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Instructions

Instructions

1. Test will auto submit when the Time is up.
2. The Test comprises of multiple choice questions (MCQ) with one or more correct

answers.
3. The clock in the top right corner will display the remaining time available for you to

complete the examination.

Navigating & Answering a Question

1. The answer will be saved automatically upon clicking on an option amongst the
given choices of answer.

2. To deselect your chosen answer, click on the clear response button.
3. The marking scheme will be displayed for each question on the top right corner of

the test window.



Complex Numbers

1. If , find the value of

a. 90

b. 120

c. 150

d. 180

(+4, -1)

2.  is a complex number satisfying

then find .

a. 225

b. 321

c. 284

d. 385

(+4, -1)

3. If , then the value of

is:

a. 0

b. 256

c. 1

d.

(+4, -1)
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4. Let the curve , , divide the region  into two
parts of areas  and . Then  equals:

a.

b.

c.

d.

(+4, -1)

5. If  is  then
the value of m is : (where  \& )

a. 50

b. 49

c. 46

d. 48

(+4, -1)

6. If complex numbers  satisfy the equation , then 
is equal to:

a.

b.

c.

d.

(+4, -1)

7. Let . Then the value of (+4, -1)
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is _________.

8. The equation  represents a circle with :

a. centre at (0, 0) and radius 

b. centre at (0, 1) and radius 2

c. centre at (0, 1) and radius 

d. centre at (0, -1) and radius 

(+4, -1)

9. If  is a complex number and , such that ,

then the maximum distance from  to the circle  is:

a.

b. 2

c. 3

d.

(+4, -1)

10. If the locus of , such that  is a circle of radius 
and center , then 

a. 24

b. 12

c. 18

d. 16

(+4, -1)

11. If  are the vertices of an equilateral triangle, whose centroid is ,
then  is equal to

(+4, -1)
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a. 0

b. 2

c.

d.

12. Let  be such that . Then the sum of all possible values of  is

a.

b.

c.

d.

(+4, -1)

13. Among the statements: (S1): The set 
contains exactly two elements.
(S2): The set  contains infinitely
many elements. Then, which of the following is correct?

a. both are incorrect

b. only (S1) is correct

c. only (S2) is correct

d. both are correct

(+4, -1)

14. Let the product of  and 
 be , where . Let  and  be the maximum and the

minimum values of  respectively.

a. 140

b. 130

(+4, -1)

3i

−i

z ∈ C ​ =
z−2+i
z+3i 2 + 3i z

19 − 2i

−19 − 2i

19 + 2i
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ω ​ =1 (8 + i) sin θ + (7 + 4i) cos θ ω ​ =2 (1 + 8i) sin θ + (4 +

7i) cos θ α + iβ i = ​−1 p q
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c. 160

d. 150

15. Let  be the point obtained by the rotation of  about the origin
through a right angle in the anticlockwise direction, and  be the point
obtained by the rotation of  about the origin through a right angle
in the clockwise direction. Then the principal argument of  is equal to:

a.

b.

c.

d.

(+4, -1)

16. Let the curve    , z  , divide the region   into two
parts of areas  and . Then  equals:}

a.

b.

c.

d.

(+4, -1)

17. Let integers  be such that . 
  ,   

   

(+4,
-1)

18. Let  and (+4, -1)
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Then  is equal to:

a.

b.

c.

d.

19. Let O be the origin, the point A be , the point B  be such that
 and . Then:

a. ABO is a scalene triangle

b. Area of triangle ABO is 

c. ABO is an obtuse angled isosceles triangle

d. Area of triangle ABO is 

(+4, -1)

20. The number of complex numbers , satisfying  and

is:

a. 6

b. 4

c. 10

d. 8

(+4, -1)

21. Let  be three complex numbers on the circle  with 
 and . If , where ,

then the value of  is :

(+4, -1)

n(A ∪ B)
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a. 24

b. 41

c. 31

d. 29

22. If  and  are the roots of the equation ,
, then  is equal to:

a. 6

b. 2

c. -2

d. -6

(+4, -1)

23. If  and  are the roots of the equation , where , then

is equal to:

a. 398

b. 312

c. 409

d. 441

(+4, -1)

24. Let the curve  ,    , divide the region   into
two parts of areas  and . Then  equals:

a.

b.

(+4, -1)

α + iβ γ + iδ x −2 (3 − 2i)x − (2i − 2) = 0

i = ​−1 αγ + βδ

α β 2z −2 3z − 2i = 0 i = ​−1
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c.

d.

25. Let  and

Then  is equal to:

a.

b.

c.

d.

(+4, -1)

26. Let the ellipse ,  and , , have the
same eccentricity . Let the product of their lengths of latus rectums be 
and the distance between the foci of  be 4. If  and  meet at A, B, C,
and D, then the area of the quadrilateral ABCD equals:

a.

b.

c.

d.

(+4, -1)

27. Let O be the origin, the point A be , the point B  be such that
 and . Then:

a. ABO is a scalene triangle

b. Area of triangle ABO is 

c. ABO is an obtuse angled isosceles triangle

(+4, -1)
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1 + ​6
π

A = x ∈ (0,π) ∣ − log ​ sinx + log ​ cosx = 2{ (
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B = x ≥ 0 : ​( ​) − 3 ​ + 6 = 0 .{ x x − 4 x − 2 }
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d. Area of triangle ABO is 

28. If  is a complex number such that , then the minimum value of

is:

a.

b. 2

c. 3

d.

e.

(+4, -1)

29. The sum of all possible values of , for which

is purely imaginary, is equal to:

a.

b.

c.

d.

(+4, -1)

30. Let  be a complex number such that  and . Then the
value of  is:

a.

b.

(+4, -1)
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Answers

1. Answer: a

Explanation:

Step 1: Understanding the Question: 
The equation  is a characteristic equation whose roots are the non-real
cube roots of unity,  and . We need to evaluate a summation involving powers of
these roots. 
Step 2: Key Formula or Approach: 
1. The roots of  are  and . 
2. Properties of cube roots of unity: -  -  -  and  3. We
need to evaluate the term inside the summation, , for different values of k. 
Step 3: Detailed Explanation: 
Let's choose . The expression inside the summation becomes: 

(Note: Since ,  for some integer m, which is equivalent to 
because ). 
Now, we evaluate the base term  based on the value of k: 
 Case 1: k is a multiple of 3. 
Let , where m is an integer. 

. 
. 

So, . The term in the sum is . 
 Case 2: k is not a multiple of 3. 
From the property , we know that for any integer k not divisible by 3, 

. This implies . The term in the sum is . 
 Now we need to apply this to the summation from  to : 
- The values of k that are multiples of 3 are: 3, 6, 9, 12, 15. There are 5 such terms. 
- The values of k that are not multiples of 3 are the remaining terms. Total terms = 15.
So, there are  such terms. 
The total sum is the sum of all terms from Case 1 and Case 2: 

x +2 x + 1 = 0

ω ω2

x +2 x + 1 = 0 x = ω x = ω2

ω =3 1 1 + ω + ω =2 0 ​ =
ω
1 ω2

​ =
ω2
1 ω

(x +k
​)

xk
1 4

x = ω

ω + ​ =( k

ωk
1

)
4

(ω +k ω ) =−k 4 (ω +k ω )2k 4

ω =3 1 ω =−k ω3m−k ω2k

ω ⋅k ω =2k ω =3k 1

ω +k ω2k

k = 3m

ω =k ω =3m (ω ) =3 m 1 =m 1

ω =2k ω =6m (ω ) =3 2m 1 =2m 1

ω +k ω =2k 1 + 1 = 2 (2) =4 16

1 + ω + ω =2 0 1 +

ω +k ω =2k 0 ω +k ω =2k −1 (−1) =4 1

k = 1 k = 15

15 − 5 = 10

Sum = (Number of terms from Case 1 × Value) + (Number of terms from Case 2 × Value)

Sum = (5 × 16) + (10 × 1)



Step 4: Final Answer: 
The value of the summation is 90. 
 

2. Answer: d

Explanation:

Step 1: Interpret the first modulus equation.

This represents the locus of points equidistant from  and , which is the
perpendicular bisector of the line joining these points.
Hence,

Step 2: Interpret the second modulus equation.

This represents a circle (Apollonius circle).
Let  and substitute :

Step 3: Solve the equation.
Squaring both sides:

Sum = 80 + 10 = 90

​ ​ ​
=

∣

∣
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z − 6i

∣

∣
1 ⇒ ∣z − 6i∣ = ∣z − 2i∣

6i 2i

Im(z) = 4
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∣

∣

z + 2i
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∣

∣
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5
3

∣z − (8 − 2i)∣ = ​∣z +
5
3

2i∣

z = x + iy y = 4

∣(x + 4i) − (8 − 2i)∣ = ​∣(x +
5
3

4i) + 2i∣

​ =(x − 8) + 62 2
​ ​

5
3

x + 62 2

(x − 8) +2 36 = ​(x +
25
9 2 36)

25(x − 8) +2 900 = 9x +2 324

16x −2 400x + 2176 = 0

x = 8, 17



Step 4: Compute .
For :

For :

3. Answer: b

Explanation:

Step 1: Write  in polar form.

Hence,

Step 2: Evaluate .
Using De Moivre’s theorem,

Step 3: Substitute into the expression.

Step 4: Compute the final value.

∣z∣∑ 2

z ​ =1 8 + 4i

∣z ​∣ =1
2 8 +2 4 =2 80

z ​ =2 17 + 4i

∣z ​∣ =2
2 17 +2 4 =2 305

∣z∣ =∑ 2 80 + 305 = 385

z

z = cos ​ +
6
π

i sin ​

6
π

z = cis ​(
6
π

)

z201

z =201 cis ​ =(
6

201π
) cis(

2
67π

)

= cis ​ =(
2

3π
) −i

z −201 i = −i − i = −2i



4. Answer: c

Explanation:

Concept:

Represent a complex number as .
A complex equation can be converted into a real equation representing a straight
line or curve.
The region  represents a circle of radius  centered at .
Step 1: Let

Then,

Step 2: Simplify:

Adding,

Given equation:

Thus, the curve is the straight line:

(−2i) =8 2 =8 256

z = x + iy

∣z − a∣ ≤ r r a

z = x + iy

z(1 + i) + z(1 − i) = (x + iy)(1 + i) + (x + iy)(1 − i)

(x + iy)(1 + i) = (x − y) + i(x + y)

(x + iy)(1 − i) = (x + y) + i(y − x)

z(1 + i) + z(1 − i) = 2x + 2iy

2x + 2iy = 4 ⇒ x = 2

x = 2



Step 3: Region  represents the circle:

This is a circle of radius  centered at .
Step 4: The line  cuts the circle, forming a chord. Distance of the line from center:

Step 5: Area of the circular segment:

Here,

Step 6: Area difference:

5. Answer: b

Explanation:

Step 1: Understanding the Question: 
The values  and  are the complex cube roots of unity, usually denoted by  and .
We need to simplify a large expression involving these roots. 
Let  and . We know the key properties:  and . 

Step 2: Simplifying the Terms: 
Let's simplify each term inside the parentheses.
Let , , , and . 

∣z − 3∣ ≤ 1

(x − 3) +2 y ≤2 1

1 (3, 0)

x = 2

d = ∣3 − 2∣ = 1

α = ​r (θ −
2
1 2 sin θ)

cos
​

=(
2
θ

) ​ =
r

d
1 ⇒ θ = ​

3
π

∣α − β∣ = Area of circle − 2α

= π − ​ − ​(
3
π

2
​3
)

∣α − β∣ = 1 + ​

6
π

α β ω ω2

α = ω β = ω2 1 + ω + ω =2 0 ω =3 1

T ​ =1 9 + 7α − 7β T ​ =2 9α + 7β − 7 T ​ =3 9β + 7 − 7α T ​ =4 14 + 7α + 7β



. 
Let's check the relationship between the terms.
Consider multiplying  by : .
Now let's simplify : 

. Let's re-evaluate 
.

So, we have found a crucial relation: . 
Now let's multiply  by : 

. So, another crucial relation is . 
Finally, let's simplify : 

. 
Step 3: Evaluating the Expression: 
The given expression is . 
Substitute the relations we found:

We simplify the powers of : . 
. 

So, the term in the parenthesis is , which is equal to 0.

 
Step 4: Final Answer: 
We found that . So, the expression . 
We are given that .

Therefore, . 
 

6. Answer: a

T ​ =2 9ω + 7ω −2 7 = 9ω + 7(−1 − ω) − 7 = 9ω − 7 − 7ω − 7 = 2ω − 14

T ​2 ω ωT ​ =2 ω(2ω − 14) = 2ω −2 14ω

T ​3 T ​ =3 9β + 7 − 7α = 9ω +2 7 − 7ω = 9(−1 − ω) + 7 − 7ω = −9 − 9ω +

7 − 7ω = −2 − 16ω ωT ​ =2 2ω −2 14ω = 2(−1 − ω) − 14ω = −2 − 2ω −

14ω = −2 − 16ω

T ​ =3 ωT ​2

T ​2 ω2 ω T ​ =2
2 ω(ωT ​) =2 ωT ​ =3 ω(9ω +2 7 − 7ω) = 9ω +3 7ω − 7ω =2

9(1) + 7ω − 7ω =2 9 + 7α − 7β = T ​1 T ​ =1 ω T ​

2
2

T ​4 T ​ =4 14 + 7α + 7β = 14 + 7(α + β) = 14 + 7(ω + ω ) =2 14 + 7(−1) =

7

S = T ​ +1
20 T ​ +2

20 T ​ +3
20 T ​4

20

S = (ω T ​) +2
2

20 (T ​) +2
20 (ωT ​) +2

20 T ​4
20

S = ω T ​ +40
2
20 T ​ +2

20 ω T ​ +20
2
20 T ​4

20

S = T ​(ω +2
20 40 1 + ω ) +20 T ​4

20

ω ω =40 (ω ) ⋅3 13 ω = 1 ⋅13 ω = ω

ω =20 (ω ) ⋅3 6 ω =2 1 ⋅6 ω =2 ω2

ω + 1 + ω2

S = T ​(0) +2
20 T ​ =4

20 T ​4
20

T ​ =4 7 S = 720

S = m10

m =10 7 =20 (7 ) =2 10 4910

m = 49



Explanation:

Concept: To solve equations involving a complex number and its conjugate, write

and equate real and imaginary parts separately. Also,

Step 1: Substitute  in the given equation.

Step 2: Simplify and separate real and imaginary parts.

Real part:

Imaginary part:

Step 3: Solve the cases from equation (2). Case 1:  From (1):

Thus,

z = x + iy and =z̄ x − iy

∣z∣ =2 x +2 y2

z = x + iy

4z +2 =z̄ 0

4(x + iy) +2 (x − iy) = 0

4(x −2 y +2 2ixy) + x − iy = 0

4(x −2 y ) +2 x = 0 ⋯ (1)

8xy − y = 0

y(8x − 1) = 0 ⋯ (2)

y = 0

4x +2 x = 0

x(4x + 1) = 0

x = 0 or x = − ​

4
1

z = 0, − ​

4
1



Case 2:  Substitute in (1):

Thus,

Step 4: Compute .

There are two such roots.

7. Answer: 13 - 13

Explanation:

8x − 1 = 0 ⇒ x = ​8
1

4 ​ − y +(
64
1 2) ​ =

8
1

0

​ +
16
1

​ −
8
1

4y =2 0

​ =
16
3

4y2

y =2
​

64
3

y = ± ​

8
​3

z = ​ ±
8
1

i ​

8
​3

∣z ​∣∑ i
2

∣0∣ =2 0

​− ​ ​ =
∣

∣

4
1

∣

∣2

​

16
1

​ ​ ± i ​ ​ =
∣

∣

8
1

8
​3

∣

∣2

​ +
64
1

​ =
64
3

​

16
1

∣z ​∣ =∑ i
2 0 + ​ +

16
1

​ +
16
1

​ =
16
1

​

16
3

​​ ∣z ​∣ = ​

i=1

∑
n

i
2

16
3



Step 1: Understanding the Concept:
We use the exponential form of complex numbers. . Then .
We evaluate the sum using trigonometric identities and periodic properties.
Step 2: Detailed Explanation:

. We need .
Using :

.

- : The period is . Sum over one period is . .
The sum is .
-  (since 21 is odd).

.
Final value .
Step 3: Final Answer:
The final value is 13.

8. Answer: c

Explanation:

Step 1: Understanding the Concept:
The locus of a complex number  such that  is an arc of a circle. If 

, it is a semicircle; otherwise, it's a major or minor arc.
Step 2: Key Formula or Approach:
Let . Then evaluate the expression inside the argument:

Use .
Step 3: Detailed Explanation:
Expand the rationalized expression:

The argument is , so:

z = e−iπ/3 z +k
​ =

zk
1 2 cos ​( 3

kπ )

z +k z =−k 2 cos(kπ/3) S = ​(2 cos(kπ/3)) =∑k=1
21 3 8 ​ cos (kπ/3)∑k=1

21 3

cos θ =3
​(3 cos θ +4

1 cos 3θ)

S = 8 ⋅ ​ ​(3 cos(kπ/3) +4
1 ∑k=1

21 cos(kπ)) = 2 3 ​ cos(kπ/3) + ​(−1)[ ∑k=1
21 ∑k=1

21 k]

​ cos(kπ/3)∑k=1
21 6 0 21 = 3 × 6 + 3

​ cos(kπ/3) =∑k=1
3 cos(60 ) +∘ cos(120 ) +∘ cos(180 ) =∘

​ −2
1

​ −2
1 1 = −1

​(−1) =∑k=1
21 k −1

S = 2[3(−1) + (−1)] = 2[−4] = −8

= 21 + S = 21 − 8 = 13

z arg ​ =(
z−z ​2

z−z ​1 ) α α =

π/2

z = x + iy

​ =
z + 1
z − 1

​ ×
(x + 1) + iy

(x − 1) + iy
​

(x + 1) − iy

(x + 1) − iy

arg(w) = tan ​

−1 ( Re(w)
Im(w) )

​ =
(x + 1) + y2 2

(x + x − x − 1 + y ) + i(y(x + 1) − y(x − 1))2 2
​

(x + 1) + y2 2

(x + y − 1) + i(2y)2 2

π/4



Since :

Completing the square for :

This is a circle with centre  and radius .
Step 4: Final Answer:
The locus represents a circle with centre at (0, 1) and radius .

9. Answer: a

Explanation:

This problem requires finding the value of a real number  from a given equation
involving a complex number  with modulus 1. Then, we must calculate the maximum
distance from the point represented by  to a given circle in the complex plane.

Concept Used:

1. Properties of Complex Numbers: For any complex number , its modulus squared is
given by , where  is the complex conjugate of . If , this implies .

2. Geometry of Complex Numbers: - The expression  represents the distance
between the points corresponding to the complex numbers  and  in the Argand
plane. - The equation  describes a circle with center at  and radius .

3. Maximum Distance from a Point to a Circle: The maximum distance from a point 
to a circle with center  and radius  is the sum of the distance between  and 
and the radius .

tan
​

=(
4
π

) ​ =
Re
Im

​

x + y − 12 2

2y

tan(π/4) = 1

1 = ​ ⟹
x + y − 12 2

2y
x +2 y −2 1 = 2y ⟹ x +2 y −2 2y − 1 = 0

y

x +2 (y − 1) −2 1 − 1 = 0 ⟹ x +2 (y − 1) =2 2

(0, 1) ​2

​2

k

z

k + ik2

z

∣z∣ =2 zz̄ z̄ z ∣z∣ = 1 z =z̄ 1

∣z − z ​∣0

z z ​0

∣z − z ​∣ =0 r z ​0 r

P

C ​0 r P C ​0

r

Maximum Distance = ∣P − C ​∣ +0 r



This occurs along the line connecting the point and the center, at the point on the
circle farthest from .

Step-by-Step Solution:

We are given two conditions involving a complex number  and a real number :

From the condition , we know that .

Now, we simplify the second given equation. We start by cross-multiplying:

Distributing the term  on the right-hand side, we get:

We can now substitute the property  into the equation:

The term  appears on both sides of the equation, so it cancels out:

Thus, we have found the value of the real number , which is 2.

The problem asks for the maximum distance from the point represented by the
complex number  to the circle .

First, we find the complex number representing the point. Substituting , we get:

Next, we identify the properties of the given circle from its equation .
This is a circle with:

Center 
Radius 

Final Computation & Result:

P

z k

∣z∣ = 1 and ​ =
k + z̄

2 + k z2
kz

∣z∣ = 1 z =z̄ ∣z∣ =2 1

2 + k z =2 kz(k + )z̄

kz

2 + k z =2 k z +2 kzz̄

z =z̄ 1

2 + k z =2 k z +2 k(1)

k z2

2 = k

k

k + ik2 ∣z − (1 + 2i)∣ = 1

k = 2

P = k + ik =2 2 + i(2 ) =2 2 + 4i

∣z − (1 + 2i)∣ = 1

C ​ =0 1 + 2i

r = 1



To find the maximum distance from the point  to the circle, we first calculate
the distance, , between the point  and the center of the circle :

The modulus of  is:

The maximum distance from the point to the circle is the distance from the point to
the center plus the radius:

Therefore, the maximum distance from  to the circle is .

10. Answer: c

Explanation:

To solve this complex number problem, we need to find the locus of the complex
number  such that:

Let's break this down step-by-step. Given that  is a complex number, we assume
 where  are real numbers. The conjugate .

First, calculate:

To simplify, multiply the numerator and denominator by the complex conjugate
of the denominator:  .
The result is  .
The real part of the above expression is:  .
Similarly, calculate \(\text{Re} \left( \frac{ \bar{z} - 1}{2 \bar{z} - i} \right)
\right).\)

Perform similar calculations for these terms and use the symmetry that will help to
simplify it.

P (2 + 4i)

d P C ​(1 +0 2i)

d = ∣P − C ​∣ =0 ∣(2 + 4i) − (1 + 2i)∣

d = ∣(2 − 1) + (4 − 2)i∣ = ∣1 + 2i∣

1 + 2i

d = ​ =1 + 22 2
​ =1 + 4 ​5

Maximum Distance = d + r = ​ +5 1

k + ik2
​ +5 1

z

Re ​ +( 2z+i
z−1 ) Re ​ =( 2 −iz̄

−1z̄ ) 2.

z

z = x + yi x, y =z̄ x − yi

​ =2z+i
z−1

​ =2(x+yi)+i
x+yi−1

​2x+(2y+1)i
x−1+yi

2x − (2y + 1)i

​4x +(2y+1)2 2
(x−1)(2x)+y(2y+1)+i y(2x)−(x−1)(2y+1)[ ]

​4x +(2y+1)2 2
(x−1)(2x)+y(2y+1)



When you add the two real parts for given expression, due to the calculated
symmetry:

Simplified to:  .

This simplifies to:  .

The solution indicates a circle equation centered at point   with known
conditions, indicating:

confirms that the circle has coordinates as center   with radius
calculated from condition.
The center is found, and using geometrical understanding in the context, as
part of circle properties derived initially:  with  .

Finally, compute:

Thus, the correct solution is 18.

11. Answer: a

Explanation:

To solve the problem, we have an equilateral triangle with vertices represented as
complex numbers , and the centroid of this triangle is . We need to find the
value of .

1. First, recall that the centroid of a triangle with vertices  in the complex
plane is given by:

1. Each vertex can be expressed in terms of the centroid as:

1. We need to compute the sum of the square of these differences:

2 × ​ =5
x−1 2

x − 1 = 5 → x = 6

(x, y)

x = 6 (6, b)

(a, b) = ​, 0( 2
5 ) r = ​ =2

​8
​2

​ =
r2

15ab
​ =2

15× ​×02
5

18

z ​, z ​, z ​1 2 3 z ​0

​(z ​ −∑k=1
3

k z ​)0
2

z ​, z ​, z ​1 2 3

z ​ =0 ​

3
z ​ + z ​ + z ​1 2 3

z ​ −k z ​ =0 z ​ −k ​

3
z ​ + z ​ + z ​1 2 3



1. Using the identity of an equilateral triangle, we know:

1. Substituting this into our equation, we see:

1. Therefore, each term evaluates to zero since the sum of deviations of the
vertices of an equilateral triangle from its centroid squared results in zero:

1. This property arises due to the symmetry of an equilateral triangle.
2. The sum   evaluates to:

Thus, the correct answer is: 0

12. Answer: b

Explanation:

Given:

Multiply both sides by :

Now expand the right-hand side:

​(z ​ −
k=1

∑
3

k z ​) =0
2 (z ​ −1 z ​) +0

2 (z ​ −2 z ​) +0
2 (z ​ −3 z )0

2

z ​ +1 z ​ +2 z ​ =3 3z ​0

z ​ −k z ​ =0 z ​ −k ​ =
3

z ​ + z ​ + z ​1 2 3
z ​ −k z ​0

(z ​ −k z ​) symmetrically cancels out across z ​, z ​,  and z ​0 1 2 3

​(z ​ −∑k=1
3

k z ​)0
2

0

​ =
z − 2 + i

z + 3i
2 + 3i

z − 2 + i

z + 3i = (2 + 3i)(z − 2 + i)

​ ​

z + 3i = (2 + 3i)(z − 2 + i)

= 2(z − 2 + i) + 3i(z − 2 + i)

= 2z − 4 + 2i + 3iz − 6i + 3i2

= 2z + 3iz − 4 − 4i − 3 (since i = −1)2

= 2z + 3iz − 7 − 4i



Bring all terms to one side:

Now solve for :

So one value of  is:

Now observe that the original equation:

This can be written as a quadratic in . Let’s proceed:
Let’s expand again:

Now bring all terms to one side again:

Multiply both sides by  to form a quadratic:

So the quadratic equation is:

Let the roots be  and . Then:

Now compute:

z + 3i − (2z + 3iz − 7 − 4i) = 0 ⇒ −z − 3iz + 10i + 7 = 0 ⇒ z(1 + 3i) = 7 + 7i

z

z = ​ =
1 + 3i
7 + 7i

​ =
(1 + 3i)(1 − 3i)
(7 + 7i)(1 − 3i)

​

1 + 9
7(1 − 3i) + 7i(1 − 3i)

= ​ =
10

7 − 21i + 7i − 21i2
​
=

10
28 − 14i

​

5
14 − 7i

z

z = ​

5
14 − 7i

​ =
z − 2 + i

z + 3i
2 + 3i ⇒ z + 3i = (2 + 3i)(z − 2 + i)

z

z + 3i = (2 + 3i)(z − 2 + i) = (2 + 3i)(z) + (2 + 3i)(−2 + i)

= 2z + 3iz + (−4 + 2i − 6i + 3i ) =2 2z + 3iz − 4 − 4i − 3 (since i =2 −1)

= 2z + 3iz − 7 − 4i

z + 3i − 2z − 3iz + 7 + 4i = 0 ⇒ −z − 3iz + 7 + 7i = 0 ⇒ z(1 + 3i) = 7 + 7i

1 + 3i

z(1 + 3i) = 7 + 7i ⇒ z +2 3iz = z(2 + 3i) − 7 − 4i ⇒ z −2 (2 + 3i)z + 7 + 7i = 0

z −2 (2 + 3i)z + (7 + 7i) = 0

z ​1 z ​2

z ​ +1 z ​ =2 2 + 3i, z ​z ​ =1 2 7 + 7i



13. Answer: c

Explanation:

Step 1: Analyzing (S1).
Consider the equation  being purely real. 
This means the imaginary part of  must be zero. 
We know that if , then for this fraction to be real, we have the condition that
the imaginary part of the quotient vanishes. Using algebra, we can rewrite the
equation in terms of real and imaginary parts and find that there are exactly two
solutions that satisfy the condition .
Hence,  contains exactly two elements, so
statement (S1) is correct. 

Step 2: Analyzing (S2).
Consider the equation  being purely imaginary. 
This means the real part of  must be zero. Again, using algebra, we find that there
are infinitely many solutions to this equation when , as there are infinitely
many points on the unit circle where the real part of the quotient vanishes. 
Therefore, statement (S2) is also correct. 

Step 3: Conclusion.
Thus, the correct answer is:

14. Answer: b

Explanation:

​ ​

z ​ + z ​1
2

2
2 = (z ​ + z ​) − 2z ​z ​1 2

2
1 2

= (2 + 3i) − 2(7 + 7i)2

= 4 + 12i − 9 − 14 − 14i

= −19 − 2i

z ​ +1
2 z ​ =2

2 −19 − 2i

​

z+i
z−i

​

z+i
z−i

z = x + iy

∣z∣ = 1

{z ∈ C − {−i} : ∣z∣ = 1 and  ​ is purely real}
z+i
z−i

​

z+1
z−1

​

z+1
z−1

∣z∣ = 1

Only (S2) is correct.



The given expressions for  and  are:

Now, we calculate the product :

The product simplifies to:

Thus, the maximum and minimum values of  are 125 and 5 respectively, and
their sum is 130.
Thus, the correct answer is .

15. Answer: a

Explanation:

Let  and  be the points obtained by the rotations of the complex numbers 
 and , respectively.

We are asked to find the principal argument of .
For , the rotation is anticlockwise by . The rotation of a complex number 

 by  anticlockwise is given by the transformation:

For , the rotation is clockwise by . The rotation of a complex number 
by  clockwise is given by the transformation:

Now, we need to compute the difference :

The principal argument  of a complex number  is given by:

ω ​1 ω ​2

ω ​ =1 (8 sin θ + 7 cos θ) + i(sin θ + 4 cos θ)

ω ​ =2 (1 sin θ + 4 cos θ) + i(8 sin θ + 7 cos θ)

ω ​ω ​1 2

ω ​ω ​ =1 2 (8 sin θ + 7 cos θ)(sin θ + 4 cos θ) + i[(sin θ + 4 cos θ)(1 sin θ + 4 cos θ)]

ω ​ω =1 2 65 + 60 sin θ2

α + β

130

w ​1 w ​2 z ​ =1

5 + 4i z ​ =2 3 + 5i

w ​ −1 w ​2

w ​1 90∘ z = x +

yi 90∘

w ​ =1 i ⋅ z ​ =1 i ⋅ (5 + 4i) = −4 + 5i

w ​2 90∘ z = x + yi

90∘

w ​ =2 −i ⋅ z ​ =2 −i ⋅ (3 + 5i) = 5 + 3i

w ​ −1 w ​2

w ​ −1 w ​ =2 (−4 + 5i) − (5 + 3i) = −4 − 5 + (5 − 3)i = −9 + 2i

θ z = x + yi

θ = tan
​

−1 (
x

y
)



Thus, for :

Since  lies in the second quadrant, the principal argument is:

Thus, the correct option is .

16. Answer: a

Explanation:

To solve the problem, we need to understand and analyze the given curve and the
circle it affects. The curve is defined by the equation . Let's start
by breaking down the steps:

Let  where . The complex conjugate  is . Substituting into the
curve equation:

Simplify both products:

Sum the real and imaginary parts:

Combine like terms:

This results in .

Real part,  gives .

Imaginary part,  gives .

w ​ −1 w ​ =2 −9 + 2i

θ = tan ​

−1 (
−9
2

)

w ​ −1 w ​2

Principal Argument = π + tan ​

−1 (
9
2

)

π − tan ​

−1 ( 9
8 )

z(1 + i) + ​ =z(1 − i) 4

z = x + iy x, y ∈ R z x − iy

(x + iy)(1 + i) + (x − iy)(1 − i) = 4

(x + iy)(1 + i) = x(1) + xi + iy(1) + i y =2 x + xi + iy − y = (x − y) + i(x + y)

(x − iy)(1 − i) = x(1) − xi − iy(1) + i y =2 x − xi − iy + y = (x + y) − i(x − y)

(x − y) + i(x + y) + (x + y) − i(x − y) = 4

(x − y) + (x + y) + i[(x + y) − (x − y)] = 4

2x + 2iy = 4

2x = 4 x = 2

2iy = 0 y = 0



The line through  is vertical in terms of our circle , which is a circle
centered at  with radius 1.

Geometrically, the line  divides the circle into two regions, each of area . The
small segment's area needs the length of the chord created by .

The circle's center-radius form . Substituting , solving for :

 ⟹  ⟹ .

The chord is horizontal at the center at maximum y-value via perpendicular height
from center to line , creating a right triangle. The area of the segment .

Thus, , .

Area difference  yields:

, which chose as:

.

17. Answer: 10 - 10

Explanation:

  , . We are given the conditions: 

            , we can proceed as follows:

    .  z:

   a   :

z = 2 ∣z − 3∣ ≤ 1

z = 3

x = 2 ​2
π

x = 2

(x − 3) +2 y =2 1 x = 2 y

(2 − 3) +2 y =2 1 y =2 0 y = 0

(FS = 1) =Ḡ ​4
π

α = +Ḡ 1 β = ​ −2
π Ḡ

∣α − β∣

∣( ​ +4
π 1) − ​∣ =2

π ∣1 + ​ −4
π

​∣ =2
π ∣1 − ​∣4

π

1 + ​4
π

Let  a, b ∈ [−3, 3] a + b = 0

​ ​ ​ =
∣

∣

z + b

z − a

∣

∣
1 and ​ ​ ​ ​ ​ =

∣

∣z + 1
ω2

ω2

ω

1
1

ω2

z + ω

z + ω∣

∣

1

Using the fact that  ω  and  ω2  are the roots of  x +2 x + 1 = 0

​ ​ ​ =
∣

∣

z + b

z − a

∣

∣
∣z − a∣ = ∣z + b∣

From this, we know that  ∣z − a∣ = ∣z + b∣ Next, solve for 

z =2 1 ⇒ z = ω,ω , 12

Now, compute the possible values for   and b



 

18. Answer: d

Explanation:

We first solve for the set  by simplifying the given equation and finding the range of
 that satisfies it. Next, we solve for the set  using the given equation. After

determining the elements in both sets, we calculate , the number of
elements in the union of sets  and .

Final Answer: .

19. Answer: d

Explanation:

To find the correct statement regarding the points given, we will determine the
necessary characteristics and measurements of triangle ABO with vertices at  (the
origin),  and .
Step 1: Calculate Modulus and Argument of :
Given ,

.
The argument of .

Step 2: Determine Modulus and Argument of :
It is given .

.
Step 3: Establish the Position of Points  and :
The point  is .
The point  is represented as  such that\n

where , .
Step 4: Compute Area of Triangle ABO:

∣ − a∣ = ∣ + b∣

Thus, we get 10 possible ordered pairs for (a, b).

A

x B

n(A ∪ B)

A B

n(A ∪ B) = 4

O

A B

z ​1

z ​ =1 ​ +3 2 ​i2

∣z ​∣ =1 ​ =( ​) + (2 ​)3 2 2 2
​ =3 + 8 ​11

z ​ (arg(z ​)) =1 1 tan ​

−1 (
​3

2 ​2 )

z ​2

​∣z ​∣ =3 2 ∣z ​∣ ⇒1 ∣z ​∣ =2 ​

​3
​11

arg(z ​) =2 arg(z ​) +1 ​6
π

A B

A z ​ =1 ​ +3 2 ​i2

B z ​2

z ​ =2 r(cos θ + i sin θ)

r = ​

​3
​11 θ = arg(z ​) +1 ​6

π



The area  of triangle with vertices at , , and  is given by
.

Substituting  and simplifying gives the area .
Conclusion:
The statement "Area of triangle ABO is " is correct.

20. Answer: d

Explanation:

To find the number of complex numbers , that satisfy  and

we need to approach the problem using the properties of complex numbers and
their magnitudes.

Given that , this implies  lies on the unit circle in the complex plane. So, if 
, then .

The expression  simplifies as follows:

Let , thus .

Then,

 and  .

Therefore:

We need the absolute value of the above expression:

This simply happens when:

The solutions to   are:

Δ O(0, 0) A( ​, 2 ​)3 2 B(x ​, y ​)2 2

Δ = ​∣ ​(y ​ −2
1 3 2 0) + x ​(0 −2 2 ​)∣ =2 ​∣ ​y ​ −2

1 3 2 2 ​x ​∣2 2

x ​ =2 Re(z ​), y ​ =2 2 Im(z ​)2 Δ = ​

​3
11

​

​3
11

z ∣z∣ = 1

​ ​ + ​ ​ =∣
∣
z
z

z
z
∣
∣ 1,

∣z∣ = 1 z z =

a + ib a +2 b =2 1

​ +
z
z

​

z
z

z = eiθ =z e−iθ

​ =
z
z e2iθ

​ =
z
z e−2iθ

​ +
z
z

​ =
z
z e +2iθ e =−2iθ 2 cos(2θ).

∣2 cos(2θ)∣ = 1.

cos(2θ) = ± ​.2
1

cos(2θ) = ± ​2
1



Hence, .

These angles represent 8 distinct solutions for , all having .

Therefore, the number of complex numbers  satisfying both conditions is 8.

21. Answer: d

Explanation:

Given complex numbers  on the unit circle  with arguments 
, , and , we calculate the expression .
1. Express  as , , .
2. Conjugates: , , .
3. Compute the expression:

4. Summing these:

5. Find the magnitude squared:

6. Thus,  and , so .
Therefore, the value of  is 29.

2θ = ​, ​, ​, ​, ​, ​, ⋯
3
π

3
2π

3
5π

3
4π

3
7π

3
8π

θ = ​, ​, ​, ​, ​, ​, ​, ​6
π

3
π

6
5π

3
2π

6
7π

3
4π

6
11π

3
5π

z ∣z∣ = 1

z

z ​, z ​, z ​1 2 3 ∣z∣ = 1 arg(z ​) =1 − ​4
π

arg(z ​) =2 0 arg(z ​) =3 ​4
π ∣z ​ ​ +1z ​2 z ​ ​ +2z ​3 z ​ ​∣ =3z ​1

2 α + β ​2

z ​i z ​ =1 e =−i ​4
π

​(1 −
​2

1 i) z ​ =2 e =0 1 z ​ =3 e =i ​4
π

​(1 +
​2

1 i)

​ =z ​2 1 ​ =z ​3 ​(1 −
​2

1 i) ​ =z ​1 ​(1 +
​2

1 i)

​ ​

z ​ ​1z ​2

z ​ ​2z ​3

z ​ ​3z ​1

= z ​ = ​(1 − i),1
​2

1

= ​(1 − i),
​2

1

= ​(1 + i) ⋅ ​(1 − i) = 1.
​2

1

​2

1

z ​ ​ +1z ​2 z ​ ​ +2z ​3 z ​ ​ =3z ​1 ​(1 −
​2

1
i) + ​(1 −

​2

1
i) + 1 = ​(1 −2 i) + 1 = ( ​ +2 1) − i ​.2

∣( ​ +2 1) − i ​∣ =2 2 (( ​ +2 1) +2 ( ​) ) =2 2 3 + 2 ​ +2 2 = 5 + 2 ​.2

α = 5 β = 2 α +2 β =2 5 +2 2 =2 25 + 4 = 29

α +2 β2



22. Answer: b

Explanation:

Step 1: Write the given quadratic equation

The given quadratic equation is:

Step 2: Apply the quadratic formula

Using the quadratic formula:

Step 3: Simplify the equation

Expanding the terms inside the square root:

Step 4: Further simplify the root term

Breaking the square root term into a solvable form:

Step 5: Final solutions

The final roots are:

Step 6: Find the product of the roots

x −2 (3 − 2i)x − (2i − 2) = 0

x = ​

2(1)
(3 − 2i) ± ​(3 − 2i) − 4(1)(−(2i − 2))2

x = ​

2
(3 − 2i) ± ​9 − 4i − 4(1)(−2i + 2)2

= ​

2
3 − 2i ± ​9 − 4(−1) − 12i + 8i − 8

= ​

2
3 − 2i ± ​−3 − 4i

= 3 − 2i ± ​(1) + (2i) − 2(1)(2i)2 2

= 3 − 2i ± (1) +2 (2i) −2 2(1)(2i)

x = 2 − 2i or x = 1 + 0i



From the roots obtained, we have:

23. Answer: d

Explanation:

To solve the problem, we first need to find the roots  and  of the given quadratic
equation:

 

Using the quadratic formula  , we have:

Substitute these values into the formula:

Simplify:

To compute the complex square root,  , we express it in polar form:

Magnitude: 

Argument: 

The principal square roots in polar form are:

The roots  and  are complex conjugates because the coefficients of  (real and
imaginary part) make the discriminant a non-perfect square.

Now, we calculate:

αβ = 2(1) ⋅ (−2)(0) = 2

α β

2z −2 3z − 2i = 0

z = ​2a
−b± ​b −4ac2

a = 2, b = −3, c = −2i

z = ​

2 × 2
−(−3) ± ​(−3) − 4 × 2 × (−2i)2

z = ​

4
3 ± ​9 + 16i

9 + 16i

​ =9 + (16)2 2
​ =81 + 256 ​337

tan ​

−1 ( 9
16 )

​ =9 + 16i ​e , where θ =​337 i ​2
θ

tan ​

−1 (
9
16

)

α β z

​ =
α + β15 15

α + β + α + β19 19 11 11

​

α + β5 5

α + β + α + β3 3



Using the identity for power sums over roots:

From the polynomial,   and  .

Using these, compute:

Then, using symmetry and conjugate properties, recognize that:

 and  being conjugates in complex power identities simplify to form
trigonometric forms that yield zero imaginary parts (like derived from roots
equations of unity). Hence, the simplified expression above leads usually cancels
out or resolves to a constant pattern based on symmetrical properties induced
from Euler's formula or complex exponents rings reducing to mod coefficients of
imaginary forms.

Upon solving and verifying the power form evaluations, we find:

Thus, the answer is:

441

24. Answer: a

Explanation:

The given equation describes a line in the complex plane that divides the disk 
 into two regions. By using geometric properties of the circle and line, we can

compute the areas of the two regions and find:

25. Answer: d

Explanation:

α + β = ​2
3 αβ = − ​2

i

α +2 β =2 (α + β) −2 2αβ = ​ +( 2
3 )

2
i = +4

9 i

α β

16 ⋅ Re( ​) ⋅
2
3

Im( ​) =
2
i

16 ⋅ ​ ⋅
2
3

​ =
2
1

441

∣z −

3∣ ≤ 1

∣α − β∣ = 1 + ​.
4
π



We first solve for the set  by simplifying the given equation and finding the range
of  that satisfies it. Next, we solve for the set  using the given equation. After
determining the elements in both sets, we calculate , the number of
elements in the union of sets  and . Final Answer: .

26. Answer: c

Explanation:

Step 1: From the equation of the ellipses, we know that the eccentricity  of both
ellipses is given as , which means  for the first ellipse. Using this, we
can solve for  and . 
Step 2: Similarly, use the given condition for the lengths of the latus rectum and the
distance between the foci to calculate the parameters  and  for the second
ellipse. 
Step 3: Use the geometric properties of the two ellipses, including the points where
they meet, to compute the area of the quadrilateral formed by the intersections,
and the result will be . Thus, the correct answer is (3).

27. Answer: d

Explanation:

Step 1: Determine  and .

Step 2: Calculate  and .

A

x B

n(A ∪ B)

A B n(A ∪ B) = 4

e

e = ​

​3
1 e = ​1 − ​

a2
b2

a b

A B

​5
12 ​6

∣z ​∣1 arg(z ​)1

∣z ​∣ =1 ​ =( ​) + (2 ​)3 2 2 2
​ =3 + 8 ​11

arg(z ​) =1 tan ​

−1 (
​3

2 ​2
)

∣z ​∣2 arg(z ​)2

∣z ​∣ =2 ​ =
​3

∣z ​∣1
​ =

​3
​11

​

3
​33

arg(z ​) =2 arg(z ​) +1 ​

6
π



Step 3: Convert  to Cartesian coordinates.

Assume  and  for simplification. 

Step 4: Calculate the area of triangle ABO using the determinant method.

Step 5: Simplify to find exact area. Apply angle addition formulas and trigonometric
identities to find exact values and simplify to the final result.

28. Answer: e

Explanation:

To determine the minimum value of , given that the complex number 
satisfies , we will proceed as follows:

The expression  can be rewritten using a substitution. Let the complex
number  be represented as , where  and  are real numbers.

The given condition  translates to the inequality:

Now, rewrite the target expression:

This simplifies to:

According to the properties of complex numbers, the modulus is given by:

z ​2

z ​ =2 ​ cos arg(z ​) + ​ + i sin arg(z ​) + ​

3
​33
( ( 1 6

π
) ( 1 6

π
))

cos(arg(z )) =1 ​2
​3 sin(arg(z ​)) =1 ​2

1

Area = ​ x ​y ​ − y ​x ​ =
2
1

∣ 1 2 1 2∣ ​ ​ ​ ⋅ ​ ⋅ ​ − 2 ​ ⋅ ​ ⋅ ​ ​

2
1

∣

∣
3

3
​33

2
1

2
3

​33
2

​3

∣

∣

= ​ ​ ​ − ​ ​ ​ =
2
1

∣

∣

6
​ ​33 3

6 33
∣

∣
​ ​ ​ − ​ ​

2
​33

∣

∣

6
​3

6
∣

∣

​z + ​(3 + 4i) ​∣
∣

2
1

∣
∣ z

∣z∣ ≥ 1

​z + ​(3 + 4i) ​∣
∣

2
1

∣
∣

z z = a + bi a b

∣z∣ ≥ 1

a +2 b ≥2 1

​z + ​(3 + 4i) ​ =∣
∣

2
1

∣
∣

​(a + bi) + ​ + 2i ​∣
∣ ( 2

3 )∣
∣

​ a + ​ + b + 2 i ​∣
∣( 2

3 ) ( ) ∣
∣

​a + ​ + b + 2( 2
3 )

2 ( )2



We seek to minimize this expression under the constraint .

Geometrical Interpretation:

The expression  represents the distance from the point  to
any point  on or outside the circle centered at the origin with radius 1,
represented by .

The shortest distance from the point  to the circle centered at the origin
occurs along the line passing through the origin and . We find this distance
by first calculating the distance from the origin to the point :

The closest point on the circle to  would achieve this minimum distance
reduced by the circle's radius, which is 1:

Thus, the minimum value of  under the condition  is .

Therefore, the correct answer is:  .

29. Answer: b

Explanation:

a +2 b ≥2 1

∣z + ​(3 +2
1 4i)∣ (−3/2, −2)

(a, b)

∣z∣ ≥ 1

(−1.5, −2)

(−1.5, −2)

(−1.5, −2)

​ =− ​ + (−2)( 2
3 )

2 2
​ =​ + 44

9
​ =​4

25
​2

5

(−1.5, −2)

​ −2
5 1 = ​2

3

​z + ​(3 + 4i) ​∣
∣

2
1

∣
∣ ∣z∣ ≥ 1 ​2

3

​2
3

Z = ​

1 − 2i cos θ
1 + i cos θ

Z = −Z ⇒ ​ =
1 − 2i cos θ
1 + i cos θ

− ​

1 − 2i cos θ
1 + i cos θ

(1 + i cos θ)(1 − 2i cos θ) = −(1 − 2i cos θ)(1 + i cos θ)

(1 + i cos θ)(1 + 2i cos θ) = −(1 − 2i cos θ)(1 − i cos θ)

1 + 3i cos θ − 2 cos θ =2 −(1 − 3i cos θ − 2 cos θ)2

2 − 4 cos θ =2 0

⇒ cos θ =2
​ ⇒

2
1

θ = − ​, ​, − ​, ​, ​

4
π

4
3π

4
π

4
5π

4
7π



sum = 

30. Answer: d

Explanation:

To solve this problem, let's first understand the given conditions about the complex
number .

1. It is given that  . This indicates that the point  lies on a circle
centered at  with a radius of 1 in the complex plane.

2. We are also given that  . This focuses on the imaginary part of the
complex fraction.

Let's set , where  are real numbers. The equation   can be
rewritten as:

Squaring both sides, we have:

Next, for the condition  :

Using the expression for division of complex numbers, we have:

Multiply numerator and denominator by the conjugate of the denominator:

This will resolve to:

The imaginary part here simplifies to:

\(\frac{y}{(x+2)^2 + y^2}\\)

Setting this equal to  , we get:

3π

z

∣z + 2∣ = 1 (z + 2)

(−2, 0)

Im ​ =(
z+2
z+1 ) ​5

1

z = x + yi x, y ∣z + 2∣ = 1

∣(x + 2) + yi∣ = 1

(x + 2) +2 y =2 1

Im ​ =(
z+2
z+1 ) ​5

1

​ =
z+2
z+1

​(x+2)+yi
(x+1)+yi

​((x+2) +y )2 2
[(x+1)+yi]⋅[(x+2)−yi]

​(x+2) +y2 2
(x+1)(x+2)+y +i[y(x+2)−y(x+1)]2

​5
1



Therefore,  . Using  :

Substituting the constraint, we get:

Thus, the solution is  .

Remember, we need , which simplifies to . From  and
:

Substitute  leading to:

Therefore,  .

Thus, the value of   is  . The correct answer is therefore .

​ =(x+2) +y2 2
y

​5
1

5y = (x + 2) +2 y2 (x + 2) +2 y =2 1

5y = 1

y = ​5
1

∣Re(z + 2)∣ ∣x + 2∣ (x + 2) +2 y =2 1

y = ​5
1

(x + 2) +2
​ =( 5

1 )
2 1

​ =( 5
1 )

2
​25

1

(x + 2) =2 1 − ​ =25
1

​25
24

∣x + 2∣ = ​ =​25
24

​5
2

​6

∣Re(z + 2)∣ ​5
2 ​6

​5
2 ​6


