UP Board Class 12 Mathematics
2026 (Set 324 CZ) Question @couegeduniag
Paper with Solutions )

General Instructions

(i) This booklet contains 34 questions, each provided with a complete, step-by-
step solution.

(ii) It comprises 5 single-correct multiple-choice questions.

(iii) Attempt each question on your own before reviewing the given solution.

1. f : X = Y will be an onto function if and only if its range is
A) X

(B) XnY

© Y

(D) XuY

Correct Answer: (O)Y

Solution:

Step 1: Understanding the Concept:
By definition, a function f : X — Y is onto (surjective) when every

element of the codomain Y is the image of at least one element of X.

Step 2: Applying the definition:
This is exactly the statement that the range of f (the set of all actual

outputs) equals the whole codomain Y, not just a subset of it.

Final Answer:

An onto function must have range = Y.
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Quick Tip: Onto means every element of the codomain is hit — range

equals the codomain.

*

2. The value of cos(sec™ x + cosec™1x), |x| > 1 is

(A) 1
(B) o

© -1
1
(D) 5

Correct Answer: (B) o

Solution:
Step 1: Key identity:
: T
For every x with |x| > 1, sec™! x + cosec™'x = o (standard

complementary inverse-trig identity).

Step 2: Substituting:

T
So cos(sec™! x + cosec™1x) = cos —.

2
Final Answer:
T
cos— =0.
2
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Quick Tip: sec1x + cosec 1x is always mt/2 for |x| > 1.

L 2
3. For which value of 1 is the vector 2{ + j — Ak perpendicular to the vector
[+4f+k?
(A) 4
(B) 5
(C) 6
(D) -6

Correct Answer: (C) 6

Solution:

Step 1: Perpendicularity condition:

Two vectors are perpendicular exactly when their dot product is zero.

Step 2: Computing the dot product:
Qi+ j—2k)-(+4]+k)=2(1) + 1(4) + (-1)(1) = 6 — 4.

Step 3: Solving:
Set6—1=0.

Final Answer:

Quick Tip: Perpendicular vectors have zero dot product; solve 6-A=0.
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2 2
: sin“x —cos*x .
4. The value of the integral f — dxis
sin” x cos? x

(A) —tanx+cotx+C
(B) tanx+secx+C
(C) tanx—cotx+C
(D) tanx+cotx + C

Correct Answer: (D) tanx + cotx+ C

Solution:

Step 1: Splitting the fraction:
sin? x — cos? x sin? x cos? x 1 1

sin® x cos2 x sinfxcos2x sin®xcos2x  cos?x  sin’x
= sec? x — cosec?x.

Step 2: Integrating term by term:

f sec? x dx = tan x and f cosec’xdx = —cot x, so f (sec? x — cosec?x)

dx = tan x — (—cot x) = tan x + cot x.

Final Answer:

tanx +cotx + C

Quick Tip: Split into sec2x — cosec2x, then integrate each term.

L 2

d3y\’ d2y\> (dy\*
5. The order of the differential equation x (d—) + sin x (_y) + (_y)
x

+y>=0is
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(A) 2
(B) 3

© 5
(D) 6

Correct Answer: (B) 3

Solution:

Step 1: Definition of order:
The order of a differential equation is the order of the highest

derivative appearing in it, regardless of the power it is raised to.

Step 2: Scanning the equation:
3 2

d
The derivatives present are &y (third order), ey (second order)
dx3 dx?

and ﬂ (first order).
dx

Step 3: Picking the highest:
d3

The highest-order derivative present is d—J;
X

Final Answer:

Order =3

Quick Tip: Order = highest derivative level present, ignoring the powers on

each term.

.

2 7 1
6. Show that tan™! — +tan™! — =tan™! —.
11 24 2
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Correct Answer: —

Solution:

Step 1: Using the addition formula:

a+b 2 7
.Herea= —,b= —
1—ab YT T

14 . .
and ab = el < 1, so the formula applies directly.

Forab <1,tan"'a +tan™' b = tan™!

Step 2: Computing the sum and product:

2 7 48 + 77 125 14 250
a+b=—+—= = ,and1—ab=1-— = .
11 24 264 264 264 264
Step 3: Simplifying the ratio:
a+b _ 125/264 125 1
1—ab  250/264 ~ 250 2°
Final Answer:
tan~! 2 + tan~! 7 tan~! 1
11 24 2"
-1 1
tan 5

Quick Tip: Usetanla + tan 1b =tan 1((a+b)/(1—ab)) since ab < 1 here.

.

d
7. If x = at?, y = 2at, find the value of d_fc

Correct Answer: —

Solution:

Step 1: Differentiating parametrically:

dx dy
i 2at and i 2a.
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Step 2: Applying the chain rule:
dy dy/dt 2a
dx dx/dt 2at’

Final Answer:

Quick Tip: Differentiate both x and y with respect to t, then divide.

.
. . dy _ 2 2
8. Find the general solution of Ix = 1+ x7)(1 + y?).

Correct Answer: —

Solution:

Step 1: Separating variables:
. : d
Divide both sides by (1 + y?): 4

1+ y2

= (1+ x?)dx.

Step 2: Integrating both sides:
d
f Y f(1+x2)dx.
1+y

Step 3: Evaluating:
3

X
tan‘1y=x+?+C.

Final Answer:
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3

x
tan‘1y=x+?+C

other, then integrate.

Quick Tip: Separate variables: dy/(1+y?2) on one side, (1+x2)dx on the

L 2

9. Integrate xlog x with respect to x.

Correct Answer: —

Solution:

Step 1: Choosing parts:

Use integration by parts with u = log x (differentiates simply) and dv

= xdx.

Step 2: Computing du and v:

1 X
du = —dx,v=—.
X

2

2

Step 3: Applying the by-parts formula:

x2 x2 1 x2 X
/xlogxdx— 710gx—f7-;dx— 710gx—‘/‘5dx.

Step 4: Finishing the remaining integral:

x 2
_dx = x_.
2 4

Final Answer:
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x? x?
1 =1 =
fx og x dx ogx +C

Quick Tip: Integrate by parts with u = log x, dv = x dx.

.
10. If P(A) = 0.8, P(B) = 0.5 and P(B | A) = 0.4, find P(A U B).
Correct Answer: —

Solution:

Step 1: Finding the intersection:

P(B | A) = % = P(ANB) = P(B | A) - P(A) = 0.4 X 0.8 = 0.32.

Step 2: Applying the addition rule:
P(AUB) = P(A) + P(B) — P(AN B).

Step 3: Substituting values:
P(AUB) = 0.8 + 0.5 — 0.32.

Final Answer:

P(AUB) = 0.98

Quick Tip: Get P(ANB) from P(B|A)-P(A), then use the addition rule.

.

11. Prove that f(x) = tan x is a continuous function.
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Correct Answer: —

Solution:

Step 1: Writing tan x as a quotient:
sin x
CosX

f(x) =tanx =

Step 2: Continuity of sin x and cos x:
Both sin x and cos x are known to be continuous for every real x

(standard results).

Step 3: Quotient rule for continuity:
The quotient of two continuous functions is continuous at every point

where the denominator is non-zero.

Final Answer:
Since cos x # 0 throughout the domain of tan x, f(x) = tan x is

continuous on its domain.

tan x is continuous wherever cosx # 0

Quick Tip: tan x = sin x / cos x is a quotient of continuous functions,

continuous wherever cos x # 0.

*

12. A relation R is defined in N X N as follows: (a, b) R (c, d) if and only if

ad = bc. Prove that R is an equivalence relation.

Correct Answer: —

Solution:
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Step 1: Reflexivity:
For any (a,b) € N X N: ab = ba is always true, so (a,b) R (a, b). Hence

R is reflexive.

Step 2: Symmetry:
Suppose (a,b) R (c,d), i.e. ad = bc. Then cb = da, i.e. cb = da which is

exactly the condition (c,d) R (a, b). Hence R is symmetric.

Step 3: Transitivity:

Suppose (a,b)R (c,d) and (c,d) R(e, f), i.e. ad = bc and cf = de.
Multiply: ad - ¢f = bc - de = adcf = bcde. Cancel the common factor
cd (nonzero, natural numbers): af = be, which is (a, b) R (e, f). Hence

R is transitive.

Final Answer:
Since R is reflexive, symmetric and transitive, R is an equivalence

relation.

R is an equivalence relation

Quick Tip: Check reflexive, symmetric, transitive directly from ad = bc.

13. Evaluate: f ! dx.
vV 2x — x2

Correct Answer: —

Solution:
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Step 1: Completing the square:
2x—x2=—(x>—-2x)=—-(x*—-2x+1-1)=1—(x—1)%

Step 2: Rewriting the integral:

f\/l—(x—l)z.

Step 3: Standard form:

) d )
This matches / _ sin"'u+ Cwithu=x-1.

1 — u?

Final Answer:

sin"l(x—1)+C

Quick Tip: Complete the square: 2x—x2 = 1—(x—1)2, then use the arcsin
p Y q

formula.

L 2

14. Show that the points A, B, C, whose position vectors are respectively d
= 3f—4f—4l€,5= 2{ — j 4+ kand & = { — 3] — 5k, form the vertices of a
right-angled triangle.

Correct Answer: —

Solution:

Step 1: Finding the side vectors:
AB=b-d=(2—-3)+(-1+4)j+ (1 +4)k=—i+3]+ 5k AC =
—d=0-3)i+(-3+4)j+(-5+dDk=-2i+j—k

-

Step 2: Finding the third side:
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BC=2—-b=Q1-2)+(-3+1)j+(-5-1k=—i—2j—6k.

Step 3: Computing squared lengths:
— — —
|JABI?=1+9+25=35,|[AC|>=4+1+1=6,|BC|>’=1+4+36 =41.

Step 4: Applying the Pythagoras test:
—_ —_— _ . . .
|AB|? + |AC|? = 35+ 6 = 41 = |BC|?, so the triangle is right-angled at

A.

Final Answer:

/\ABC is right-angled at A

Quick Tip: Find AB, AC, BC and check the Pythagoras relation (or dot
product = o for two sides).

L 2

15.If2[x ’ ]+[3 _4]=[7 6],findthevaluesofxandy.
7 y=3] |1 2 15 10

Correct Answer: —

Solution:

Step 1: Comparing the (1,1) entries:
2x+3=7=>2x=4=>x=2.

Step 2: Comparing the (2,2) entries:
20—-3)4+2=10>2y—-6+2=10=>2y=14=>y="17.

Step 3: Verifying with the other entries:
(1,2): 2(5)+ (—4) = 6 V. (2,1): 2(7) + 1 = 15 vV — both match,
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confirming consistency.

Final Answer:

x=2,y=7

Quick Tip: Equate corresponding matrix entries after doubling and adding.

*

16. The length x of a rectangle is decreasing at the rate of 3 cm/min and
the breadth y is increasing at the rate of 2 cm/min. When x = 5cm and y

= 3 cm, find the rate of change of the area of the rectangle.

Correct Answer: —

Solution:

Step 1: Setting up the area formula:
Area A = xy.

Step 2: Differentiating w.r.t. time:

dA dy dx
By th duct rul = :
y the product rule, o X +ydt

Step 3: Substituting given values:

d
Here d—): = —3 cm/min (decreasing), d_)t) = 2 ¢cm/min (increasing), x
dA
Final Answer:

gcollegedunia' Page 14 of 34



= = 1 cm?/min (increasing)

Quick Tip: A = xy; use the product rule dA/dt = x-dy/dt + y-dx/dt with
dx/dt negative.

.

17. Verify that the function y = acos x + bsin x, in which a,b € R, is a
2

solution of the differential equation d_}z) +y=0.
X

Correct Answer: —

Solution:
Step 1: First derivative:

. dy .
y=acosx + bsinx=> Ix = —asinx + bcos x.

Step 2: Second derivative:
d?y

—— = —qcosx — bsinx.
dx2

Step 3: Comparing with y:

d?y

Notice —= = —(acos x + bsin x) = —y.
dx?
Final Answer:
d2
So d_xJz) +y=—y+ y =0, confirming y = acos x + bsin x solves the
equation.
d?y
— 4+ y = 0 holds
dx? a
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Quick Tip: Differentiate twice and show y'" = -y.

.

18. Prove that if E and F are independent events, then E and F’ will also

be independent.

Correct Answer: —

Solution:

Step 1: Splitting E using F and F':

Since F and F’ partition the sample space, E = (ENF) U(ENF’), and
these two pieces are disjoint, so P(E) = P(ENF)+ P(ENF").

Step 2: Isolating P(ENF"):
P(ENF')=P(E)— P(ENF).

Step 3: Using independence of E, F:
Since E, F are independent, P(E N F) = P(E)P(F), so P(ENF") = P(E)
— P(E)P(F) = P(E)[1 — P(F)].

Final Answer:
Since 1 — P(F) = P(F"), we get P(EN F") = P(E)P(F’), which is exactly
the definition of E, F’ being independent.

E and F’ are independent

Quick Tip: Write P(ENF') = P(E) — P(ENF) and substitute P(ENF) =
P(E)P(F).
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17 15 13
19. Find the value of the determinant [ 9 -8 7/|.
-3 2 5

Correct Answer: —

Solution:

Step 1: Expanding along the first row:
-8 7 9 7 9 —8‘

A =17 —15 .
2 5 -3 5 -3 2

+13

Step 2: Evaluating the 2x2 minors:

—8 7 7 —8

= —40 — 14 = —54; =45+ 21 = 66, =18
2 5 -3 5 -3 2
— 24 = —6.

Step 3: Combining:
A = 17(—54) — 15(66) + 13(—6) = —918 — 990 — 78.

Final Answer:

A =—1986

Quick Tip: Expand the 3x3 determinant along the first row using

cofactors.
.
20. Show that sin™! % + cos™! % + tan~! i—z = 7.
Correct Answer: —
Solution:
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Step 1: Naming the first two angles:

12 12 5 12
Let A =sin"! —= sosinA = —,cosA = —, tanA = = Let B

= cos™! 3 S0 cosB = 5 sinB = 5 tanB = Ve both A, B are acute.

Step 2: Computing tan(A+B):

tan(A + B) = tanA +tanB 1—52+% B 482;015 _63/20
~ 1—tanAtanB 1_12.3 ~ 1_36  —16/20
5 "4 20
63
16

Step 3: Locating A+B:
Since A, B are both acute, 0 < A + B < 7; a negative tangent in this

range means A + B is obtuse, i.e. in the second quadrant.

Step 4: Relating to the given inverse tangent:

For an angle 6 in (7r/2, ) with tan 6 = —%, we have 6 =7

63 . 63
—tan~! e’ ie. A+B=mr—tan! —

16"
Final Answer:
63 12 4 63
SoA+B+tan! — =g7,ie.sin"! == +cos! — +tan"! — = .
T 16 13 57 16
=7

Quick Tip: Convert to acute-angle triangles, add the first two via tan(A+B),
then match with  — tan1(63/16).

*

dy
dx

21. If x = asin®t, y = beos?t, then find == at the pointt = —.

Correct Answer: —
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Solution:

Step 1: Differentiating x and y w.r.t. t:

dx d
— = 3asin?tcost, Y _ —3bcos?tsint.

dt dt

Step 2: Forming dy/dx:

dy dy/dt —3bcos’tsint bcost b
— — = — = ——Cott.

dx dx/dt B 3asin? tcost asint a

Step 3: Evaluating at t=m/2:
T dy b
cot 5 = 0, so aL:m = _E(O)'

Final Answer:

dy _
E t=7/2 -

Quick Tip: Differentiate both parametrically, form dy/dx = —(b/a)cot t,
then plugint = mt/2.

*

22, Let three vectors @, b and & be such that |@| = 3,|b| = 4, || = 5 and
each of them is perpendicular to the sum of the other two vectors, then

find the value of |d + b + &.

Correct Answer: —

Solution:

Step 1: Translating the perpendicularity conditions:
GL(b+3)=>d-b+d-Z=0.Similarlyb-3+b-¢=0and&-d+¢
.b =0.
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Step 2: Adding all three equations:
Summing: 2(@-b+b-é+2-3)=0=>d-b+b-3+¢-a=0.

Step 3: Expanding the square of the sum:
G+b+C2 =82+ b2+ [C2+2@-b+b-Z+2-d).

Step 4: Substituting:
=32 44245242(0)=9+16 + 25 = 50.

Final Answer:

@+b +2| =50 = 5v2

Quick Tip: Each vector L sum of the other two gives a-b+b-c+c-a = 0;

expand |a+b+c|2.

.

1 . . . .
23. x2dy + E(xy + y?)dx = 0; find the particular solution, given that y

= 1when x=1.

Correct Answer: —

Solution:

Step 1: Rewriting as dy/dx:

1 dy xy + y?
2 —_— 2 _— = —
x*dy = 2(xy+y)dx=> Ix D

, which is homogeneous

(degree 0 in x,y).
Step 2: Substituting y = vx:
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dy dv dv vx2 + v2x?
Lety=vx,50 — =v+x—.Thenv+ x— = —
V= dx v dx v dx 2x2

v+ v?
R

Step 3: Isolating x dv/dx:
dv v+ v? 3v + v? v(v + 3)

= — —_- DD = — =

x_
dx 2 2 2

Step 4: Separating and integrating:

dv dx __. : : 1/1 1
————— = ——. Using partial fractions — = - — — :
v(v + 3) 2x vw+3) 3\v v+3

= ——ln |x| + C3, i.e. = Kx~32,

Zin
3

v
v+ 3 v+ 3

Step 5: Applying the initial condition:
1
Atx=1,y=1:v=1,s0 7 =K(Q1)=>K =

Step 6: Back-substituting v = y/x:

y/x 1 _ y 1
e 7% S REN e 7> 32 = 4y x32 = y + 3x = y(4x3/?
—1) = 3x.
Final Answer:
. 3x
Y= a1

Quick Tip: Homogeneous equation: substitute y=vx, separate variables,
then apply y(1)=1.
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24. Find the Cartesian equation of the line which passes through the point
x+3 y—4 _z—38

(—1,4,-5) and is parallel to -

Correct Answer: —

Solution:

Step 1: Reading off the direction ratios:

The given line has direction ratios (3, 5, 6) (the denominators).

Step 2: Using the point-direction form:

A line through (x1, y1, z;) with direction ratios (a, b, ¢) has equation
X=X _Y=hn 22—z
a b c

Step 3: Substituting the given point and direction:
With (x1,y1,21) = (=1,4,-5) and (a, b,c) = (3, 5, 6) (parallel lines
share direction ratios).

Final Answer:

x+1 y—4 z+5

3 5 6

Quick Tip: Parallel lines share direction ratios; use the point-direction

Cartesian form.

.

25. Maximize Z = 105x + 90y under the constraints 2x +y < 80, x+y
<50, x > 0, y > 0 by graphical method.

Correct Answer: —
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Solution:

Step 1: Identifying the feasible region's corners:

The constraint lines are 2x + y = 80 and x + y = 50, together with the
axes. Their intersection: subtract x + y = 50 from 2x + y = 80 to get x
= 30, then y = 50 — 30 = 20.

Step 2: Listing all corner points:
The feasible region (a convex polygon) has corners (0, 0), (40, 0)
[where 2x + y = 80 meets y = 0], (30, 20) [intersection], and (0, 50)

[where x + y = 50 meets x = 0].
Step 3: Evaluating Z at each corner:
Z(0,0) = 0; Z(40, 0) = 105(40) = 4200; Z(30,20) = 105(30) + 90(20)

= 3150 + 1800 = 4950; Z(0, 50) = 90(50) = 4500.

Step 4: Picking the maximum:
The largest value among 0, 4200, 4950, 4500 is at (30, 20).

Final Answer:

Zmax =4950atx =30, y =20

Quick Tip: Plot the constraints, find corner points of the feasible region,

evaluate Z at each.

*

26. It is given that the numbers obtained on throwing two dice are

different. Find the probability that the sum of both numbers is 4.
Correct Answer: —
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Solution:

Step 1: Setting up the conditioning event:
Let A= event that the two dice show different numbers, B= event that
the sum is 4. We need P(B | A).

Step 2: Counting outcomes in A:
Out of 36 equally likely outcomes, 6 have equal numbers (1,1),(2,2),...,
(6,6); so n(A) = 36 — 6 = 30.

Step 3: Counting outcomes in ANB:

Pairs summing to 4: (1, 3),(2,2),(3,1). Of these, (2, 2) has equal
numbers, so it's excluded from A. Remaining: (1, 3), (3,1), giving n(A
N B) = 2.

Step 4: Applying the conditional probability formula:

ANB
pB|A)= "ANB) _ 2

n(A) 30
Final Answer:

1
P(B|A)=1—5

Quick Tip: Restrict to the 30 outcomes with unequal dice, then count how

many sum to 4.

*

27, Solve the differential equation ydx + (x — y?)dy = 0.

Correct Answer: —
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Solution:

Step 1: Rearranging as linear in x:

dx X — y? X . dx 1
ydx=—(x—y>)dy=> — = — =——+4+yie.—+—x=y—
dy y y dy Yy

a linear ODE in x as a function of y.

Step 2: Finding the integrating factor:
LF.=e¢/ 3% =y =y,

Step 3: Multiplying through and integrating:

i(x- )— Yy = 2=>x = Zd _y—3+C
dy Y)=y-y=Yy y=1Y y—3 .

Final Answer:

X

2
y
==+
3

<
y

Quick Tip: Rewrite as a linear ODE in x(y): dx/dy + x/y =y, then use
integrating factory.

.

28. If the position vectors of the vertices A, B, C of a /AABC are
respectively @, b and &, then prove that the area of /AABC will be

1 - g g - - -
) axXb+bxc+cXxXal.
Correct Answer: —

Solution:
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Step 1: Starting from the standard area formula:

1
Area of /AABC = ELTBXITC)’L

Step 2: Writing the sides in terms of position vectors:

AB=b-3AC=C—a.

Step 3: Expanding the cross product:

- -

(b—ad)x(c—a)=bxc—bxa—axcZ+axa.

Step 4: Simplifying using cross-product properties:
dxd=0; and—5x5=5x5, —d X ¢ = ¢ X d. So the expression

becomesb XCc+axb +c¢ Xd.

Final Answer:

1 - e = - - -
Hence Area = Elaxb+bxc+cxa|.

Proved

Quick Tip: Area = Y/2|ABxAC|; expand (b—a)x(c—a) using cross-product

properties.

L 2

29. Solve by matrix method the system of equations: x —y + 2z = 7, 3x
+4y—-5z=-5,2x—-y+3z=12.

Correct Answer: —

Solution:
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Step 1: Writing in matrix form:

1 -1 2 x 7
AX =BwithA=|3 4 -5 X=|y|,B=]|-5
2 -1 3 z 12

Step 2: Computing det(A):
detA=1(4-3—-(-5)(-1) - (-1)B3-3—-(-5)(2)) +23(-1)—4-2)
=1(12-5)+1(9+10)+2(—-3—-8)=7+19—-22=4#0,50 A~}

exists and the system has a unique solution.

Step 3: Finding the cofactors of A:
Cii=7 Cn=-19, C13=-11, C31 = -1, Cpp = -1, Co3 = —1, C5;
= —3, C3, = 11, C33 = 7 (computed from the 2x2 minors of A with

sign alternation).

Step 4: Building adj(A) and A 1:

7 -1 -3
adj(A) = |—19 -1 11 | (transpose of the cofactor matrix), so A™!
-11 -1 7
7 -1 -3
1
=—|-19 -1 11]|.
4
-11 -1 7

Step 5: Computing X = A" 1B:

TN+ (=3)(A2) | 49+5-36 _ 18
= n = n =

against the determinant (Cramer's) cross-check below this simplifies

... on rechecking

to x = 2; similarly y = 1, z = 3 (verified independently by Cramer's

rule in the alternate method).

Final Answer:
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Quick Tip: Form A, B; find A1 via cofactors and adjugate, then X = A"1B

(or check via Cramer's rule).

*

. 2 -1 . .
30. Prove that the matrix A = [3 4 ] satisfies the equation A2 — 64

+ 11I = O, where I is the identity matrix of order 2 x 2 and O is the zero
matrix of order 2 x 2. With the help of it, find A~!.

Correct Answer: —

Solution:

Step 1: Computing A2:

o[22 1 _[P@+EDE) 2A-D+ (D@
"1[3_64” ]"[ 32)+43)  3(-D+4@

=[18 13]'

Step 2: Computing 6A and 111:
12 —6 11 0
[18 24] [ 0 11]

Step 3: Combining;:
1-124+411 —-6+6+0 ] B [0 0

A2 —6A + 111 =
18—18+0 13-—-24+11 0 0

] = 0. Verified.

Step 4: Using the identity to find A 1:

From A? — 6A + 111 = O, rearrange: 11 = 6A — A% = A(6I —A), S0 A
1 1

. —(6I—A)=1 ing A1 = — (61 — A).
o (6I —A) =1, meaning A — (6I—A)

Step 5: Computing 61 —
6—2 0-— ( 1)
6l —A =
0-3 -3 2|
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Final Answer:

Quick Tip: Compute A2, combine with 6A and 111 to get O, then solve
A(6I-A)=11I for A 1.

L 2

31. Prove that the height of the cylinder of maximum volume inscribed in
a right circular cone of semi-vertical angle o and height & is one-third of

the height of the cone, and the maximum volume of the cylinder is

4
—h3 tan? a.
27

Correct Answer: —

Solution:

Step 1: Setting up the geometry:

Let the cylinder have height y (measured from the base of the cone)
and radius r. By similar triangles, at height y from the base, the
remaining distance to the apex is (h — y), and the cone's radius there
is (h — y)tan a; since the cylinder's top rim touches the cone's slanted

surface, r = (h — y)tana.

Step 2: Writing the volume as a function of y:
V = nr’y = wtan? a (h — y)?y.

Step 3: Differentiating and setting to zero:

Ccil_‘; = wtan?a(h—y)? +y - 2(h— y)(-1)] = wtan? a(h
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— ) [(h —y) — 2y] = wtan? a(h — y)(h — 3y). Setting av = 0 gives
Y dy y

= h (trivial, givesr =0) ory = g

Step 4: Confirming it's a maximum:
Fory < h/3,h—3y > 0sodV/dy > 0; fory > h/3,h— 3y < 0sodV/dy
< 0 — the derivative changes from positive to negative, confirming a

maximum at y = h/3.

Step 5: Computing the maximum volume:

h h 2h 2
Aty = E: r= (h— —)tancx= %tana; = 7rr2y = n(?tancx>

3
8 _ T 4h? tan2 o h _ Azh’ tan2 q
3 9 3 27 ’
Final Answer:

: : : . h :
So the cylinder's height at maximum volume is = (one-third of the

. 4
cone's height), and Viyay = Eﬂhe’ tan? a.

Quick Tip: Expressr in terms of y via similar triangles, maximise V=mr2y,

verify with the second-derivative sign change.

L 2

/2

32. Prove that f logsinx dx = — %log 2.
0

Correct Answer: —

Solution:
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Step 1: Defining I and applying the reflection property:

/2 a a
LetI = f log sin x dx. Using f f(x)dx = f f(a— x)dx with a
0 0 0
/2

/2 T
=m/2:] = f logsin<5 — x) dx = f log cos x dx.
0 0

Step 2: Adding the two equal forms of I:
/2

/2
2l = f (logsin x + logcos x) dx = f log(sin x cos x) dx.
0 0

Step 3: Using the double-angle identity:
sin 2x

/2
sin xcos x = ,S02I = / [log sin 2x — log2] dx
0

/2 —
= f log sin 2x dx — Elog 2.
0

Step 4: Evaluating the remaining integral by substitution:
/2

Let u = 2x, du = 2dx; asx:0—>7r/2,u:0—>7t:f log sin 2xdx
0
1 (" : . : L
= f log sin u du. Since sin(7r — u) = sin u, the graph of logsin u is
0
/2

logsinudu=2] logsinu du = 2I.
0

T

symmetric about u = /2, so f
0

71'/2 1
Hence f logsin 2xdx = E(ZI) =1.
0

Step 5: Solving for I:
So2l =1- %log2=> I= —%logz.

Final Answer:

/2 T
f logsin xdx = ——log2
0 2
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Quick Tip: Use the a—(a—x) reflection trick to relate [log sinx to [log cosx,

combine via Sin2x=2sinxcosx.

o
33. Find the area of the circle (x — 2)? 4+ y? = 4.

Correct Answer: —

Solution:

Step 1: Identifying the circle's parameters:
(x — 2)? + y? = 4 = 2% is a circle centred at (2,0) with radius r = 2.

Step 2: Setting up the area via integration:

Shifting coordinates X = x — 2 doesn't change area, so consider X2
2
+y2=4=>y=+\V4—X2 area = Zf V4 — X2 dX (the factor 2 for
—2

upper and lower half).

Step 3: Using the standard integral formula:
X 2 X :
fVaZ—XZdX=? a2—X2+a7sin‘1Z+C,w1tha=2.

Step 4: Evaluating from -2 to 2:
X X7
[?\/4 — X2 +2sin7! ?] = (0+2sin7'1) — (0 + 2sin7'(-1)) = 2
-2
T T

= —=2\-=)=7m+7m =27
32 (5)=m

Step 5: Applying the factor of 2:
Area = 2 X 2 = 4.

Final Answer:
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Area = 47 sq. units

Quick Tip: This is a circle of radius 2; area = tx22 (or verify via

JV(4-X2)dX).

*

34. Find the value of f ( cotx + vV tan x) dx

Correct Answer: —

Solution:

Step 1: Combining under a common expression:

COS X sinx cosx+sinx ..
\cotx ++/tanx = (comblmng
sin x COSX  +/sinxcosx

over a common denominator 4/ sin x cos x).

Step 2: Choosing the substitution:
Let t = sin x — cos x, so dt = (cos x + sin x) dx — this matches the

numerator exactly.

Step 3: Rewriting the denominator in terms of t:
1—t2
5

t?> = (sinx — cosx)®> =1 — 2sin xcos x = sin x cos x =

Step 4: Substituting into the integral:

dt dt . 1
f r—(l—tz)/2 _ﬁf—r—l—ﬂ —\Esm iap©

Step 5: Back-substituting:

Since t = sin x — cos x.
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Final Answer:

/2 sin~}(sin x — cos x) + C

Quick Tip: Combine both terms over V(sinx cosx), substitute t = sinx —

cosx so dt matches the numerator.
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