kiver boat: shortest path

To land Sf'rat:ghf' opposite, aim vpStream <o

the current is cancelled.

net

Aim at anﬁ/e where V sin 6 = w.

f'zd/\fv-u

Onl'?/- poSSsible £V s ﬁreafer than v.

A slow boat cannot beat a vCasf_ river.

They are different zueshbn_{.




Date : Page : /e

Rain and the umbrella

Til+ the umbrella along  the rain's velocity

FELATIVE to you, not aicmy the true rain.

rm r e

apparent

rain

‘V man

Walk faster and the apparent rain tilts
-Furf’her -porward, so the umbrella leans more.

tan 6 = V /

measured +From the ‘Uerﬁ'ca/.
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One projectile from another
Both have the same acceleration, g down.

So the relative acceleration Is ZE /0.

Seen from one projectile, the ofhgr

mouves In a STRALGHT LINE at constant

ue!ocffy. C-rraw'fy cancels ovut.

This turns a hard f'wo-body problem info a

* one-line onre, and JEE has vsed i+ often.

Worked : ‘.

Two stones thrown foyefher from the same
point, Speéd.s 20 and 20, anﬁles 30 and 60.

Separation atrer 2 s7

kelah'ue uelou'fy IS constant:

20(c0530 - co0s60) = 20(0.566 - 0.6
20(sin30 - sine0) = 20(0.5 - 0.566)
maym’fude LoDy DIT = JO.BE mfs

separation = -2 2= 207 'm
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Solved: JEE Sf:;}le (/)

i @ A ball is thrown at 20 m/.s af'_ 30 deﬁrees.
Find 7—, H and R Taxe 9 = /0.

vy = /O, vx = /7.32
T = 20000010 = 2 s
H = 100/20 = ¥ im
R =i/732\x 2 = 376'm

@'A stone thrown Hat at /5 m/S from a 20 m

tower. Where does i+ land? 9 = /0.

= rooH(2 x 20//0) = 2 s

f-
= R = /5 x 2 = 30 m +rom the base

L ]

@ Two anﬁles ﬂ:ve the same range 90 m at
v = 20 m/s. Find both anﬂle.s. 9 = /0.

Sin-2a = /f:g/u N2 = Y900/900 = /
= 2a = 70, so a = 95 only.
This i(s the maximum range, So the two

anﬁles coincide.
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Solved: JEE style (2) ‘-

@ A river /00 m wide Hows at 3 m/.s A bom"

rows at $ m/s Shortest cro.{:mﬁ time and drf-ﬁ;"’

—

Airn Sf'rafghf' across:, + = /OO/S"‘ = 20 =

drity = 3 x 20 = 60 m

/97

@ Same river. Mow land directly opposite.

Find the .f't'me tacken.

across speed = roo).‘ﬂZS‘ = ). gy m/S

P OB Y255 longer than 20 s

-

@ Rain +alls at 9 m/s vertically. A man walks
at- 2 mls. At . what any!e shovld he Hlt7

tan a = 3/9, so a = 37 degrees

from the wvertical, leam'nﬂ Forward.

@ 2 e I sl % Find the vnit vector alony A

and its pr@'echbn on the x axis.

A c um'f'- = 0.6/ O.S:jl proy = %
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Common mistakes

Adc_af{nﬂ vector ma ﬂnr'f'uo’es

ado’ o mponents

Speed zero at the top

oniy vy (s zZero

Time vp = time down on a tower

soluve f':‘le Zuadra tic

 alone +ixes the angle

fwo any!es share F©

ﬂ?f:’ny yraw'fy on an incline

tHilt the axes

U:_wbreﬂa a!onﬂ the true rain

use apparent rain

Shortest path = shortest time

d’fff:ere nt ZU estions
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Quick recall

2/

= 2vu 3sind /ﬂ

bl

-qz sin‘o /2:9
v sin 20 / 9

N N XA
bl

'zuz/ﬁaf‘?'fo

max

fAat throw: t+ = \ZZh/ﬂ

incline: a alonﬁ = -9 Sin O

v = V' o+ vyT .

Voo e \
boat, Fastest: £ = d/V, drif+ = ud/V
boat, straight across: F o S T

umbrella: tarn B

H
<
Al
<

A . B = AB cos-a (scalar, O F perp)
A x B = ABicsinsa (Uecf‘or, O.iF Rara/lel)
projection of A on 8 = AB / B

elative acceleration of two projectiles

Is zeros each sees the other g0 sfra{'ghf-.
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Exam-day habits

Where this topic sits in recent papers’

Projectile  motion 99 of 76

Vector arithmetic ! 9 of 76

Dot and cross produm“ - of 76

Relative motion in 2-D g of 76 REY

River boat and rain Y of 7o

Counted +from the 2022 to 2026 papers, So
— projectiles deserve most of your pra'(h'ce.
s
Habits
fesolve before writing any ezu‘ah’on.
Mark which way IS positive, then Keep it
On a tower, expect a Zuadrah'c in t.
For two bodt'e:, switch to a relative frame.

Check 9: papers vse /O or 9.¥, not both,

Two axes, oné clock. Almost every

Zuesf‘fbn here IS f'hgf' 5e;-af'ence

apph'ed careﬁully.
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