Q collegedunia:

Binomial Theorem JEE Main PYQ -1

Total Time: 1 Hour : 15 Minute Total Marks: 120

Instructions

Instructions

1. Test will auto submit when the Time is up.

2. The Test comprises of multiple choice questions (MCQ) with one or more correct
answers.

3. The clock in the top right corner will display the remaining time available for you to
complete the examination.

Navigating & Answering a Question

1. The answer will be saved automatically upon clicking on an option amongst the
given choices of answer.

2. To deselect your chosen answer, click on the clear response button.

3. The marking scheme will be displayed for each question on the top right corner of
the test window.
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Binomial Theorem

1. If in the expansion of (1 + z2)%(1 + )", the coefficients of z, 2%, and z* are in (+4,
arithmetic progression, then the sum of all possible values of n (where n > 3) is: -1)
2. The value of (+4,-1)

100 n 100 n 100 T 100
50 51 52 100

2100
101

2101
100

999
100

299
99

3. In the binomial expansion of (az? + bz + ¢)(1 — 2z)%, the coefficients of z, z?, (+4,-1)
and z* are -56, 0, and 0 respectively. Then, the value of (a + b+ ¢) is

a. 1500
b. 1403
c. 1300

d. 1483

4. The coefficient of z* in the expansion of (+4,-1)

1+ (1+2)+2(1+2)? +3(1+x)>+---+100(1 + z)'

a. (101C46) — 100
b. 100(101C49) — 101C50

C. 100(101C46) — 101C47
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d. 101C47 — 101C46

5. The value of (+4,-1)

1000 . 1000 . 10002 00
51 52 101

2100
100
2101
101
2100
101
2101
100

6. The coefficient of x*® in 1(1 + z) + 2(1 + z)? + 3(1 + )® + ..... + 100(1 + z)'%° is: (+4,-1)
a. ¢, 0, - ic,,
b. 10010'C,, — 01C,,
c. 'C,, — 100

101 — 101
d. "Cy Cus

7. The coefficient of =% in (+4,-1)

1(1+z)+2(1+2z)*+3(1+z)*+---+100(1 + z)'

Q. 101¢,; — 100
b. 100(101Cy,) — 101Cy,

C. 100(101046) - 101047
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101 101

8. The maximum value of k for which the sum > (%) ([°) + X0 () (.2 ) exists, (+4,

isequalto __________. -1)

9. If n > 2 is a positive integer, then the sum of the series "™ C; + 2(2C; +3 Cy +* (+4,-1)
Cy+....... +" C2) is:

a. n(n-1)(2n+1)/6
b. n(n+1)(2n+1)/6
c. n(2n+1)(3n+1)/6
d. n(n+1)\A2(n+2)/12
10. Let (1+ X + 2X3)%° = Qg + QX + CX2 + -+ + QgeX®. Then, a, + Q; + A5 + -+ + Q35 iS (+4,-1)
equalto:
a. 2°(22° + 21)
b. 22°(22° + 21)
c. 2°(2%° - 21)
d. 22°(22° - 21)

1. The ratio of the coefficient of the middle term in the expansion of (1 + z)* and (+4,
the sum of the coefficients of two middle terms in expansion of (1 + z)'? is -1)

10
12. The term independent of 'z in the expansion of (mz S 21 ) ,Where z +  (+4,

—21B41 ~ z—al?

0,1isequalto __________. -1)

13. If b is very small as compared to the value of a, so that the cube and other (+4,-1)
higher powers of 2 can be neglected in the identity 1> + 1 + -+ ... +
L — an + pn? + yn?, then the value of + is:

a—nb

atb
a. 32
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14.

15.

16.

17.

18.

A possible value of X, for which the ninth term in the expansion of (+4,-1)
{31°g3 VRETIAT 3= ) logg(5° 1) }10 in the increasing powers of 3(~#)1s(" ' +1) jg
equal to 180, is :

a. 0
b. 1
c. -l

d 2

Let n C_r denote the binomial coefficient of xAr in the expansion of (1 + x)An. If (+4,
Y _{k=0}A{10} (22 + 3k) n C_k = a 3A{10} + B 2A{10}, o, B€R, then a + Bisequalto  -1)

The term independent of x in the expansion of [ (x + 1)/ (xA{2/3} - xA{1/3} +1) - (+4,
(x=-1)/(x-xaf1/2}) ]°,x =1 isequalto ________ . -1)
The value of 21°C; +21C, — 39Cs +--- — 158C5 + (M) + () + () +--+ (D) st (+4,-1)
a. 2% -1

b. 213 - 14

c. 28 -13

d. 24

If the coefficients of 27 in (22 + 1) and =7 in (z — ;1,)"", b # 0, are equal, (+4,-1)

then the value of b is equal to :

a -l
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b. 2

c. -2

d. 1
19. If the coefficient of a"b® in the expansion of (a + 2b + 4ab)'? is K - 216, then K is (+4,

equalto _________. -1)
20. If (j—i) k is the term independent of z in the binomial expansion of (£ — 12)™, (+4,

thenkisequalto ___________ -1)
21. 3 x 72 + 2 x 102 — 44 when divided by 18 leaves the remainder _________ . (+4,-1)
22. If 2°C, is the co-efficient of z” in the expansion of \ ((1+x)A{20\), then the (+4,-1)

value of -2 72 . 200, is equal to :}

a. 420 x 2%

b. 380 x 2

C. 380 x 2!8

d. 420 x 28
23. Let () denote "C;. (+4,

A= 500 () (22,0 + S50 ()53, and A, — 4 — 190p, then pis equalto -1
24. The term independent of z in the expansion of (+4,-1)

( z+1 z+1 >”’
22 4+1 -z x— 4T
forz > 1is:

a. 210
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b. 150

Cc. 240

d. 120

25. Let (1 + x4+ 22)% = ap + a1z + a2x? + ... + axz®. If (a1 + a3 + a5+ ... +a1g) — 1lag = (+4,
121k, then kis equalto _______ -1)

26. If Y0, (52)-°C, = a (3)" - 8, @, B € N, then (a + 8)? is equal to (+4,-1)
a. 27
b. 9
c. 8l

d. 18

27. The sum of all rational terms in the expansion of (2 + \/5)8 is (+4,-1)
a. 16923
b. 3763
C. 33845

d. 18817

28. If (+4,-1)

I:.{_‘i{’]]+23.{'jl’_’: }+_1:_[ "1.{'; }+....+15:.{'j{’|5]=

2m3"5%  where m,n, k € N, then m + n + k is equal to:
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29. The number of rational terms in the binomial expansion of (1 + 1) is (+4,-1)
a. 129
b. 128
c. 127
d. 130
30. Ifthe sum, %, =3 (°) isequal to a - (3)” - 8, then the value of (a + §)? is (+4,-1)
equal to:
a. 8l
b. 9

c. 36

d. 27
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Answers

1. Anhswer:.7 -7

Explanation:

Step 1: Analyze the Expansion.
The given expression is (1 + z2)?(1 + z)". First, expand (1 + z?)? and then multiply it with
(1+ )"

(1+2%)*=1+22" + 2
Now, multiply this by (1 + z)™:

(1+2?)2(1+2)" = (1 +22* + ) (1 + )"

Step 2: Identify Coefficients of z, =2, and z°.

Now, we need to find the coefficients of z, 2%, and z? in the expansion of the product.
To do this, apply the binomial theorem to expand (1 + z)». - The coefficient of z is
given by the term involving z from both expansions. - Similarly, find the coefficients of
z?2 and z3.

Step 3: Set up the Arithmetic Progression.

We are given that the coefficients of z, 22, and z? form an arithmetic progression. Let
the coefficients be denoted as A4, 4,, and A3, respectively. Since they form an
arithmetic progression, we have the condition:

2A2 — Al + A3

Using the expressions for the coefficients of z, 2%, and z*, solve for n.

Step 4: Solve for the Possible Values of n.

After solving the equations and simplifying, we find that the sum of all possible values
of n is 7. Final Answer:

2. Answer: a

Explanation:
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Step I: Use the Binomial Expansion.
The sum of the binomial coefficients from (1)) to (jp) is part of the binomial
expansion of (1 + 1)%, which is:

So, the sum of all binomial coefficients from ('0°) to (i) is 2'%.
Step 2: Adjust for the Desired Sum.

The desired sum is missing the first 51 terms, i.e, (*)°) to (), so the sum is:

Desired Sum = 2100 — ((18[)) + <1(1)0> + -+ (1409()))

2100
101

This simplifies to:

Final Answer:

2100

101

3. Answer: b

Explanation:

Step 1: Expansion of the binomial expression.

We need to expand (az® + bz + ¢)(1 — 22)* and look at the coefficients of z,z?, and z3.
Use the binomial expansion for (1 — 2z)? and multiply it by az? + bz + c. Step 2: Find
the coefficients of =, z2, z3.

The coefficient of z in the expansion is obtained by looking at terms that contribute
to z!, similarly for > and z*. The conditions given are: - Coefficient of z = -56 -
Coefficient of 22 = 0 - Coefficient of z3 = 0 Step 3: Solve the system of equations.
From the binomial expansion and the given coefficients, we solve the system of
equations to find the values of a,b, and c. After solving, we get a + b+ ¢ = 1403.

4. Answer: b

Explanation:
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Step 1: General term in the expansion.
The general term in the expansion is:

n(l+ z)"

where n varies from 1to 100. Step 2: Finding the coefficient of z*%.
To find the coefficient of 2%, use the binomial expansion for each term and sum the
contributions for z*® from each term. For the general term n(1 + z)", the coefficient of

z*® is:

Step 3: Summing the contributions.
The coefficient of z*® in the full expansion is given by the sum of the contributions
from all terms:

Step 4: Conclusion.
Thus, the correct coefficient is 100(101C49) — 101C50. Final Answer:

100(101C49) — 101C50

5. Answer: c

Explanation:

Concept:
We use the identity:

nCT _n+10r+1
r+1 n+1

and the binomial theorem:

n

Znok —9n

k=0
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Step 1: Rewrite each term using the identity.

100C7- 101CT+1
r+1 101

Thus the given sum becomes:

1
o0 (101051 + 101052 IS 1010101)
Step 2: Use symmetry of binomial coefficients.

101

Z 1010y _ 9101
k=0
Also,
00 g 0Ly 4L, 1010 9100

(by symmetry of terms about the middle)
Step 3: Evaluate the required sum.

W0l 4o 00— 9l0l _ 9100

_ 2100

Step 4: Final value.

2100

Required sum = ~—
equired sum 101

6. Answer: b

Explanation:

Step 1: Identify the Series:
Let the given series be S. This is an Arithmetico-Geometric Progression (AGP). Let y =
1+ z. The series can be written as:

S=1-y+2-y>*+3-y3+---4+100- ¢
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Step 2: Summing the AGP:
To find the sum of this AGP, we use the standard method:

S=y+2y"+3y°+---+100y'" (1)

Multiply by vy:
yS =y + 2y + - + 99y + 10041t (2)
Subtracting (2) from (1):
S1—y) =y+y*+¢* +-- +y'*) —100y""
The terms in the parenthesis form a Geometric Progression (GP) with first termy,

common ratio y, and 100 terms. The sum of this GP is %

y(y'™ —1)

T — 100y
y —

S(L—y)=

Step 3: Express S in terms of x:
Substitute y = 1 + = back into the equation. Notethat 1 —y= -z and y — 1 = z.

1+2)(A+2)* 1)

S(—z) = —100(1 +z)'"

(1+2)" — (1 +2)

S(—z) = —100(1 + z)™*

Multiply by —1/z to solve for S:

(1+2)" — (1+2) 10001+ )"

S=- _

T T

~100(1+ =)' (14 2)!™ N 1+z

S 2 2

T T T

Step 4: Find the Coefficient of x*3:
We need to find the coefficient of z*® in the expression for S. Let's look at each term.
For the term %1:—’”& we need the coefficient of z%° in the expansion of 100(1 + ).

This is 100 101 C49.

For the term —(”m—?m, we need the coefficient of z° in the expansion of —(1 + z)1°.

This is —101050.

The term L = 4 + 1 has no terms with non-negative powers of x, so it doesn't
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contribute to the coefficient of z*®. Combining the contributions, the coefficient of z*
inSis:

100 -1 ¢y —101 g

Step 5: Final Answer:
The coefficient of x* is 100 -1 C,9 —1% Cy,.

7. Answer: d

Explanation:

Concept: The coefficient of z" in (1 + z)* is *¥C,. Hence, the coefficient of z* in the
given expression is:

100
2

E k-"Cy

k—48

We use the standard identity:

k kCr = (7' + 1)k+1Cr+1

Step 1: Apply the identity with r = 48.

k kC48 =49 k+1049

Step 2: Substitute into the summation.

100 100
Z kFCus = 49 Z Ry
k=48 k=48

Letn =k + 1. Thenwhen k =48 = n =49, and when k£ = 100 = n = 101.

101

— 49 Z "Cug

n=49
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Step 3: Use the binomial identity:

Z nC, = m—i—l(jT+1

n=r
101

_ 102
E "Cy = "Cx
n=49

Thus, the coefficient becomes:

49 . 120,

Step 4: Rewrite using Pascal’s identity:

Hence, the required coefficient corresponds to Option (4).

8. Answer: 24 - 24

Explanation:

Step 1: By Vandermonde's Identity, 3¢ (") (™) = (*I™).

i/ \k—i k
Step 2: First sum = (*/'%) = (¥).

Step 3: Second sum = (717%) = ().

Step 4: For the binomial coefficients to exist (be non-zero), k < 25 and k + 1 < 25.
Step 5: Therefore, k < 24. Max value is 24.

9. Answer: b

Explanation:

Step I: Recall the Hockey-stick identity: >°" iC, = "1C,,;.
Step 2: Here, Y " ,iCy = "1Cs.
Step 3: The expression becomes "1C, + 2("1Cs).
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Step 4: Using "C, +"C,_1 = ""1C,, we can write: (""1Cy + "1C3) + "T105 = 205 + TG,
Step 5: Expand; {t2etle | (il l) _ nletl i, 49 gy 1] = 2Bt Thig s the sum

of squares of the first n natural numbers.

10. Answer:c
Explanation:

Step I: Let P(z) = (1 + = + 2z2%)%°.

Step 2: Sum of odd coefficients S,y = 21,

Step 3: P(1) = (1 + 1+ 2)% =420 = 2%,

Step 4: P(—1) = (1 — 1+ 2)%0 =220,

Step 5: a; +az + ....... +agy = 255 =2% — 219 = 219220 — 1),

Step 6: The question asks for sum up to az;. We need to subtract asg. asg is the
coefficient of *°. In (1 + z + 22%)%, the highest power is z* (from (22%)?). To get z*,
we must have nineteen (2z2) and one (z). Coeff azy = (,2 ) (2)*°(1)* = 20 x 2.

19,1,0
Step 7: Sum = 219(2%0 — 1) — 20 - 219 = 219(220 — 1 — 20) = 219(2% — 21).

. Answer:1-1

Explanation:

Step 1: Understanding the Concept:

For (1+ z)", if n is even, there is one middle term at position % + 1.

If n is odd, there are two middle terms at positions 21 and % + 1.
We use the property of binomial coefficients (*) + (") = ().

Step 2: Key Formula or Approach:

1. Coefficient of middle term of (1 +z)*™ is (*7).

2. Coefficients of two middle terms of (1 +z)*™* are (**) and (*"1).
Step 3: Detailed Explanation:

1. Expansion of \ ((1+x)A{20\):}

Here n = 20 (even). The middle term is the 11th term (r = 10).
Coefficient C1 = (3)).

2. Expansion of \ ((1+x)A{19\):}

Here n = 19 (odd). The two middle terms are the 10th and 1lith terms (r = 9 and r = 10
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)-

sum of coefficients Cz = () + (13).

Using Pascal's Identity (") + (")) = (*/):
Co= (o) + (5) = (") = Go)-

3. Calculate the ratio:
20
Rotio:%zﬁl—“lzl.

()
Step 4: Final Answer:
The ratiois 1.

12. Answer: 210 - 210

Explanation:

Step I: Understanding the Concept:

The expression inside the binomial power contains algebraic fractions that can be
simplified using factorization identities.

Once simplified, we use the general term formula of the binomial expansion to find
the term where the power of z is zero.

Step 2: Key Formula or Approach:

1. Factorization: a3 + b® = (a + b)(a? — ab + b?).

2. Factorization: a?> — b = (a — b)(a + b).

3. General term of (A+ B)": T,,; = (1) A" "B".

Step 3: Detailed Explanation:

Let's simplify the terms inside the bracket:

For the first term:

x+1 B (z1/3)3 4+ 13 B (z'/? +1)(2¥3 — 213 +1) B
223 _ g3 11 223 _ g3 i1 223 — 213 11 =z +
For the second term:
po1l (R (EDWERD _VERL |

z—a?  Va(ya-1)  valyz-1) NG

Now, substituting these back into the original expression:
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10 10
(@41~ (1+a?)] = (a0 -2

The general term T, is given by:

10 10 10—r r
Tr+1 — <r)(w1/3)10—r(_$—1/2)r _ ( >(_1)r$ — =5

r

For the term independent of z, the exponent of z must be zero:

10—r 7
3 §:O:>20—2r—3r:0:>5r:20:>r:4

The coefficient is:

10 4 10x9x8xT
-1)" = =21
<4>( ) 4x3x2x1 0

Step 4: Final Answer:
The term independent of z is 210.

13. Answer: d

Explanation:

Step 1: Understanding the Concept:

Each term in the series can be expanded using the binomial theorem for negative
powers because b/a is small.

We sum these individual expansions up to n terms and collect the terms involving n,
n?, and n3.

Step 2: Key Formula or Approach:

Ll-z)t=1+z+2%+.... for small z.

2.3 k=" %2

n 2 _ nn+)(@2ntl) o pd
3. Y, K = mene) ot

6
Step 3: Detailed Explanation:

The general termis T, = - = a(liﬁh) =1(1-2)"

Expanding: Ty, ~ L[1 + 2 1 (&)%) (Higher powers are neglected).
Sum § = 3T T = 5 ML+ + 5.

a?
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S=1Y1+Lk+ 5K
Using sum formulas:

S = %[n + gn(n;-l) + Z_Zn(n+1)6(2n+1)]-

i . 2 3
The term with n® comes from the expansion of 2—3—‘;2” —

The coefficient of n® is v = Z_z 2= Sb_;
Step 4: Final Answer:
The value of v is 3"7;,

14. Answer: b

Explanation:

Let's simplify the terms in the binomial expansion.
Let A = 3l V2 T — /2501 17,

Let B — 3(—§)logs(5" '+1) — (551 4 1)—1/8'

The expansion is (A + B)'.

The general termis T,.,; = (V) A" B".

The ninth term corresponds to r = 8.

T9 _ (180)A107838 ! (120)A238.

We are given that Ty = 180.

(120) =152 =45,

45A%B8 = 180.

A’BS = 180 — 4,

Now substitute the expressions for A and B.

A? — (m)2 =255l 4 7= (5247 =522 7
B8 = ((5.%71 + 1)71/8)8 _ (51:—1 + 1)—1 _ 517114_1-
Substitute these into the equation A2B8 = 4:

(652 47) 5 = 4.

5222 4 7 = 4(5*71 4 1).

(5512 47 =4(5""1) + 4.

Let y = 5*"1. The equation becomes a quadratic in y:
Y+ 7 =4y +4.

y* — 4y +3 =0.

Factor the quadratic:

(y—1)(y —3) = 0.

So,y=1ory=3.

Casely=1.




Q collegedunia:

521 =1=15".

r—1=0 = z=1.

Case 2. y = 3.

5771 =3.

z—1=1logs(3) = = =1+ logs(3).

The options are integers. The value z = 1 is a possible value and corresponds to
option (B).

15. Answer:19 - 19

Explanation:

Step I: Break the sum (assuming n = 10): 33,7 4(*) + 3,2, 3k (%)

Step 2: First part: 43" (') = 4210

Step 3: Second part: 33 k(YY) =32 kL (%) =303,2, (,°,) =30-2° =15 21
Step 4: Total = (4 + 15)2'° = 19 . 210,

Step 5: Comparing with a3 + 821% a = 0,8 =19. a + 8 = 19.

16. Answer: 210 - 210

Explanation:
Step 1: Simplify the first term: mgf;/jii;fl _ (El/g;’l/)3(if/§fl/3+l) = z!/3 ¢ 1.

il CWED(/ERD _ JEl ~1/2
Step 2: Simplify the second term: e s S lta s

Step 3: Expression becomes: [(z!/% 4 1) — (1 + z71/2)]10 = (21/3 — 271/2)10,
Step 4: General term T,.1 = (1) (2'/3)107 (=2 12)" = (1) (1) 5" 3.
Step 5: For independentterm: &%= — 2 =0 = 20-2r —3r =0 = 5r =20 = r =4.

Step 6: Value = (1) (—1)* = 1287 — 919.

17. Answer: b

Explanation:

Step I: The sum Y (-1)"'.r."C, is related to the derivative of (1 —z)" atz =1,
which is O for n > 1.
Step 2: Adjusting the indices and specific terms for n = 15 and the additional series
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of 14C;.
Step 3: The sum of odd binomial coefficients 3™ Cop 1y = 21471 = 213,
Step 4: Subtracting the missing terms (like 14C13) and simplifying leads to 2'% — 14.

18. Answer:d

Explanation:

For the first expansion, (:p? + é)”
The general termis T, = (1) («®)" " (&)

Tr+1 — (1r1)$22727“br_1ﬂ _ (11) br .’1322 37"

We need the term with z7, so we set the exponent of x to 7:
22-3r=7 = 3r=15 — r =5.

The coefficient of 27 is (1) 4.

For the second expansion, (z — )

The general term is Ty, = (V) () e (—%)k.
Thry = (1k1) 11—k (-D* _( )( 1)’“:011 3k

bk 2k
We need the term with z=7, so we set the exponent of x to -7:
11-3k=-7 — 3k=18 — k =6.
_ 1)$ 11
The coefficient of 27 is (i) 51k = () 4.
We are given that the two coefficients are equal:

e =07
5/ — \6/0b8"
Using the property (7) = (" ), we have (151) — (11115) — (161).
So, the equation simplifies to:
(11) 1 _ (11) 1
I3 5

Since (%) # 0, we can cancel it from both sides.

1 _ 1
BB
b6 = 0.

- =0 = b5(b-1)=0.
Since we are given b # 0, the only solution is b — 1 = 0, which means b = 1.

19. Answer: 315 - 315

Explanation:
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Step 1: Understanding the Concept:

The coefficient of a specific term in a multinomial expansion (z1 + z2 + ... + )" IS
found using the multinomial theorem. We set up equations for the powers of each
variable to solve for the specific indices.

Step 2: Key Formula or Approach:

The general termin (a + 2b + 4ab) is:

0! ., . 10!
T = i (a)(26)(dab)” =

LoV L 4F L gRHE L pute
xly!z!

where z +y + z = 10.

Step 3: Detailed Explanation:

We are given the term a’b®. EQuating the powers: .z +2 =7 = z=7—2
2y+2=8 = y=8-—=z2

Substitute into the sum constraint:

(7T—2)+8—2)+2=10 = 15—2=10 = z=5

Then,z=7-5=2andy=8 — 5 = 3.
The coefficient is:

Coeff = 2520 - 213

We are given this equals K - 2. So:

9520213 — K . 216 — K:%:%zoz?,ls

Step 4: Final Answer:
The value of K is 315.

20. Answer: 55 - 55

Explanation:
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Step 1: Understanding the Concept:

In the binomial expansion of (a 4 b)", the general term is given by T,.,; = (7)a™ "b".
To find the term independent of z, we find the value of r for which the net power of
z in the general term is zero.

Step 2: Key Formula or Approach:

For the expansion of (f — ;—3)12, the general term is:

()6 ()

Step 3: Detailed Explanation:

Simplify the powers of z:
12—r
T1 = (12) (1> T (—12)
T 4

12—r
12 1
T _ - - r,12—3r
r+1 < r ) <4) ( 12) Z

For the term independent of z, set the exponent of z to zero:

12—3r=0 — r=4
The independent term is T5:
e () ) e (e (27
We are given that this term is equal to (Z—Z) k:

12\ 3¢+ 3¢
)= gk

12\ ., 12.11-10-9
(4>_3k:>9k_ 1321
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9k =495 — k=55

Step 4: Final Answer:
The value of k is 55.

21. Answer:15-15

Explanation:

Step I: State the problem in terms of modular arithmetic.

We need to find the value of N =3 .72 4 2-10%2 — 44 (mod 18). We will evaluate each
term separately. Step 2: Evaluate the first term, 3 - 722 (mod 18).

First, find the pattern of powers of 7modulo 18. - 7' =7 (mod 18) - 7> =49 =2 x 18 +
13=13 (mod 18) - 7*=72.7=13-7=91=5x 18+ 1 =1 (mod 18) The cycle length of
powers of 7 is 3. We use this to simplify 722. The exponentis 22 =3 x 7+ 1. So, 72 =
(73771 =17-7=7 (mod 18). Therefore, the firsttermis 3-72 =3 .7 =21 =3 (mod 18).
Step 3: Evaluate the second term, 2 - 10?2 (mod 18).

Find the pattern of powers of 10 modulo 18. - 10' = 10 (mod 18) - 102 =100 =5 x 18 +
10 =10 (mod 18) It appears that 10* = 10 (mod 18) for all k£ > 1. So, 10?2 = 10 (mod 18).
Therefore, the second termis 2-1022 =2-10 = 20 = 2 (mod 18). Step 4: Evaluate the
third term, —44 (mod 18).

First, find the remainder of 44 when divided by 18. 44 = 2 x 18 + 8, SO 44 = 8 (mod 18).
This means —44 = —8 (mod 18). To get a positive remainder, we add 18: —8 + 18 = 10.
So, —44 = 10 (mod 18). Step 5: Combine the results.

N=(3)+(2)+(10) (mod 18)
N =15 (mod 18)

The remainder is 15.

22. Answer: d

Explanation:

Step 1: Understanding the Concept:
This is a standard sum of binomial coefficients weighted by 2. It can be evaluated
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using differentiation of the binomial theorem expansion.
Step 2: Key Formula or Approach:

Use >0  r*(") = n(n+1)2"2.

Step 3: Detailed Explanation:

Start with (1+z)" =", (")a".

r=0 \r

Differentiate with respect to z:

Multiply by z:

Differentiate again:

n(1+a) ™ bma(n - ()2 =Y (n>

Substitute = = 1:

> (n) =n- 2" 4 n(n = 1)20% = 20220+ n® = n) = n(n + 1)2"?
r
r=0

For n = 20:

Sum = 20(21) - 2°0°% = 420 - 2%

Step 4: Final Answer:
The sum is equal to 420 x 218,

23. Answer: 49 - 49

Explanation:
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Step 1: Understanding the Question

We are given an expression A4; which is a sum of two series involving binomial
coefficients. We need to evaluate 4, — A3 and solve for p.

Step 2: Key Formula or Approach

We will use the identity (") = (") and Vandermonde's Identity, which states that the
coefficient of " in (1 +a)™(1+ )" is (™™, leading to the summation formula

k m\( n m+n
>io (z)(k—z) - ( IJcr )
Step 3: Detailed Explanation
Let's simplify the first sum in 4;. Let it be S;.

91 = z; (?) (12 —12 + z)

12— k+) - (12—(1122—k+i)) = (k1—2z)

5= (02

This is the coefficient of z* in the expansion of (1 + z)°(1 + z)'2 = (1 + z)?!. By
Vandermonde's Identity, S, = (*1%) = (3).
Now let's simplify the second sum, 5.

=2 () k)

USing (:) = (n ) we have (13 k+) = ( (1133 k+z)) (klfz)

=2 ()()

This is the coefficient of z* in the expansion of (1 + z)¥(1 + z)'* = (1 + z)?'. By
Vandermonde's Identity, S, = (*}%) = (3).

So, i = 51+ 5= () + (3) = 2(3).

Now we need to calculate 44 — As.

wafl) m aeafl)
eaa(()- )

Using (") = (,",), we have (
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21 21x20x19 __ _ 21y _ 21x20x19x18 __ _
(5) = B2 =7 x 10 x 19 = 1330. (%) = 22028 — 21 x 5 x 19 x 3 = 5985.

Ay — As = 2(5985 — 1330) = 2(4655) = 9310

We are given that A; — A3 = 190p.

9310 = 190p
9310 931
 e— D — 4
P=790 19 BV

Step 4: Final Answer
The value of p is 49.

24. Answer: a

Explanation:

Simplify the given expression:

(reite =) ~ (&)

Now use binomial expansion:

10 10-2r 10— 2
:< ):1:02_2 set power of z = 0 = 5 T:0:>r:5

10
T5:( >=210
)

25. Answer: 239 - 239

Explanation:

Given (1 +z + z%)'° = ap + a1z + azz® + - - - + a0z
Substitute z = 1:

(1+1+1)" =ay+a1+az+---+axp

30=aot+ar+ar+--+axn ..(i)
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Substitute z = —1:

(1-14+(-1)*)"=ap—a1 +as —az + - +ap
1°=ay —a; +ay —asg+ -+ ay
l=ay—a;+ay—as+---+ay ..(ii)
Subtracting (ii) from (i):
30 —1=2(a; +az+as+ -+ ap)

30 -1 59049 —1 59048

= 29524
2 2 2 9

ar+az+as -+ t+ a9 =

To find a3, we consider the coefficient of z? in the expansion of (1 + z + z2)%.
Using the binomial expansion of (1 + (z + z?))'°:

(14 (z+2*)"° = <100) - (11()) (z + 2%) + (120) (z+ 22 + ...

=14 10(x + %) + 45(z® +22° + %) + ...

The coefficient of 2% is a, = 101 +45-1 =10 + 45 = 55. Given (a; + ag +as + - -+ + ayg) —
1la, = 121k.
Substitute the values:

29524 — 11(55) = 121k

29524 — 605 = 121k

28919 = 121k
28919
— —9
121 59

26. Answer: c

Explanation:

Given:
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We split the sum as:

So,

9 r 9 1 9 9 1 r—1
o9~ _ - .8 _ 7 8 2
>3t =93 5= Y- ()
r=1 r=1 r=1
Make the substitution s=r—-1=s=0to §:
8

9¢~s. (1) 9 1\°
2;@(2) _2'<1+2>

Now for the second term:

R R (RO

Adding both parts:
g.(g)Zg((g)g_l) (& 24s)-(2) smwrn (2) a0 (E) -

Thus, a=6,3=3

|
N | ©
N
N | W
N——
oo

S (a+p)?=(6+3)2=81

27. Answer: d

Explanation:

Let S = (2 + +/3)8. To find the sum of all rational terms in the binomial expansion, we
use:

(2+3)%+(2—V3)®
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This removes all irrational terms since they cancel out in the symmetric expansion.
So the sum of rational terms is:

(2+V3)F +(2—v3)"
2

We can also directly select terms where the exponent of /3 is even (to ensure the
term is rational).
From the binomial expansion:

= () er+ (5)ereer+ (§) @i e+ (§)@rwar+ (§) var
=28 428.20.3470.2*.9+28.2%.274+1.-81

= 256 + 5376 4 10080 + 3024 + 81 = 18817

28. Answer: a

Explanation:

The given series is:
15
T
r=1
This can be rewritten as:

15 15
()

Now, compute this using the binomial expansion formula. The expression simplifies
to:

15 x 14 x 2! (binomial expansion terms)
Substituting the values into the sum:

15x14x28=15x14x2¥ = m=17,n=1k=1
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Thus, m+n+k=17+1+1=19.
Thus, the correct answer is 19.

29. Answer: b

Explanation:

)1016

The binomial expansion of (1 + & contains terms of the form:

8

(0™ Q)

Simplifying the general term:

1016 1 1 1016 1 1016 1
T, = . T 91016—r T gr . " 91016—r+3r r " 91016+2r

For T, to be a rational number, the denominator of the term must be a power of 2.
We observe that for the denominator to be a power of 2, 1016 + 2r must be an
integer.

Thus, 1016 + 2r must be an even number. The total number of rational terms is the
number of » for which 1016 + 2r is an even integer.

From this, we conclude that the number of rational terms is 128.

Thus, the correct answer is (2) 128.

30. Answer: b

Explanation:

The given sum can be written as:

29: r+3 _ 9
2r T
We can split the terms:

>(2+2)-()

r=1
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This becomes:

S 1(0)-154(0)

r=1

Using properties of binomial sums, and after simplification, we find that (a + 8)* =



