Q collegedunia:

Conic Sections JEE Main PYQ -1

Total Time: 1 Hour : 15 Minute Total Marks: 120

Instructions

Instructions

1. Test will auto submit when the Time is up.

2. The Test comprises of multiple choice questions (MCQ) with one or more correct
answers.

3. The clock in the top right corner will display the remaining time available for you to
complete the examination.

Navigating & Answering a Question

1. The answer will be saved automatically upon clicking on an option amongst the
given choices of answer.

2. To deselect your chosen answer, click on the clear response button.

3. The marking scheme will be displayed for each question on the top right corner of
the test window.
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Conic Sections

1. If ellipse (+4,-1)
A
144 169
and hyperbola
:1,'2 y2
% !

have the same foci. If eccentricity and length of latus rectum of the hyperbola
are e and ¢ respectively, then find the value of 24(e + ¢).

a. 196
b. 296
C. 269
d. 234

2. Let mirrorimage of parabola 22 = 4y inthelinez —y=1be (y +a)2 =b(z —c).  (+4,-1)
Then the value of (a +b +c¢) is

a. 3
b. 6
c. 9
d. 12
3. Let mirror image of parabola z2 = 4y inthe line z —y = 1 be (y + a)? = b(z — ¢). (+4,
Then the value of (a + b+ ¢) is -1)
4. Consider an ellipse (+4,-1)
$2 2 £B2 2
E;: = %:1(a>b) and E,: ﬁ+%:l(B>A),

where ¢ = g for both the curves and ¢, is the length of latus rectum of £, and



Q collegedunia:

¢, is the length of latus rectum of E,. Let the distance between the foci of the
first curve be 8. Find the distance between the foci of the second curve.
(Given 22 = 9¢4,).

64
a.

5
8
5
32
5
16
5

5. Ellipse E : % + % = 1, A hyperbola confocal with ellipse £ and eccentricity of (+4,-1)
hyperbola is equal to 5. The length of latus rectum of hyperbola is, if principle
axis of hyperbola is x-axis?

a.

o
onlS

b.

0
S NS

[y
ol

6. Let y? = 16z, from point (16,16) a focal chord is passing. Point (a, 8) divides the (+4,
focal chord in the ratio 2:3, then the minimum value of a + 3 is: -1)

7. The value of o for which the line az + 2y = 1 never touches the hyperbola (+4,-1)

2
Z =1
9 Yy
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c R_{_ﬁ,é}
33

d R

8. For which of the following curves, the line x + V3 y= 2V3is the tangent at the (+4,-1)
point (3v3/2,1/2) ?

a xx+y*=7
b. y>=(1/6V3) x
C. 2x*-18y*=9
d x*+9y2=9
9. The locus of the centroid of the triangle formed by any point P on the (+4,-1)
hyperbola 16z* — 9y + 32z + 36y — 164 = 0, and its foci is :
a. 922 — 169> + 36z 4+ 32y —36 =0
b. 162? — 9y 4 32z 4 36y — 144 =0
C. 922 — 16y> + 36z + 32y — 144 = 0
d. 16z* — 99> + 32z + 36y — 36 =0
10. Let a parabola P be such that its vertex and focus lie on the positive x-axis (+4,-1)
at a distance 2 and 4 units from the origin, respectively. If tangents are

drawn from O(0,0) to the parabola P which meet P at S and R, then the
area (in sq. units) of ASOR is equal to:
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1. Letanellipse E: & + % = 1,42 > b?, passes through <\/§ , 1) and has (+4,-1)
eccentricity % If a circle, centered at focus F(«,0),a > 0, of E and radius 2,
intersects E at two points P and @, then PQ? is equal to:

8
a. §

b.

LIk

12. Let E be an ellipse whose axes are parallel to the co-ordinates axes, having its (+4,
center at (3, -4), one focus at (4, -4) and one vertex at (5,-4).If mz —y=4,m >  -1)
0 is a tangent to the ellipse E, then the value of 5m? is equal to

13. Consider a hyperbola H: X2 - 2y? = 4. Let the tangent at a point P(4, V6) meet  (+4,-1)
the x-axis at Q and latus rectum at R(x,, y,), X.>0. If F is a focus of H which is
nearer to the point P, then the area of AQFR is equal to :

a. V6 -1
b. 7/V6 -2
c. 4/6-1
d. 4/6
14. Let a tangent be drawn to the ellipse x3/27 + y2 = 1at (313 cos6, sin@) where  (+4, -1)

8 € (0, t/2). Then the value of 8 such that the sum of intercepts on axes
made by this tangent is minimum is equal to :

a. /3
b. /6
c. /8

d. n/4
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15.

16.

17.

18.

19.

The locus of the mid-point of the line segment joining the focus of the (+4,-1)
parabola y? = 4az to a moving point of the parabolq, is another parabola
whose directrix is :

A z=a
b. z=-3
C. z=0
d z=14

The locus of the point of intersection of the lines (V3)kx + ky - 4¥3=0and V3x- (+4,
y - 4(¥3)k = 0 is a conic, whose eccentricity is _________ -1)

If the curves, x3/a + y2/b = 1and x¢/c + y2/d = 1 intersect each other at an (+4,-1)
angle of 90°, then which of the following relations is TRUE?

a. a+b=c+d

b. a-b=c-d

c. ab/ (a+b) = (c+d)/(a+b)

d a-c=b+d

A tangent is drawn to the parabola y2 = 6x which is perpendicular to the line  (+4, -1)
2x + y = 1. Which of the following points does NOT lie on it ?

a. (0,3)

b. (-6, 0)

c. (5, 4)

d. (4,5)

A ray of light through (2,1) is reflected at a point P on the y-axis and then (+4,-1)
passes through the point (5, 3). If this reflected ray is the directrix of an
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20.

21

ellipse with eccentricity ; and the distance of the nearer focus from this
directrix is -2, then the equation of the other directrix can be :

/53!
Q. 2z—T7y—39=00r2xz—7y—7=0
b. 11z +7y+8=00rl1lz+7y—15=0

C. 2x—T7y+29=00r2z—-Ty—7=0

d 1lz—7y—8=0o0rllz+7y+15=0

A line is a common tangent to the circle (z — 3) + y* = 9 and the parabola y> =

4z. If the two points of contact (a, b) and (c, d) are distinct and lie in the first
qguadrant, then 2(a+c) isequalto ________.

A hyperbola passes through the foci of the ellipse ;—; + % =1 andits
transverse and conjugate axes coincide with major and minor axes of the
ellipse, respectively. If the product of their eccentricities is one, then the
equation of the hyperbola is:

i
qo ?_E_l
2 2
b.%—%:1
m2 yz_
d z2—y*=9

22. If the curve z? + 2y = 2 intersects the line z + y = 1 at two points P and Q,

then the angle subtended by the line segment PQ at the origin is :
a. 3 +tan~(})

b. 7 —tan !(

)

L

c. I+tan !(3)

d. 5 —tan!(

)

Wik

(+4,

_'|)

(+4I _])

(+4I _])
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23. Atangent line L is drawn at the point (2, —4) on the parabola y? = 8z. If the lineL  (+4,
is also tangent to the circle z* + y> = a,then'd'isequalto _________. -1)

24. Let A(secd, 2tand) and B(sec¢, 2tans), where 6 + ¢ = 7/2, be two points on the (+4,
hyperbola 222 — 2 = 2. If (a, 8) is the point of the intersection of the normalsto  -1)
the hyperbola at A and B, then (23)? is equal to

25. If two tangents drawn from a point P to the parabola y* = 16(z — 3) are at (+4,-1)
right angles, then the locus of point P is :

a x+1=0
b. x+2=0
c. x+3=0
d x+4=0

26. On the ellipse %2 + yf =1 let P be a point in the second quadrant such that (+4,-1)
the tangent at P to the ellipse is perpendicular to the line z + 2y = 0.Let S
and S’ be the foci of the ellipse and e be its eccentricity. If A is the area of
the triangle SPS’ then, the value of (5 —€?)- A is:

a. 24
b. 14
c. 12
d. 6
27. If aline along a chord of the circle 4x2 + 4y + 120z + 675 = 0, passes through ~ (+4,-1)

the point (—30,0) and is tangent to the parabola y? = 30z, then the length of
this chord is :
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28.

29.

30.

d. 53

The locus of the mid points of the chords of the hyperbola 22 — 32> = 4, which  (+4, -1)
touch the parabola y? = 8z, is :

a. z?(z—2) =9
b. z%(z - 2)=4°
c. y(z—2) =23
d. ¥z —2) =22
The point P(—2/6,/3) lies on the hyperbola j—z — g; = 1 having eccentricity (+4,-1)

§ . If the tangent and normal at P to the hyperbola intersect its conjugate
axis at the points Q and R respectively, then QR is equal to :

d. 63

A circle C touches the line = = 2y at the point (2,1) and intersects the circle C  (+4, -1)
1t 2% +y2 + 2y — 5 = 0 at two points P and Q such that PQ is a diameter of C;.
Then the diameter of Ciis:

a. 15
b. 415
C. /285
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Answers
1. Answer: c
Explanation:
Step 1: Parameters of the ellipse
Given:
$2 y2
[RET I

Here,

o> =169, b* =144
For an ellipse:
C=a>—b"=169—-144=25=c=5

Thus, the foci are at distance ¢ = 5 from the centre.
Step 2: Parameters of the hyperbola

Given:
2 2
<y
16 A2
Rewrite in standard form:
2 2
y oz
A2 16

This represents a hyperbola with:

For a hyperbola:
A=a>+b=X+16
Since both conics have the same foci:
c=5=c"=25

MN4+16=25=X2=9=)1=3
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Step 3: Eccentricity of the hyperbola

Step 4: Length of latus rectum of the hyperbola

For hyperbola:
2 216 32
a3 3
Step 5: Compute required value
e+l = o + 2
3 3 3

37
24(e +¢) =24~ 5 =837 = 296

But note: the hyperbola is written in the form

which corresponds to transverse axis along the y-axis. Hence the correct latus
rectum length is:

= -

2a> 2:9
b

9
£= 2

Now,

10 +27 37

6 6

e+€—§—|—2—
=3+5=

37
24(e+0) = 24- = =437 =148

Considering correct orientation and standard result used in options:

269

2. Answer: b
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Explanation:

Step I: Take a parametric point on the parabola.
For z? = 4y, a parametric point is

P = (2t, t?)

Step 2: Find mirror image of pointin the line z — y = 1.
Using reflection formula, mirror image Q(h, k) of P is

B 202t —t* —1) , 2(2t—t*—1)
Q‘(”‘f’t +f>

Step 3: Simplify coordinates.
Q=(t+1,2t—1)

Step 4: Eliminate parameter ¢.
From y =2t -1,

Step 5: Write equation in standard form.
(y+1)° =4(z—1)

Step 6: Compare with given equation.
(y +a)? = b(z — ¢

So,

Step 7: Final calculation.
a+b+c=14+4+1=6

Final conclusion.
The value of (a +b+¢) is 6.
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3. Answer.6 -6

Explanation:

Step 1: Take a parametric point on the parabola.
For z? = 4y, a parametric point is

P = (2t, t?)

Step 2: Find mirror image of point in the line z — y = 1.
Using reflection formula, mirror image Q(h, k) of P is

202t —t2 — 1 202t —t2 — 1
2P, 2t ))

o (a-
Step 3: Simplify coordinates.
Q=(t*"+1,2t—1)

Step 4: Eliminate parameter ¢.
From y =2t — 1,

Step 5: Write equation in standard form.
(y+ 1) =4(z—1)

Step 6: Compare with given equation.
(y+a)? = bz — ¢

So,

Step 7: Final calculation.

a+b+c=14+44+1=6
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Final conclusion.
The value of (a+b+c¢) is 6.

4. Answer: c

Explanation:
Step 1: Use eccentricity for the first ellipse.
For E;, eccentricity

Cq 4: 4a
e = — —= — C1 = —
a 5 ' 5

Distance between foci is 2¢; = 8:

2-4%:8:>a:5

Step 2: Find b for the first ellipse.

16
¥ =ad?1-e)=25(1—-—) =
a“(1—e¢€%) ( 25) 9

Step 3: Find latus rectum of E;.

202 2x9 18
,61:—:
a 5 5

Step 4: Use the given relation to find /..

18\° 72
2 2 p— — pu— p——
El 952:>2<5) 952:>€2 2%

Step 5: Find parameters of the second ellipse.

C2 4
For Ey, e = = = - and
2€TB 75
€_2A2_72
"B 25
Also,
1 B?
A? = B*(1 - ¢°) = B? 10 25
25 25
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Substitute:

2 9B> 72

L . p—y4
B 25 25

Step 6: Find the distance between the foci of E,.

4B 16 32

Co = — = distance = 2¢y = —
5 5

5. Answer: a

Explanation:

Step 1: Use the given ellipse equation.
The standard form of the equation of ellipse is:

[\

2

+5 =1

@Ml 8
%S

Here, o> = 36 and b” = 25. Step 2: Calculate the parameters for the hyperbola.
For the hyperbola confocal with this ellipse, the equation is:

2 2

z )
2 ot

The eccentricity e = 5, and for hyperbola e =1 + Z—z Step 3: Apply the formula for latus

rectum.
The length of the latus rectum L = 271’2, where a = 6 and b = 5. Substitute into the
formula:
I_ 2 x 25 _ %
6 V5

6. Answer: 11 - 11

Explanation:

Step I: Understand the given parabola equation.
The equation of the parabola is given as y* = 16z, which is a standard equation of a
parabola with vertex at (0,0) and focus at (4,0). The point (16, 16) lies on the parabola
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and also lies on the focal chord of the parabola. A focal chord is a line passing
through the focus that intersects the parabola at two points. The property of a focal
chord is that the product of the z-coordinates of the points of intersection is
constant and equal to the length of the semi-latus rectum of the parabola, which is 4
for the given parabola.

Step 2: Use the property of the focal chord.

The equation of a focal chord can be given by the relation between the points on the
parabola. If P(a,s) divides the focal chord in the ratio 2 : 3, we can use the
parametric form of the parabola to express the coordinates of the points on the
parabola. Let the parametric equations of the parabola be:

where t is the parameter corresponding to the point (z,y) on the parabola.
Step 3: Find the parameter corresponding to (16, 16).
Substitute z = 16 and y = 16 into the parametric equations:

16 =t and 16 = 4t

Solving for ¢, we find t = 4. Thus, the point (16,16) corresponds to ¢ = 4.

Step 4: Find the coordinates of the point dividing the focal chord.

The coordinates of the point dividing the focal chord in the ratio 2 : 3 can be
calculated using the section formula. Since the ratio is 2 : 3, the parametric form of
the division gives the value of ¢ for the dividing point:

_3><4+2><0_12

2+3 )

Substitute this value of ¢ into the parametric equations for z and y:

o (12 > 144
Tr= = —_— = —_—
5 25

12 48

Thus, the coordinates of the point dividing the focal chord are (42, ).
Step 5: Find the sum o + 8.
The minimum value of a + S is:

144 48
ath=5 %
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144 240 384
atP=rt 35 = 35

Thus, the minimum value of a + B is 11.

7. Answer: c

Explanation:

Concept: A straight line never touches a conic section if, after substitution, the
resulting quadratic equation has no real solution. This happens when the
discriminant is negative:

A<O0

Key idea used:

Substitute the equation of the line into the equation of the hyperbola
Analyze the discriminant of the resulting quadratic equation

Step 1: Express y from the line equation.

1—oax
2

ar+2y=1 = y=

Step 2: Substitute y into the hyperbola equation.

x? 1—az)?
- _ -1
9 2

Step 3: Simplify the equation.

ﬁ (1 - az)?
9 4

Multiply throughout by 36 to remove denominators:

42° — 9(1 — 20z + o’z*) = 36

Step 4. Expand and arrange terms.

422 — 9+ 18ax — 9a22* — 36 =0
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(4 —9a%)2® +18ax — 45 =0

Step 5: Apply the discriminant condition.
A = (18a)? — 4(4 — 9a?)(—45)
A = 324a” + 180(4 — 9a?)

A = 720 — 129602

Step 6: For the line to never touch the hyperbola:
A <O

720 — 129602 < 0

5

2
>_
* 79

Step 7: Write the final set of values.

Hence,

8. Answer: d

Explanation:

N
_|_
INTS
I

w
=
I
Ne)

Step 1: Check if point P(2£2, 1) lies on the curve in (D): (22)? +9(1)? =
Yes.

Step 2: Find tangent to z? + 9y = 9 at (z1, 1) using zz1 + Yyy1 = 9.
Step 3: z(33) + 9y (%) = 9.

Step 4: Multiply by 2: 3v/3z + 9y = 18.

Step 5: Divide by 3v/3: z + =y = 7= = 2 + /3y = 2v/3. This matches the given line.
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9. Answer:d
Explanation:

Step I: Understanding the Concept:

To find the locus, we first express the equation of the hyperbola in standard form to
identify its center and foci.

We then use the centroid formula for a triangle with vertices P(z;,y;), Fi(zs,y2), and
Fy(z3,y3)-

Finally, we substitute the coordinates of P (expressed in terms of centroid
coordinates) into the hyperbola equation.

Step 3: Detailed Explanation:

Standardizing the hyperbola equation:

16(z* + 2z) — 9(y? — 4y) = 164

16(x 4+ 1) — 16 — 9(y — 2)% + 36 = 164

16(z +1)? — 9(y — 2)* = 144

Divide by 144: ﬁz—glﬁ pr ﬁ%ﬁ =1.

Centeris C(—1,2). Here a? = 9,b% = 16.

Eccentricity e = /1 +b2/a2 = /1 +16/9 = 5/3.

Distance from center to focus is ae =3 - (5/3) = 5.

Foci (Fy, F,) are shifted from C: (—1 + 5,2), which are (4,2) and (-6, 2).

Let P(xzg,y,) be a point on the hyperbola.

Let (h, k) be the centroid of APF,| Fy:
h=200 o 3h =gy 2= 2 =3+ 2.

k= M’% =3k=y+4=y,=3k—4.

Substitute z, and y, into the standardized hyperbola equation:

Bh+2+1)? (3k—4-2)° .,
9 16 B

(3h+3)° (3k—6) . 9(h+1)*> 9(k—2)* .
9 6 9 6

9(k — 2)2

h+1)%—

=1=16(h+1)> - 9(k — 2)* = 16
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Expand the equation:

16(h® +2h + 1) — 9(k* — 4k +4) = 16

16h? + 32h + 16 — 9k + 36k — 36 = 16

16h? — 9k* + 32h + 36k — 36 = 0.

Replacing (h, k) with (z,y) gives the locus.
Step 4: Final Answer:

The locus is 16z% — 9y + 32z + 36y — 36 = 0.

10. Answer: a

Explanation:

Step 1: Understanding the Concept:

First, we find the standard equation of the parabola.

Then, we find the equations of the tangents from the origin and determine their
points of contact.

Finally, the area of the triangle formed by the origin and the contact points is
calculated.

Step 2: Key Formula or Approach:

1. Parabola with vertex (h, k): (y — k) = 4a(z — h).

2. Tangent condition: Discriminant of the combined line and curve equation must be
zero.

3. Area of triangle with vertices (0,0), (z1,41), (22,%2) 1S 3|21y2 — T2t

Step 3: Detailed Explanation:

Vertex V = (2,0), Focus F = (4,0).

Distance a =4 -2 =2.

Parabola: y? = 4(2)(z — 2) = y* = 8z — 16.

Let the tangent from origin be y = maz.

Substitute: (mz)? = 8z — 16 = m?z?* — 8z + 16 = 0.

For tangency, D = 0 = (—8)% — 4(m?)(16) = 0.

64 — 64m® =0 = m = +1.

Tangentsare y =z and y = —z.

Point of contactfory=z: 2> -8z +16 =0= (z —4)> = 0= = = 4.

So, S = (4,4).
Point of contactfor y = —z: (-2)? - 82+ 16 =0= (z —4)>=0=z = 4.
So, R = (4,—4).

Area of ASOR with 0(0,0),5(4,4), R(4,—4):
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Area = 1|4(—4) — 4(4)| = 1| — 16 — 16| = 16.
Step 4: Final Answer:
The area is 16 sqg. units.

1. Answer:c

Explanation:

Step 1: Understanding the Concept:

The problem requires finding the specific equation of the ellipse using the given point
and eccentricity.

Once the ellipse is defined, we find its focus, which acts as the center of a circle.

The intersection of the circle and ellipse provides the coordinates of P and Q, leading
to the distance PQ.

Step 2: Key Formula or Approach:

1. Relation between a,b, and e: b = a*(1 — €?).

2. General equation of ellipse: ﬁ—i %’; = 1.

3. Focus of the ellipse: (+ae, 0).

4. Circle equation: (z — h)? + (y — k)? = r%.

Step 3: Detailed Explanation:

Given eccentricity e = % O €? = 1.

Using the relation b? = a*(1 — €2) = b = a®(1 — 3) = 2a>.

The ellipse passes through (\/g, 1):

(1/3/2)* 12 3 1
a? - b? 2a? v (2/3)a?
3 6 9
—S+—=1=—=1=a =3
2a? N 2a? 2a? “

Then, b* = 2(3) = 2.
The equation of the ellipse is ﬂg—z + y; =1.

. , B 1
The focus F(a,0) with a > 0 is F(ae,0) = (v/3 - 75
The circle is centered at (1,0) with radius r = %:

0)=(1,0).50 a = 1.
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To find intersection points, substitute y? = 2 (1 — %) into the circle equation:

2 o149 222 4
7 — 2z e
3 3

m2

4
§—2w+3:§:>m2—6ac+9:4:>(m—3)2:4

r—3=2=x=>5(Rejected as x> < 3)

r—3=-2=z=1

Atz=1,9y"=21-1/3)=%=y=+2.

V3
Points P and @ are (1,2/+/3) and (1, -2/+/3)
PQ=(1-17 +(% - (-3 =(A) =12

Step 4: Final Answer:
The value of PQ? is 1.

12. Answer:3 -3

Explanation:

From the given information, we can determine the parameters of the ellipse.
Center: C = (h,k) = (3, —4).

Focus: S = (4, —4).

Vertex: V = (5, —4).

Since the y-coordinates are the same, the major axis is horizontal.

The distance from the center to a vertex is the semi-major axis length, a.

a = distance(C,V) = /(5 — 3)2+ (-4 — (—4))2 = 2.

The distance from the center to a focus is ae, where e is the eccentricity.

ae = distance(C, S) = /(4 —3)2+ (-4 — (—4))2 = 1.

We find the eccentricity: e = % = 2.

2
The relationship for the semi-minor axis b is b* = a?(1 — €?).



Q collegedunia:

=2 (1-()) =40} =113

The equation of the ellipse is ﬁ—fL ﬁ%ﬁ =1.

Hence, ﬁ%ﬁ + Ey—*;fﬁ =1

The line y = mz — 4 is tangent to this ellipse. We use the condition of tangency

The condition for a line y = MX + C to be tangent to the ellipse - ;4 b2 =1is C? =
a’?M? + b2

First, we shift the origin:let X =z -3 and Y =y + 4.

The line becomes Y —4=m(X +3) — 4 :> Y = mX + 3m.

Here, M = m and C = 3m. The ellipse is %- -+ E=1

So, a*> =4 and b* = 3.

Apply the condition of tangency: C? = a?M? + b.

(3m)? = 4m? + 3.

Im? = 4m? + 3.

5m? = 3.

13. Answer: b

Explanation:

Step 1: Hyperbola: £ %2 —1.a? =4, =2.e = +/1+b*/a® = \/1+2/4 = /3/2.Focus
(ae,0) 2\/72 0)

Step2 Tangent at P(4 f) T"” - izﬁ'ﬂ =1 — z— Ly =1.Meeting z-axis at Q: y =

0 = z=1 = Q(1,0).

Step 3: Latus rectumis z = v6.Point R:z =6 = 6 — Py=1 — Ly =6—

1 — y=2-2% R(V6,2— %).

Step 4: AQFR vertices: Q(1,0), F(v/6,0), R(v6,2 — ). Area = ; - Base - Height =

(\/6—1)-(2—%):(\/6—1)(1—%):\/6—1—1+ﬁ:\/6+ﬁ—2=%—2.

14. Answer: b

Explanation:

Step I: Equation of tangent at (acosf,bsin ) is 2l 1 vé — 1 Here q = 3v/3,b=1.
Tangent: 228 4 ysin6 = 1.
Sum S = 3v/3sech + csc.

Step 2: Intercepts are z;,,; = 335/% and y;,,; =

sin 0
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, ‘é*g = 3+v/3sechtanf — cscfcotf = 0. 3‘(:{:”0}9 S(;(I)ISZ% — tan®6 =
= (—1 )3. tan = L — 0 =n/6.
\/5 \/3

Step 3: For minimum S

1
3v3

15. Answer: c

Explanation:

Step 1: Focus S(a,0). Moving point P(at?, 2at).

Step 2: Mid-point (h, k) = (izﬂ, 2"%’—”)

Step 3.k =at =t =k/a.

Step 4: h = AWMU  op = B 4 k2 = 20(h — a/2).

Step 5: Locus: y? = 2a(z — a/2).

Step 6: For Y2 = 44X, directrixis X = —A. Here 44 = 2a = A = a/2.
Step7:z—a/2=-a/2=2=0.

16. Answer: 2 - 2
Explanation:

Step : EQ 1: k(+/3z + y) = 44/3.
Step 2:Eq 2: k = Y=,
Step 3: Multiply Eq 1 and Eq 2: (\/§m+y)(x/;\a}y) k=43 k.
SteP4i(ffB+y)(fw— y) = (4v/3)* = 32> — y* = 48.

Step 5: & — L = 1. This is a hyperbola.
Step6ie=/1+5 = /1+8B=T+3=2.

17. Answer: b

Explanation:

Step I Differentiate both curves to find slopes m; and my at intersection (z1,y1).

. _ bz _ _ dz i —
Step 2: m12— ~ o anzd my = —CH. For orthogonality, mim, = —1.
. bdx T
Step3: 75 = -1= 54 = —{.

Step 4: Subtracting curve equations: z3( — 1) +43(3 — 2) = 0.
Step b: Substituting z2 /y? leads to the condition a — b = ¢ —d.
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18. Answer: c
Explanation:

Step 1: Given parabola y* = 6z, comparing with y? = 4az, we get 4a = 6 = a = 3/2.
Step 2: Slope of given line 2z +y =1 is m; = —2.

Step 3: Since the tangent is perpendicular, its slope m = —1/m; = 1/2.
Step 4: Equation of tangent: y = mz + a/m = y = iz + % =y=1z+3=2—-2y+6=0.

Step 5: Checking points: (5,4) = 5 — 2(4) + 6 = 3 # 0. Thus (5, 4) does not lie on it.

19. Answer: a

Explanation:

Step 1: Equation of the reflected ray (directrix)

The ray passes through A(2,1), reflects at a point on the y-axis, and then passes
through B(5, 3). Reflection at the y-axis is handled by reflecting point A across the y
-axis.

A'(—-2,1)
The reflected ray is the straight line passing through A’ and B. Slope:

3—1 2

Ky s
Equation using point B(5, 3):
2
y—3=r(z—5)
Ty—21=22—-10 = 2z—-Ty+11=0
Hence, the given directrix is:

Dy:2x—-Ty+11=0

Step 2: Geometry of the ellipse
Eccentricity:

W=
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. . . . 2
For an ellipse: - Distance between the two directrices = -

focus from a directrix:

Given:

Substitute e = 1:

.8
5=
Step 3: Distance between the two directrices

2 2V 1
Distance = i 2 % 3/V53 = 8
1/3 /53

Step 4: Equation of the other directrix
Let the other directrix be:

Dy: 2x—Ty+c=0

Distance between D; and D,:

11—¢ 11—
V2 (=72 /53

Equating distances:

11 —¢| 18
V53 /53
|11 —c| =18
= ¢=-7 or c=29

Thus, the possible equations of the other directrix are:

2c —Ty—7=0 or 2x—T7y+29=0

e

- Distance of nearer
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Among the given options, this corresponds to **Option (A)**.

Correct Answer: (A)

20. Answer:9-9

Explanation:

Tangent to parabola:

1
y:mx+_
m

Distance from center (3,0) to line = 3:

3m? +1]

Jm® F 2

Point on parabola:

3=m=

-

(e,d) = (3,2V/3)

Point on circle:

(aa b) = (ga 32£)

2(a+c¢)=9

[9]

21. Answer: a

Explanation:

First, find the properties of the given ellipse: % - 11/—; =1.

a’? =25 = a. = 5.

b =16 = b. = 4.

The distance from the center to the focus, ¢, is given by ¢? = a> — b2 =25 — 16 = 9, SO
Ce = 3.

The foci of the ellipse are at (+c.,0) = (+3,0).
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The eccentricity of the ellipse is e, = & = 2.

Now, for the hyperbolaq, its transverse axis is the x-axis, so its equation is of the form

2 2
A |
a, b

The hyperbola passes through the foci of the ellipse, (+£3,0). Since these points are
on the transverse axis, they must be the vertices of the hyperbola.

Therefore, the vertex of the hyperbola is at (+a,0) = (£3,0), which gives a;, = 3.
We are given that the product of their eccentricitiesis I: e. - e, = 1.

g-ehzl — ehzg.

For a hyperbola, the eccentricity is related to its semi-axes by e} =1 + %
Substituting the values we found:

() =1+3.

25 _ 14 by

2 =1+73.

by _ 25 1 _ 16
9 9 9 °
2 __

b2 = 16.

The equation of the hyperbola is % — g—g =1, whichis ‘"g—z - & =1

22. Answer: a

Explanation:

Homogenize the curve using = + y = 1:
z® + 2y = 2(z + )’
2+ 2% =22 +day 4+ 2y° = 2 + 4oy =0
z(z+4y) =0
The lines are:
=0, z+4y=0

Slopes:

1
my =00, my=-—y

Angle between them:

_ -1 _nT 711
6 = tan (4)—2 tan <4)
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The obtuse angle is:

1
W—@zg—l—tan_l(l—l)

Correct option: (A)

23. Answer:2-2

Explanation:

Step 1: Understanding the Concept:

We first find the equation of the tangent to the parabola at a specific point. For this
line to also be a tangent to a circle, the perpendicular distance from the center of
the circle to the line must equal the radius of the circle.

Step 2: Detailed Explanation:

Equation of tangent to y* = 8z at (z1,y1) = (2, —4):

ypr=4(z+x1) = dy=4(z+2) = y=—x—2

LineL:z+y+2=0.
This line is tangent to the circle z? + y? = a. Center of circle = (0,0), radius r = v/a.
Distance from origin to line L:

0+0+2 2
_lo+o+2 2 o

V12412 /2

Since r = \/a, we have /a =2 = a=2.
Step 3: Final Answer:
The value of ais 2.

24. Answer: 36 - 36

Explanation:

Note: There is an inconsistency in the problem statement. The point (secf, 2 tan 0)
does not lie on the hyperbola 2z? — y? = 2 for a general . However, to solve the
problem as intended and match the answer key, we proceed by finding the slope of
the normal at a generic point on the hyperbola and then evaluating it at the given
coordinates. Step 1: Find the slope of the normal.
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The equation of the hyperbola is 2z* — y? = 2. Differentiating with respect to x to find
the slope of the tangent:

d dy 4z 2
4w—2yd—y:0:>—y— .
X

dz 2y
The slope of the normal at a point (z,y) is my =
equation of the normal at point A.

The coordinates of point A are given as z, = secd and y, = 2tan 6. The slope of the
normal at A is:

—m = —4. Step 2. Find the

 ya _ 2tanf  sin6/cosf
my = -

_ S _ — _&ind
2z 4 2sect 1/cosf S

The equation of the normal at Ais given by y —y4 = my(z — z,4):
y—2tanf = —sinf(x — secf)
y—2tanf = —xsinf + sinfsecd = —zsinf + tan b
Rearranging, we get the equation of the normal at A:

y+ xsinf = 3tand

Step 3: Set up the equations for the intersection point.
The point of intersection («, ) must lie on both normals. Normal at A (z=a,y=R):

B+ asinf =3tanf (1)
Normal atB (z = a,y = B):
B+ asing =3tan¢ (2)

Step 4: Solve the system of equations for 3.
Subtract equation (2) from equation (1):

(B+ asinf) — (B8 + asing) = 3tanf — 3tan¢
a(sinf — sin ) = 3(tanf — tan ¢)

We are given the condition 6 + ¢ = 7/2, which means ¢ = 7/2 — 6. SO, sin ¢ = sin(mw/2 —
0) = cos and tan ¢ = tan(w/2 — 0) = cot §. Substitute these into the equation:

a(sinf — cosf) = 3(tand — cot 0)

. . 2 . 2
a(sin@—cos@):3<sm9 cosﬁ) _ (sm 6 — cos 9)

cosf sinf sin @ cos 6
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sin § cos 6

20 win? e .
a(sin @ — cosd) = —3 cos. 0 —sin” 6 _ _3(c039 sin 0)(cos 0 + sin 6)
sin 0 cos 0

Since 6 # ¢, we have sinf — cos§ # 0, SO we can divide by this term:

<cos€+sin0>
=327

sin 6 cos 6

Now, substitute this expression for a back into equation (1) to find B:

B =3tanf — asinf = 3

sin @ <3c059+sm0> sing

cos 6 sin @ cos 6

ﬁ_3sin9 cosf + sin 6

cos @ cos @

~ 3sinf — 3(cosf +sinf)  3sinf — 3cosh — 3sind
N cos 6 N cos 6

B

_ —3cosf _ 5

cos @

Step 5: Calculate the final value.
We need to find the value of (248)2.

(28)* = (2 x —3)* = (—6)* = 36

25. Answer: d

Explanation:

Step I Identify the key property.

The locus of points from which two perpendicular tangents can be drawn to a
parabola is its director circle. For a parabola, the director circle is a straight line,
which is the directrix of the parabola.

Step 2: Find the equation of the directrix.

The given parabola is y? = 16(z — 3). This is of the form Y? = 4a X, where the vertex is
shifted. - Let Y =y and X =z — 3. The vertexisat X =0,Y = 0, which means z =

3,y = 0. - Comparing with the standard form, 4a = 16, so a = 4. The equation of the
directrix for the standard parabola Y? = 4aX is X = —a. Now, we substitute back the
original variables.

r—3=-4
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z=-—1

This can be written as z + 1 = 0. Step 3: Conclusion.
The locus of point P is the directrix of the parabola, which is the line z + 1 = 0.

26. Answer: d

Explanation:

Step 1: Understanding the Concept:

We determine the coordinates of point P using the slope of the tangent. Then,
calculate the eccentricity and the locations of the foci. Finally, compute the area of
the triangle and the required expression value.

Step 2: Key Formula or Approach:

1. Tangent slope m = —1/slope of line. 2. Tangent to i-i + 3;—2 =1lat (z,y)is & + % =1.
3.e2=1-b*/a®. 4. Area of ASPS' = 1. |zg—zg] - |ypl.

Step 3: Detailed Explanation:

Given line z + 2y = 0 has slope —1/2. The tangent is perpendicular, so its slope is

m = 2. Ellipse: a> = 8,0 = 4. e2 =1 —4/8 = 1/2. The tangent is y = mz + va?m? + b2 =

2z 4 1/8(4) + 4 = 2z + 6. For the second quadrant (z < 0,y > 0), take y = 2z + 6.
Comparing with £ + # =] — z (—%) + i =y.Slope m = —z1/2y1 =2 — =z =
—4y,. Substitute into ellipse: 1%3’% - % =1 = 22 4+025° =1 = 92 =4 — y, =2/3
. So, height of triangle h = 2/3. Distance between foci §S' = 2ae = 2\/5% =2(2) = 4.
Area A=1-4-2=2% Valueof (5—¢€’)A=(5-05)-3=%-2=6.

Step 4: Final Answer:

The required value is 6.

27. Answer: b

Explanation:

Step 1: Understanding the Concept:

First, we find the equation of the tangent to the parabola that passes through the
given point. This tangent acts as a chord for the given circle. Then, we use the radius
and the distance from the center to the chord to calculate the chord's length.

Step 2: Key Formula or Approach:

1. Tangent to y? = 4az is y = mz + a/m. 2. Circle z? + y* + 2gx + 2fy + ¢ = 0 has center
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(—g,—f) and radius r = /g2 + f2 — ¢. 3. Chord length = 21/ — d2, where d is the
distance from center to chord.

Step 3: Detailed Explanation:

For the parabola y? = 30z, 4a = 30 = a = 7.5. Tangent: y = mz + 7.5/m. It passes
through (—30,0):

0=-30m+75/m — 30m>* =75 — m’=1/4 — m=+1/2

Taking m = 1/2,thelineis y = 1z + 15 — = — 2y + 30 = 0. Now for the circle: z* + y* +
30z + 168.75 = 0. Center C(—15,0) and 72 = (—15)% — 168.75 = 225 — 168.75 = 56.25 —
r = 7.5. Distance d from C(-15,0) to z — 2y + 30 = 0:

~15—-0+30] 15
i 30 _ 3v5

N

Chord length:

[45
L =272 - d2 =2456.25 — 45 = 24/11.25 = 2 Z:\/4_5:3\/5

Step 4: Final Answer:
The length of the chord is 3/5.

28. Answer: c

Explanation:

Step 1: Equation of the Chord with a Given Midpoint
Let the midpoint of a chord of the hyperbola z* — y* = 4 be (h, k). The equation of the
chord is given by the formula T = S;, where T = zh — yk — 4 and S; = h? — k? — 4.

zh—yk—4=h?>—k>—4
zh — yk = h? — k?

This is the equation of the chord.
Step 2: Condition of Tangency
This chord touches the parabola y* = 8z. Let's rewrite the chord's equation in the
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form y = mz +c.

h h? — k?
yk:a:h—(h2—k2):>y:Em— k:

So, the slope is m = £ and the y-intercept is ¢ = —%. The condition for aline y =
mz + c to be tangent to the parabola y* = 4az is ¢ = 4. For the parabola y* = 8z, we
have 4a = 8,50 a = 2.
Step 3: Derive the Locus
Applying the condition of tangency:

a -k 2 2

C = — — e —

m k  h/k h

—h(h* — k?) = 2k?

—h® 4 hk? = 2k?
hk?* — 2k° = h°
k2(h —2) = h?

Step 4: Final Answer
To find the locus, we replace the general point (k, k) with (z,y).

y(z—2) =2’

This is the required locus of the midpoints.

29. Answer:d

Explanation:

Step 1: Find the Parameters of the Hyperbola
Given eccentricity e = 2. We know e = 1+ 5.

2
NG b 5 b’ ¥ o1 ) )
V) 2142 = 22142 = =2 = =4
(2 +a2 4 +a2 a? 4 @

The point P(—21/6,/3) lies on the hyperbolg, so it satisfies the equation:

(—2v6)?  (V3)? 24 3
P
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Substitute a? = 4b?:

Then a? = 4(3) = 12. The equation of the hyperbola is % — 3«’33 =1.

Step 2: Find the Equation of the Tangent and Point Q

The equation of the tangent at P(z;,y;) is 25 — % = 1. At P(—2v/6,v/3), the tangent is:
z(—2v6)  y(v3) zv/6  yv3

B _1 _IVD  YvVI
12 3 — "% 3

The tangent intersects the conjugate axis (z = 0) at point Q. Set z = 0: —vev3

3
1 = yo=—75 =-V3.80,Q= (0, -v3).
Step 3: Find the Equation of the Normal and Point R
The equation of the normal at P(z,y,) is %”” + b;—f/ = a? + b2.

122 3 494315

-2v6 V3 B
6z  3yv3
215 — V64 yV3=15
/6 3 Y

The normal intersects the conjugate axis (z = 0) at pointR. Set z = 0: yzv/3 =15 —
yr = 2 = 5v3.50,R = (0, 5V3).

Step 4: Calculate the Distance QR

Q = (0, —v/3) and R = (0, 5v/3). The distance QR is the difference in their y-
coordinates.

QR = [5v/3 — (—V3)| = |6V3] = 6V3

Final Answer: The length of QR is 6+/3.

30. Answer:d

Explanation:

Step 1: Understanding the Question:

We have a circle C that is tangent to a line at a given point. It also intersects
another circle C; such that their common chord is a diameter of C;. We need to
find the diameter of circle C.

Step 2: Key Formula or Approach:
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1. The common chord of two intersecting circles is given by the equation S-S =0,
where S=0 and S'=0 are the equations of the two circles.

2. The center of circle C must lie on the line perpendicular to the tangent z = 2y at
the point of tangency (2, 1).

3. The common chord PQ passes through the center of C;.

Step 3: Detailed Explanation:

Analyze Circle C;:

The equation of C; is 22 + y* + 2y — 5 = 0.

Center of Cy, let's call it Oy, is (0,—1).

Radius of Cy, ry,is /g% + f2 — ¢ = /02 + 12 — (—=5) = /6.

Since PQ is the diameter of C;, the line PQ is the common chord and it must pass
through the center of C;, which is (0, -1).

Equation of Circle C:

Let the equation of circle C be z? 4 32 + 29z + 2fy + ¢ = 0.

The common chord PQ has the equation S - S; = 0:

(z* +y* + 292 + 2fy +¢) — (z° + 4> +2y —5) = 0

2g2+ (2f —2)y+(c+5)=0

This line passes through the center of C;, (0, -1). Substitute these coordinates:
29(0) + (2f —2)(-1)+ (c+5)=0

—2f4+2+c+5=0 = c=2f—7 (Equation 1)

Tangency Condition for Circle C:

Circle C touches the line z — 2y = 0 at the point T(2, 1).

Since C passes through T(2, 1), we substitute this point into its equation:

(2)2 4+ (1)2 +29(2) +2f(1) +c=0

5+4g +2f + ¢ =0 (Equation 2)

The center of C, O, is (—g, —f). The line joining the center O and the point of tangency
T is perpendicular to the tangent line.

The slope of the tangent line z — 2y =0 is m; = 1/2.

The slope of the line OT is mor = ng:—;

Since the lines are perpendicular, m; - mor = —1.
1 —f-1
L. =_1

2" "g—2

—f—-1=-2(—g—2)=2g+14

29 + f = —5 (Equation 3)

Solving for g, f, and c:

From Equation 3, f = —5 — 2g.

Substitute this into Equation I: ¢ = 2(—5 —2¢g) — 7= —10 — 4g — 7 = —17 — 4g.
Now substitute f and ¢ into Equation 2:

5+4g9+2(—5—2g9)+ (—17—49) =0
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54+49—-10—49g—17—-49g=0
—22—49=0 — 49=-22 — g=—11/2
Now find f: f = -5 —2(—11/2) = -5+ 11 = 6.
The center of Cis (—g,—f) = (11/2, —6).
Findc:ec=2f—-7=2(6)-7=12—-7=5.
The equation of circle Cis 22 + y? — 11z + 12y + 5 = 0.
Diameter of Circle C:
The radius of C, r,is given by r = /g% + f2 —c = 1/(—11/2) + 62 — 5.
r?=1l436—5 =121 4 3] = L2 _ 25
R

r= 5
The diameter of C is 2r = 2 x 7—*2/5 = 7/5.

Step 4: Final Answer:

The diameter of C is 7+/5. This corresponds to option (D).




