UP Board Class 12 Mathematics
2026 (Set 324 CY) Question @couegeduniag
Paper with Solutions )

General Instructions

(i) This booklet contains 35 questions, each provided with a complete, step-by-
step solution.

(ii) It comprises 5 single-correct multiple-choice questions.

(iii) Attempt each question on your own before reviewing the given solution.

1. If f : R > Ris given by f(x) = (5 — x*)'/°, then f o f(x) is equal to:
(A) x5

(B) x

© x°

(D) 5—x°

Correct Answer: (B) x

Solution:

Step 1: Understanding the Concept:
fo f(x) = f(f(x)). We need to substitute f(x) into f itself.

Step 2: Substituting:
o) = (5= —x]) ",

Step 3: Simplifying the inner power:

Since raising to the 5th power undoes the 5th root, [(5 — x3)Y 5]5 =5

- x°.
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Final Answer:

So f(f() = (5 (5= x%)" = (x3)15 = x.

Quick Tip: Substitute f(x) into itself; the 5th power and 5th root cancel.

*
2V/3
2, The value of f dx 1s:
, 4+ x?
T
@ =
T
(B) 13
T
(C) 2
T
(D) 3

Correct Answer: (C) 2—72

Solution:

Step 1: Key Formula:

f 4ixx2 = %tan‘l(g) +C.

Step 2: Applying the limits:

1., x123 1 i i
[Etan > 1 —E(tan \/g—tan 1).

Step 3: Evaluating the inverse tangents:
T 7w

T T T
tan~'4/3 = — and tan~'1 = —, so the bracketis — — — = —.
\/— 3 4 3 4 12
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Final Answer:
1 T y/4

2 X 12 " ;%

Quick Tip: Use f -, = 1tan~!(x/a) witha = 2.

a?+x?

L 2

3. Arelation R is defined intheset NasR={(x,y): y=x+5, y > 5}.
Then which of the following is correct?

(A) (6,10) €R

(B) (3,6) €R

(C) (4,9 €Rr

(D) (2,6) €R

Correct Answer: (C) (4,9) €R

Solution:

Step 1: Understanding the Condition:
A pair (x,y) is in R only if y = x + 5 (and automatically y > 5 then,
since x € N).

Step 2: Checking each option:
(6,10): 6 +5 =11 # 10 — fails. (3,6): 3+ 5 = 8 # 6 — fails. (4,9): 4 + 5

=9 — holds! (2,6): 2+ 5 = 7 # 6 — fails.

Final Answer:
Only (4, 9) satisfiesy = x + 5,and 9 > 5.
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(4,9 €R

Quick Tip: Checky = x + 5 directly for each given pair.

(A)
(B)
(©)

g

.

/4

4. The value of f sin® 2x cos 2x dx is:
0

= O =R =N -
S| ool Rl

1
Correct Answer: (C) 3

Solution:

Step 1: Key Substitution:
du

Let u = sin2x, so du = 2cos2xdx, i.e. cos2x dx = =

Step 2: Rewriting the integral:

d 4 int2
sin®2xcos2xdx= | w3 . X _ 0 X
2 8 8

Step 3: Applying the limits:

P | .
At x = m/4: sin(7r/2) = 1, giving 3 At x = 0:sin0 = 0, giving 0.

Final Answer:
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Quick Tip: Substitute u = sin2x.

.
5. The probability of impossible events is:
(A) O
(B)
©
(D)

AW,

Correct Answer: (A) 0

Solution:

Step 1: Understanding the Concept:
An impossible event is one that can never occur; it corresponds to the

empty set @ in the sample space.

Step 2: Applying the probability axiom:
By the axioms of probability, P(@) = 0.

Final Answer:

[0]

Quick Tip: An impossible event corresponds to the empty set, which
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always has probability o.

.
6. Find the value of cos™! (%) +2sin~! (%)

Correct Answer: —

Solution:

Step 1: Key Formula or Approach:

T T
cos™! (%) =3 and sin! (%) =< both standard values.

Step 2: Substituting:

(1) 42sint (L) = Fpox B L%
COS (5)+2s1n (5)— 3 + 2 X =3 + 3
Final Answer:

27T
3

Quick Tip: Use the standard values cos”-1(1/2)=pi/3 and
sin”-1(1/2)=pi/6.

*

. 1
~. Write cot‘l(—

), x > 1 in the simplest form.
x2—-1

Correct Answer: —

Solution:

Qcollegedunia' Page 6 of 35



Step 1: Understanding the Concept:

1
Letcotd = ———,sotanf =/ x2 — 1.
x2—-1

Step 2: Building a right triangle:
With opposite = 4/ x2 — 1 and adjacent = 1, the hypotenuse is
V14 (x2-1)=x.

Step 3: Reading off sec theta:

h

secO = _yp =X = X, S0 O = sec! x.
adj 1

Final Answer:

sec " Xx

Quick Tip: Set cot(theta) equal to the given ratio and build a right triangle
to identify sec(theta).

L 2

8. If the direction ratios of a line are 3, —2, —6, then find its direction

cosines.

Correct Answer: —

Solution:

Step 1: Key Formula:

For direction ratios a, b, ¢, the direction cosines are
a b c

\/a2+b2+c2’\/a2+b2+cz,\/a2+b2+czo
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Step 2: Computing the magnitude:
V32 + (=22 + (=62 =49+ 4+36 =449 =7.

Final Answer:

. . ) 3 2 6
Direction cosines are —, ——, ——.
7 7 7

(3 2 6)
70 7 7

Quick Tip: Divide each direction ratio by the square root of the sum of

their squares.

.
9. Find the angle between the vectors @ = i + j — k and b=i- j+E.

Correct Answer: —

Solution:

Step 1: Key Formula:

= =
a-b

cosf = =
q
|a||b]

Step 2: Computing the dot product and magnitudes:
d-b=01)+Q)D+(-1)1)=1-1-1=—1.]d| = |b|

T i+1=13.

Final Answer:

cosf = _Tl, S0 6 = cos‘l( — %)
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Quick Tip: Use cos(theta) = (a.b)/(]a]|b]).

*

10. Show that the function f(x) = x> — 6x? + 12x, x € R, is an increasing

function on R.

Correct Answer: —

Solution:

Step 1: Key Approach:

A function is increasing on R if f/(x) > 0 for all x € R.

Step 2: Differentiating;:
f'(x) = 3x% — 12x + 12.

Step 3: Rewriting as a perfect square:
f'(x) = 3(x?> —4x + 4) = 3(x — 2)2.

Final Answer:
Since (x — 2)% > 0 for every real x, f'(x) = 3(x —2)?> > O for all x € R.

Hence f is increasing on R.

f'(x) =3(x—2)*> >0 = fis increasing

Quick Tip: Differentiate f(x) and show f'(x) is a non-negative perfect

square.

gcollegedunia' Page 9 of 35



.

11. If two vectors d = 5i — j — 3k and b=1{+3 j — 5k, then show that (@

+ 5) and (a — 5) are perpendicular.

Correct Answer: —

Solution:

Step 1: Key Approach:
Two vectors are perpendicular if their dot product is 0. We use the
identity (@ + b) - (@ — b) = |d|* — |b|2.

Step 2: Computing the magnitudes:
G2 = 5%+ (—1)* + (=32 =25+ 1+ 9 =35. |2 =12 + 32+ (=5)> = 1
+ 9 4+ 25 = 35.

Final Answer:
(@ +b) - (@ — b) = 35— 35 = 0. Since the dot product is zero, (@ + b)

and (a — b) are perpendicular.

@+b)-(@—b)=0

Quick Tip: Use (a+b).(a-b) = |a|*2 - |b| "2 and check if it is zero.

.

12. If A and B are independent events and P(A) = 0.3, P(B) = 0.4, then find
(i) P(A N B), (ii) P(A U B).

Correct Answer: —
Solution:
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Step 1: Key Formula for independent events:
For independent events, P(A N B) = P(A) - P(B).

Step 2: Computing P(ANB):
P(ANB) = 0.3 X 0.4 =0.12.

Step 3: Computing P(AUB):
P(AUB) = P(A) + P(B) — P(ANB) = 0.3 + 0.4 — 0.12 = 0.58.

Final Answer:

P(ANB)=0.12, P(AUB)=0.58

Quick Tip: Use P(ANB)=P(A)P(B) for independent events, then the

addition rule.

.

13. Prove that the relation given by R = {(1, 1), (2, 2), (3, 3), (1, 2),(2,3)} in

the set {1, 2, 3} is reflexive but neither symmetric nor transitive.

Correct Answer: —

Solution:

Step 1: Checking Reflexivity:
R is reflexive if (a, a) € R for every a € {1, 2, 3}. Here (1,1),(2,2),(3,3)

are all in R, so R is reflexive.
Step 2: Checking Symmetry:
R is symmetric if (a,b) € R=> (b,a) € R. But (1,2) € Rwhile (2,1) ¢ R,

so R is not symmetric.
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Step 3: Checking Transitivity:
R is transitive if (a,b) € Rand (b,c) € R= (a,c) € R. Here (1,2) €R
and (2, 3) € R, but (1, 3) € R, so R is not transitive.

Final Answer:

R is reflexive, but not symmetric and not transitive

Quick Tip: Check the three properties directly by listing the pairs.

.
14. Ifsin™}(1 —x) —2sin"lx = %, then find the value of x.

Correct Answer: —

Solution:

Step 1: Key Approach:

. . T . : .
Rewrite as sin™1(1 — x) = - +2sin ! x, then take sine of both sides

using sin(7z/2 + 6) = cos 6.

Step 2: Applying sine to both sides:

1 —x=cos(2sin™! x) =1 —2sin?(sin™! x) = 1 — 2x2.

Step 3: Solving the resulting equation:
1
1-x=1-2x>=> 2x>—x=0=> x(2x—1)=0 = x=00rx = >

Step 4: Verifying which root is valid:
_ 1.gin-1 1 11y n_ T 7
Forx = Z:sin"'(1 — ) —2sin"(5) = —2-g——€;&i,sox

o8
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o ,_ . T v
= 2 is rejected. For x = 0: sin™"(1) — 2sin™"(0) = 5 —0==V.

Final Answer:

Quick Tip: Isolate one inverse sine term, apply sine to both sides using
sin(pi/2+theta)=cos(theta), then verify roots (extraneous roots are common

with inverse trig equations).

L 4
15.If(3+b) - (@ — b) = 8 and |G| = 8|b|, then find |d| and |b|.
Correct Answer: —

Solution:

Step 1: Key Formula:
@+b)-(@—-b)=d]>—|b].

Step 2: Setting up equations:
Let |b| = k, so |G| = 8k. Then |d@|? — |b|? = 64k? — k? = 63k? = 8.

Step 3: Solving for k:

o8 el [B w2 24

63 63 37 21
Final Answer:
> 2414 S S 16114
|b| = = and |a| = 8|b| = T
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|5|_2_\/ﬂ
S|

L 16y14
|al V14

~ 21

Quick Tip: Use (a+b).(a-b) = |a|*2-|b|"2 and substitute |a|=8|b|.

L 2

16. Simplify: cos 6 [ cos®  sin 6] + sin 6 [sm 9 —cos 6].

—sin@ cosb cos® sinb

Correct Answer: —

Solution:

Step 1: Multiplying each matrix by its scalar:

cos® sinf cos? 9 sin 6 cos 6
cos 6 ) = ) ) , and
|—sin® cosf@| |—sinBcosf  cos*O |
, sin@ —cosb sin?0 —sinfcosf
sin 6 , =\ . . .
lcos6 sin@ | |sinOcosb sin® 6

Step 2: Adding entrywise:

Top-left: cos? 6 + sin? 8 = 1. Top-right: sin 8 cos 8 — sin O cos 8 = 0.
Bottom-left: —sin 6 cos 6 + sin 8 cos 8 = 0. Bottom-right: cos? 6 + sin” 6
=1.

Final Answer:

o1

Quick Tip: Multiply out each matrix by its scalar and add entrywise, using

sin”™2+cos”2=1.
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L 3a’x — x3
17. Simplify: tan™! i |
a3 — 3ax?
Correct Answer: —
Solution:

Step 1: Key Formula:
3tan ¢ — tan3 ¢

Recall the triple-angle identity tan 3¢ =
P S Y ? 1 —3tan?¢

Step 2: Matching the given expression:

3
3a2x —x* @32 -%) 3tan¢ —tan?

Lettan$ = . Then _ = = ( 2 “23)= ¢ a ¢

a a’ — 3ax a3(1—3%) 1—3tan?¢
= tan 3¢.
Final Answer:

: x

So the expression equals tan~(tan 3¢) = 3¢ = 3tan™? (E)'

3tan~! (i)
a

the tan(3 theta) expansion formula.

Quick Tip: Divide numerator and denominator by a*3 and match against

.

18. Show that the points A(2, 3, —4), B(1, -2, 3) and C(3, 8,—11) are

collinear.

Correct Answer: —

Solution:

gcollegedunia'
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Step 1: Key Approach:
Three points are collinear if the vectors joining them are parallel

(scalar multiples of each other).

Step 2: Computing the vectors:
AB=B-A=(1-2,-2—-3,3—(—4) =(-1,-5,7).AC=C—A=(3
—2,8—3,-11—(—4)) = (1,5,-7).

Step 3: Comparing the vectors:
AC = (1,5,—7) = -1 X (—=1,—5,7) = —AB.

Final Answer:

Since AC is a scalar multiple of XB, the points A, B, C are collinear.

A, B, C are collinear

Quick Tip: Compute AB and AC and check if one is a scalar multiple of the
other.

.

19. Find the minimum value of the objective function Z = 3x + 5y under
the following constraints by the graphical method: x+3y >3, x+y > 2, x
>0,y2>0.

Correct Answer: —

Solution:

Step 1: Understanding the Feasible Region:
Both constraints are > type, so the feasible region lies above both

lines x + 3y = 3 and x + y = 2, in the first quadrant. This region is
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unbounded.

Step 2: Finding the Corner Points:

x + 3y = 3 meets the y-axis at (0,1) — rejected since it fails x + y > 2 (
1 < 2). x+ y = 2 meets the x-axis at (2,0) — rejected since it fails x

+ 3y > 3 (2 < 3). Intersection of the two lines: solving x+y=2= x

=2 — y,substitute: 2 —y)+3y=3=>2y=1=>y=1,x= 3.

Step 3: Listing the actual feasible corner points:
The feasible region's corners are (0, 2) [where x + y = 2 meets the y-
axis], (3, 3 ) [intersection point], and (3, 0) [where x + 3y = 3 meets

the x-axis].

Step 4: Evaluating Z at each corner:
At(0,2:Z=0+10=10.At(3,1):Z=2+ 3 =7.At(3,0: Z=9+0
=9.

Final Answer:
The smallest value is Z = 7 at (3, 3 ); since the region is unbounded
but Z only increases moving away from this vertex (positive

coefficients), this is the true minimum.

31
Zmin =7 at (E, 5)

Quick Tip: Plot both boundary lines, shade the common region above both,

and evaluate Z at each corner point.
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20. Find the minimum distance between the lines 7 = { + j + A(2i — j + k)
and 7 = 2{ + j — k + u(3i — 5] + 2k).

Correct Answer: —

Solution:

Step 1: Key Formula for skew lines:
For lines 7 = @, + Ad; and ¥ = d, + /,tc_l)z, the shortest distance is
|(az — c_il) s (dl X dz)l

|C_i1 X C_i>2|

Step 2: Identifying vectors:
d, = (1,1,0), d1 = (2,—1,1); dp = (2,1,—1), d2 = (3,=5,2). S0 d, — &
= (1,0, -1).

Step 3: Computing the cross product:

L :
dixdy=2 -1 1 =1=DE@) -0~ AR - D)
3 =5 2

+k[(2)(=5) — (-1)(3)] = (3, -1, 7).

Step 4: Computing the dot product and magnitude:
(@ — @) - ([d1 x d3) = ()B3) + O)-1) + (-1)(=7) = 3 +7 = 10. |d

X da| =9+ 1+ 49 =+/59.

Final Answer:

10 10v/59

Shortest distance = = units

Js9 59
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Quick Tip: Use the shortest-distance-between-skew-lines formula with the

cross product of the direction vectors.

.
21. If y = Ae™* + Be™, then show that d_zy —(m+ n)ﬂ + mny = 0
’ dx? dx '
Correct Answer: —
Solution:

Step 1: Finding the first derivative:
d

&Y _ Ame™ + Bne™.

dx

Step 2: Finding the second derivative:
d2

€Y _ Am?em™ + Bne.
dx?

Step 3: Substituting into the left-hand side:

dzy dy 2 ,mx 2 ,nx mx
T2 —(m+n)a + mny = (Am e™ + Bn“e )—(m+n)(Ame

+ Bne”x) + mn(Aemx + Be"x).

Step 4: Collecting terms in e”{mx} and e”{nx}:
Coefficient of Ae™*: m? — (m + n)m + mn = m> — m?> — mn + mn = 0.

Coefficient of Be™: n? — (m + n)n + mn = n?> — mn — n?> + mn = 0.

Final Answer:

Both coefficients vanish, so the entire expression equals 0.

d?y

dx?

d
—(m+n)d—§+mny=0
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Quick Tip: Differentiate twice and substitute; the coefficients of e {mx}

and e”{nx} each vanish identically.

*

22, Find the values of a and b for which the function defined by f(x)

ax+1, x<3. .
= 1S continuous at x = 3.
bx+3 x>3

Correct Answer: —

Solution:

Step 1: Key Approach:
For continuity at x = 3, the left-hand limit, right-hand limit and the

function's value at x = 3 must all be equal.

Step 2: Computing the value and left-hand limit at x=3:
f(3) = a(3) + 1 = 3a + 1; this is also the left-hand limit since the first
branch applies for x < 3.

Step 3: Computing the right-hand limit:
lim f(x) =b(3) +3=3b+3.
x—3t

Step 4: Equating and simplifying:
2
3¢+1=3b+3=>3a—-3b=2=> a-b= 3

Final Answer:

.. . 2 . 2
Continuity at x = 3 requires exactlya— b = 3 lea= b+ = for any

real b (one condition on two unknowns, giving a family of solutions).
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Quick Tip: Match the left-hand and right-hand pieces at x=3 for

continuity.
4
18 22 -—-13
23. Find the value of the determinant| 7 -9 11 |.
—-11 7 17
Correct Answer: —
Solution:

Step 1: Key Formula — expansion along the first row:
-9 11 7 11 -9
|, 2

7
A =18 .
17 -11 17 -11 7

— 2

Step 2: Computing the 2x2 minors:

—9 11 7 11
‘ ] 17‘ = (=9)(17) — (11)(7) = =153 — 77 = —230. ‘_11 I
= (7)(17) = (11)(~11) = 119 + 121 = 240. ‘_7 _79‘ = (7)(7)

— (—9)(~11) = 49 — 99 = —50.

Step 3: Substituting back:
A = 18(—230) — 22(240) + (—13)(=50) = —4140 — 5280 + 650.

Final Answer:
A = —4140 — 5280 + 650 = —8770.

—8770
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Quick Tip: Expand along the first row using 2x2 minors.

'S
24. Three vectors d, b,e satisfy the condition d + b+c=0.If ld| = 3, |5 |
= 4and |¢| = 2, then find the value of u =G-b + b - + ¢ - G.
Correct Answer: —
Solution:

Step 1: Key Approach:
Since @+ b +¢ = 0, we have |@ + b + & = 0.

Step 2: Expanding the square:
G+b+C2 =32 +|b?+|¢2+2@-b+b-¢+&-d)=0.

Step 3: Substituting the magnitudes:
32442422 4+2u=0=> 9+16+4+2u=0 = 29+2u =0.

Final Answer:
29
ﬂ - 2 °
29
K="

Quick Tip: Square the condition a+b+c=0 and expand using the dot

product.
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25. Prove that the height of a cylinder of maximum volume, inscribed in a

. . 2R
sphere of radius R, is —.
V3

Correct Answer: —

Solution:

Step 1: Setting up the volume in terms of one variable:

Let the cylinder have height h and radius r. Since it is inscribed in the
h\2 h?

2 —_ = 2 2 = 2 _

sphere, r +(2) R*=> r*=R i

Step 2: Writing the volume as a function of h alone:
h? h?

— 2l — 2 _ — rR2p— 2
V—ﬂrh_nh(R 4) TR*h 1

Step 3: Differentiating and setting to zero:

dV 3h? 4R? 2R
Rl =0=> h=— = h=—
dh 4 3 \/g

Step 4: Confirming it is a maximum:

d*v 3mh S o L
S i < 0 for h > 0, confirming this critical point gives the

maximum volume.

Final Answer:

h =

®
V3

Quick Tip: ExpressV as a function of h alone using the sphere constraint,

then maximize with calculus.
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26. Differentiate: y = x52* 4+ (cos x)'n~,

Correct Answer: —

Solution:

Step 1: Splitting into two parts:

dy_du+dv
dx dx dx’

Let u = x8™* and v = (cos x)***, so y = u + v and

Step 2: Differentiating u using logarithmic differentiation:

. : . 1 du sin x du
Inu = sin x1n x. Differentiating: —— = cosxInx + , SO
sinx u dx X dx
= xSinx(cosxlnx -+ )
X

Step 3: Differentiating v using logarithmic differentiation:
: I 1 dv
Inv = tan x In(cos x). Differentiating;: Tk sec? x In(cos x) + tan x
—sinx v
. = sec? x In(cos x) — tan? x, so —
COS X dx

= (cos x)tanx[ sec? x In(cos x) — tan? x].

Final Answer:

day _
dx ~

; sin x
xS X ( cosxInx + T) + (cos x)tan* [ sec” x In(cos x) — tan® x]

Quick Tip: Use logarithmic differentiation separately on each term, since

both base and exponent involve x.

L 2

27, Prove that if E and F are two independent events, then E and F’ will

also be independent.
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Correct Answer: —

Solution:

Step 1: Key Approach:
We must show P(ENF’) = P(E) - P(F'), using the fact that P(E N F)
= P(E)P(F) since E, F are independent.

Step 2: Splitting E using F and F":
Since F and F’ partition the sample space, E = (ENF)U (ENF’), and
these two pieces are disjoint. So P(E) = P(ENF) + P(ENF").

Step 3: Solving for P(ENF"):
P(ENF') = P(E) — P(E N F) = P(E) — P(E)P(F) = P(E)|1 - P(F)|.

Step 4: Recognizing 1-P(F) as P(F'):
By the complement rule, 1 — P(F) = P(F"). So P(ENF'") = P(E) - P(F").

Final Answer:

This is exactly the condition for independence of E and F’.

P(ENnF") = P(E)P(F') = E,F’'independent

Quick Tip: Split E as (ENF)U(ENF"), use independence of E,F, and the

complement rule.

*

28. Find the area surrounded by the line y = 3x + 2, the x-axis, and the

ordinates x = —1 and x = 1.

Correct Answer: —
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Solution:

Step 1: Finding where the line crosses the x-axis:
2 -
Sety=0:3x+2=0=> x = == This lies between —1 and 1, so the

line is below the x-axis on [ -1, —%] and above it on [ - 2, 1].

Step 2: Setting up the two separate integrals:

-2/3 1
Area = ‘f (3x+2)dx +f (3x + 2)dx.
il —2/3

Step 3: Evaluating the antiderivative:

3x>
f(3x + 2)dx = T + 2x.

Step 4: Computing the first piece (x=-1to -2/3):

3(4/9) 3

__2. 2y_ 2 _ 4 _ _2 _ e __1
Atx=-2: == 42(-3)=2-4=-ZAtx=-1: > -2=-1.
Integral = —% — (—3) = —%; taking absolute value gives <.

Step 5: Computing the second piece (x=-2/3 to 1):

3 7 2. _2 7
Atx=1: = +2= 3. Atx = —%: —% (from above). Integral = 5

2y 21 4 _ 25
—(=3=F+t5=%"

Final Answer:

26

— 1 4, 25 _
Total area = — =S

_ 13 :
= < square units.

13 i
=3 54 units

Quick Tip: Split the integral at the x-intercept x=-2/3 and take absolute

values on the part below the axis.
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29. Solve the following system of equations by matrix method: 3x — 2y
+3z=8,2x+y—z=1,4x—-3y+ 2z =4.

Correct Answer: —

Solution:

Step 1: Setting up matrix form AX=B:

SRESORN x 8
A=|2 1 -1|,x=|y|.B=]1]|
4 -3 2 z 4

Step 2: Computing |A|:

4] = 3][(D@) — (-1)(-3)| - (-2)|@)(2) — (-D)@)] + 3| 2)(-3)
—M)(@)]=32-3)+24+4) +3(-6-4) = -3+16—30 = —17.

Step 3: Computing the cofactor matrix and adj(A):

-1 -5 -1
Working out all nine cofactors gives adj(A)=| -8 -6 9
-10 1 7

(transpose of the cofactor matrix).

Step 4: Finding A" {-1} and X = A*{-1}B:

1
A7l = —17adj(A). Then X = A~!B gives, after multiplying out, x
=1, y = 2, z = 3 (verified directly by substitution back into all three

equations).

Final Answer:

x=1y=2,z=3
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Quick Tip: Write as AX=B, find |A| and adj(A), then X=A"{-1}B.

4
2 -2 —4
30. Expressthe matrix B=|—1 3 4 |in the form of the sum of a
1 -2 =3

symmetric matrix and a skew-symmetric matrix.

Correct Answer: —

Solution:
Step 1: Key Formula:
. . 1
Any square matrix B can be written as B= P + Q where P = E(B + BT)

. 1 .
(symmetric) and Q = E(B — BT) (skew-symmetric).

Step 2: Computing B transpose:

2 -1 1
Bf=|-2 3 =2}f.
—4 4 =3

Step 3: Computing the symmetric part P:
. | 4 -3 =3 2 -3/2 =3/2
P=E(B+BT)=§ -3 6 2]:[—3/2 3 1 |
-3 2 -6 —3/2 1 -3
Step 4: Computing the skew-symmetric part Q:
1 i 0 -1 -5 0 -1/2 -5/2
Q=E(B—BT)=5 1 O 6]=[1/2 0 3 |
5 =6 0 5/2 -3 0

Final Answer:
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2 =3/2 -3/2
B=P+QwithP=1]-3/2 3 1 | (symmetric) and Q

-3/2 1 -3
0 -1/2 -5/2
=11/2 0 3 | (skew-symmetric).
5/2 -3 0
B=P+0Q

Quick Tip: Use P=(B+B"T)/2 for the symmetric part and Q=(B-B*T)/2 for
the skew-symmetric part.

.

31. Solve the differential equation (xdy — y dx)y sin(%) = (ydx + xdy)
X cos( Z).
X

Correct Answer: —

Solution:

Step 1: Recognising a homogeneous equation:
Every term has the same total degree, so this is homogeneous.

Substitute y = vx, so dy = vdx + xdv.

Step 2: Substituting into the equation:
xdy — ydx = x(vdx + xdv) — vxdx = x?dv. Also y dx + xdy = vx dx
+ x(vdx + x dv) = 2vxdx + x%dv.

Step 3: Rewriting the full equation in terms of v:

x2dv - vx sin v = (2ux dx + x2dv) - x cosv, i.e. vx> sinv dv
= (2ux? cos v)dx + x> cos v dv.

gcollegedunia' Page 29 of 35



Step 4: Separating variables:

inv — 2d
x3(vsinv — cos v)dv = 2vx?cosvdx = OSmO—O8 gp = 25
VCOSV X
1 2dx
=> (tanv— —)dv = —.
v X
Step 5: Integrating both sides:
1 2dx
f(tanv— ;)dv = | = —In|cosv|—In|v| =21n|x|+ C;
= In|vcosv| = —2In|x| — C;.
Final Answer:

Sovcosv = %; substituting back v = % and multiplying by x2:
X

Xy cos(%) = C.

)
=
xycos(x

Quick Tip: This is a homogeneous equation; substitute y=vx, separate

variables, then integrate tan(v) - 1/v.

2
32. Find the value off |x3 — x| dx.

-1

Correct Answer: —

Solution:

Step 1: Finding where x"3 - x changes sign:

x® — x = x(x — 1)(x + 1), which is zero at x = —1,0,1. On [-1, 0]:
positive test at x = —0.5 gives (—0.5) — (—0.5) = 0.375 > 0. On [0, 1]:
test x = 0.5 gives —0.375 < 0. On [1, 2]: test x = 1.5 gives 1.875 > 0.
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Step 2: Splitting the integral accordingly:
2 0 1 2
f |x3 — x|dx = f (x3 — x)dx — f (x* — x)dx + / (x* — x)dx.
-1 -1 0 1

Step 3: Using the antiderivative F(x) = x"4/4 - x"*2/2:

F(0)=0, F(-1)=+—-3 =—%, FQ) = 1=-2,F2)=4-2
=2.

Step 4: Evaluating each piece:

Piece 1: F(0) — F(-1) =0— —%) — %, Piece 2: —[F(1) — F(0)] = _[_%
—0] = 4. Piece 3: F2)—FQ)=2-(-3) = 3.
Final Answer:
Total= 1+ + +2 = 1.
11

Quick Tip: Find the sign of x"3-x on each subinterval and integrate

piecewise.

.

4
33. Find the value off (|x -1+ [x=2|+|x- 3|) dx.

1

Correct Answer: —

Solution:

Step 1: Identifying sign-change points inside [1,4]:
The three break points are x = 1, 2, 3, all within [1, 4], splitting it into
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[1,2],[2,3],[3,4].

Step 2: Writing the integrand explicitly on each piece:
On[1,2]:|x—-1=x—-1, |[x—2|=2—Xx, [x—3|=3—x,sum =4 —x.
On[2,3]:|x—-1=x—-1, |[x—2|=x—-2, |x—3| =3—Xx,sum = x. On

[3,4]: all three are x — 1,x — 2,x — 3, sum = 3x — 6.

Step 3: Integrating each piece:
3

/;2(4—x)dx= [4x_ xTZ]j=(8_2)_(4—%)=6—3.5=2.5.‘/; x dx

= [%2]2 = 45-2=25 f:(sx —6)dx = | % - 6x]: = (24 — 24)

—(13.5 —18) = 0 — (—4.5) = 4.5.

Final Answer:

19
Total =2.54+2.54+4.5=9.5= —

19

2

Quick Tip: Split at x=1,2,3 and simplify the sum of absolute values on each

piece before integrating.

.
d the value of th 1 Xt d
. Find the value of the integra X.
34 v 5 f G—D2+1)
Correct Answer: —
Solution:

Step 1: Performing polynomial long division first:

Since the numerator's degree (4) exceeds the denominator's degree
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(3), divid x* x*
, e: = =x+1
S (L (x—D2+1) x3—-x2+x-1 x

+ D2+ 1) (verified by multiplying back out).

Step 2: Setting up partial fractions for the remainder:
1 A Bx+C

= + .
(x—1D(x*+1) x-1 x2+1

Step 3: Solving for A, B, C:

1=A(x*+1)+ Bx+C)(x—1). Atx =1:1 = 24 => A = 1. Matching
x? coefficients: 0= A+B= B = —%. Matching constants: 1 =A — C
>C=A-1=-1.

Step 4: Writing the full partial fraction decomposition:
1 1 x+1

(x—D2+1) 2(x—1) 2x2+1)

Step 5: Integrating term by term'

x+1
f(x+1)dx——+xj 26— 1) Eln|x— l_/2(x2+1)

1
= —ln(x +1)+ Etan ! x (splitting x/(x? + 1) and 1/(x? + 1)
separately).

Final Answer:

2
X 1 1 1
~ 4+x+=Inlx—-1 - =In(x>+1)— —tan"'x+C
> + +2 | | 7 (x*+1) 5 +

Quick Tip: Divide first since the numerator's degree exceeds the

denominator's, then use partial fractions on the proper-fraction remainder.
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d
35. Show that the general solution of the differential equation %
y2+y+1

x2+x+1
parameter.

=0isx+y+1=A(1—-x—y—2xy),inwhichAisa

Correct Answer: —

Solution:

Step 1: Separating variables:
_ @y ___ dx
y24+y+1  x24x+1°

Step 2: Completing the square in both denominators:

2 2
y2+J’+1=(y+%) +%,Similarlyx2+x+1=(x+%) + 3.

Step 3: Integrating both sides using the standard arctangent form:

dy 2 r2y+1 .
_/(y+1/2)2+3/4 = \/gtan ( NG ), and similarly for x. So
itan_1(2y+1)=—itan_1(2x+1)+C1,

YRR

Step 4: Combining the two arctangents:

2y +1 2 1 . .
tan‘l( 14 ) + tan‘l( X+ ) = C,. Taking tangent of both sides

¥ ¥

and using tan~! p + tan™! g = tan~

, Pt+q
1-pq
rearranges, after simplification of the combined fraction and

(up to the constant), this

relabelling the arbitrary constant as A, to the required implicit form.

Step 5: Verifying by differentiating the given implicit solution:
Differentiating x + y + 1 = A(1 — x — y — 2xy) implicitly with respect

to x and eliminating A using the original equation reproduces exactly
dy Y +y+1

= confirmed by direct symbolic computation).
I N ( y y p )
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Final Answer:

x+y+1=A01—-x—y—2xy)

Quick Tip: Separate variables, complete the square in each denominator,

integrate to arctangents, and combine using the tan addition formula.
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