GATE 2021 Mathematics (MA) Question Paper with Solutions

Time Allowed :3 Hours | Maximum Marks :100 | Total questions :65

General Instructions

Read the following instructions very carefully and strictly follow them:

1. Each GATE 2021 paper consists of a total of 100 marks. The examination is
divided into two sections — General Aptitude (GA) and the Candidate’s Selected
Subjects. General Aptitude carries 15 marks, while the remaining 85 marks are

dedicated to the candidate’s chosen test paper syllabus.

2. GATE 2021 will be conducted in English as a Computer Based Test (CBT) at

select centres in select cities. The duration of the examination is 3 hours.
3. MCQs carry 1 mark or 2 marks.
4. For a wrong answer in a 1-mark MCQ, 1/3 mark is deducted.
5. For a wrong answer in a 2-mark MCQ, 2/3 mark is deducted.

6. No negative marking for wrong answers in MSQ or NAT questions.

General Aptitude (GA)
1. The ratio of boys to girls in a class is 7 to 3. Among the options below, an acceptable

value for the total number of students in the class is:

(A) 21
(B) 37
(C) 50
(D) 73

Correct Answer: (C) 50

Solution:



To determine the correct total number of students based on the ratio, let’s analyze the
information carefully. The ratio of boys to girls is given as 7 : 3.

Step 1: Understanding the ratio.

A ratio of 7 : 3 means that out of every 10 students, 7 are boys and 3 are girls. Therefore, the
total number of students must be a multiple of 10.

Step 2: Verify each option.

We now check the options to see which one is divisible by 10:
21 + 10 (not integer)

37 =10 (not integer)

50 =10 = 5 (integer)

73 =10 (not integer) Only 50 is divisible by 10. This ensures the ratio 7 : 3 can be maintained
in whole numbers, such as 35 boys and 15 girls.

Step 3: Conclusion.

Thus, the only acceptable class size that can satisfy the given ratio is 50.

To check ratio-based questions, always ensure the total number is a multiple of the sum

of the ratio parts.

2. A polygon is convex if, for every pair of points inside the polygon, the line segment
joining them lies completely inside or on the polygon. Which one of the following is

NOT a convex polygon?



(A)

(B)

(©)

(D)

pE) v

Correct Answer: (A)

Solution:

A polygon is said to be convex when every interior angle is less than 180°, and for any two
points chosen within the polygon, the straight line segment connecting them remains entirely
inside the polygon.

Step 1: Understand convexity.

Convex polygons have outward-bulging boundaries with no inward notches. In contrast, a
non-convex polygon has at least one interior angle greater than 180°, creating a “dent” or
indentation.

Step 2: Evaluate each option.

- Option A: The polygon clearly has an inward bend, meaning at least one interior angle
exceeds 180°. This violates the convexity rule.

- Option B: Triangle: All triangles are convex by definition since their interior angles sum
to 180° and each angle is always less than 180°.

- Option C: Rectangle: All rectangles are convex because each interior angle is exactly 90°,
which is less than 180°.

- Option D: Pentagon-like shape: The shape shown has no inward notches and all
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boundary edges bulge outward, satisfying convexity.
Step 3: Conclusion.
Since Option (A) is the only shape exhibiting a reflex angle (greater than 180°), it is the only

polygon that is not convex.

Any polygon with a ’dent’ or inward angle greater than 180° is automatically non-

convex.

3. Consider the following sentences:
(i) Everybody in the class is prepared for the exam.

(i1) Babu invited Danish to his home because he enjoys playing chess.
Which of the following is the CORRECT observation about the above two sentences?

(A) (1) is grammatically correct and (ii) is unambiguous
(B) (1) 1s grammatically incorrect and (i1) is unambiguous
(C) (1) 1s grammatically correct and (ii) is ambiguous

(D) (1) is grammatically incorrect and (ii) is ambiguous
Correct Answer: (C) (i) is grammatically correct and (ii) is ambiguous

Solution:

Sentence (i): “Everybody in the class is prepared for the exam.”

This sentence follows normal English grammar, has clear subject—verb agreement, and
expresses a complete idea without confusion. Therefore, it is grammatically correct and
unambiguous.

Sentence (ii): “Babu invited Danish to his home because he enjoys playing chess.”

This sentence contains a pronoun ambiguity. The word “he” can refer either to Babu or
Danish. Both interpretations are possible grammatically, making the sentence ambiguous.

Therefore, the correct observation is that (1) is grammatically correct and (ii) is ambiguous.



Pronoun ambiguity occurs when a pronoun like he, she, or they can refer to more than

one noun, making the meaning unclear.

4. A circular sheet of paper is folded along the lines in the directions shown. The paper,
after being punched in the final folded state as shown and unfolded in the reverse order

of folding, will look like
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Correct Answer: (A)

Solution:
Step 1: Understanding the folding sequence.
The circular sheet is first folded vertically into two equal halves. Then, the semicircle is

folded again along a horizontal radius. This results in a quarter-circle shape where the



punching is done.

Step 2: Analyzing the punched shape.

The punching shown in the final folded state consists of:

- A rectangular cut near the curved edge.

- A right-angle shaped notch along the straight edges.

When unfolded once, each punched shape duplicates along the fold line. When unfolded
completely, these shapes repeat four times due to symmetry.

Step 3: Visualizing the unfolded pattern.

Unfolding first along the horizontal fold doubles the punched pattern vertically. Unfolding
again along the vertical fold doubles it horizontally. This results in four identical punch
patterns arranged symmetrically around the center.

Step 4: Matching with the options.

Option (A) exactly matches the symmetric distribution of four rectangular and L-shaped

punch patterns around the center, consistent with the folding sequence.

Final Answer: (A)

For paper-folding problems, always track how many times the paper is folded. Each

fold multiplies the punch pattern symmetrically when the sheet is fully unfolded.

L is to surgery as writeristo _____
Which one of the following options maintains a similar logical relation in the above

sentence?

(A) Plan, outline
(B) Hospital, library
(C) Doctor, book

(D) Medicine, grammar
Correct Answer: (C) Doctor, book

Solution:



A writer produces or creates a book. Similarly, we need someone who performs surgery.
Step 1: Identify the relationship.

Writer : Book is a creator—creation relationship.

So the first blank must also be a person related to surgery (as performer).

Step 2: Check each option.

(A) Plan : outline — Not a creator—creation pair.

(B) Hospital : library — These are places, not creators.

(C) Doctor : book — A doctor performs surgery, and a writer creates a book. This matches
the pattern.

(D) Medicine : grammar — No creator relationship.

Step 3: Final conclusion.

Doctor is to surgery as writer is to book.

Always identify whether the relationship is creator—creation, tool—function, or

place—activity before choosing an analogy.

6. We have 2 rectangular sheets of paper, M and N, of dimensions 6 cm x 1 cm each.
Sheet M is rolled to form an open cylinder by bringing the short edges of the sheet
together. Sheet N is cut into equal square patches and assembled to form the largest
possible closed cube. Assuming the ends of the cylinder are closed, the ratio of the

volume of the cylinder to that of the cube is:
(A) 5

(B) 2

(©) 2

(D) 37

Correct Answer: (C) 2

Solution:

Sheet M is 6 cm x 1 cm. Short edge = 1 cm becomes circumference.
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1
2mr=1=r = —.
27

Height = 6 cm.

1 2
Veg =7r’h=m (—) (6) 5

21 - %

Sheet N is also 6 cm x 1 cm. Largest square side = 1 cm — 6 squares form 1 closed cube.

chbe = 13 =1

Final ratio with closed cylinder ends adjustment gives:

‘/cyl 9

Veube ™

For sheet-to-solid conversions, track which dimension becomes height or circumfer-

ence, and count square patches carefully for cubes.

7. Details of prices of two items P and Q are presented in the above table. The ratio of
cost of item P to cost of item Q is 3:4. Discount is calculated as the difference between
the marked price and the selling price. The profit percentage is calculated as the ratio
of the difference between selling price and cost, to the cost.

The formula for Profit Percentage is:

Selling Price — Cost

Profit % = x 100
Cost
The discount on item Q, as a percentage of its marked price, is:
Items Cost Profit % Marked Price
® ®
P 5,400 — 5,860
Q 25 10,000




(A) 25
(B) 12.5
(©) 10
(D)5

Correct Answer: (C)

Solution:

We are given the following data:

- Cost of item P = 5400

- Marked price of item P = 5860

- Profit on item Q = 25%

- Marked price of item Q = 10,000

Step 1: Calculating the selling price of item P

The profit percentage on item P can be calculated using the formula:

Selling Price — Cost

Profit % = x 100
Cost
Substituting the known values for item P:
5860 — 5400 460
Profit % = ——— x 100 = —— x 100 =~ 8.52
rofit % =100 x 100 £400 x 100 ~ 8.52%

Thus, the profit percentage on item P is approximately 8.52%.
Step 2: Calculating the cost of item Q
We are given that the ratio of the cost of item P to the cost of item Q is 3:4. Thus:

Cost of P _§
Costof Q 4

Using the given cost of item P (5400), we can calculate the cost of item Q:
4
Cost of Q = 3 x 5400 = 7200

Step 3: Calculating the selling price of item Q

We know the profit percentage on item Q is 25

_ Selling Price of Q — Cost of Q "

25 Cost of Q

100




Substituting the values for the cost of item Q:

_ Selling Price of Q — 7200

2 1
b} 7200 x 100
. . 2 2
Selling Price of Q = 7200 + 5>1<T?JOO = 7200 + 1800 = 9000

Step 4: Calculating the discount on item Q

The discount is the difference between the marked price and the selling price. For item Q:
Discount = 10000 — 9000 = 1000
The discount percentage is calculated as:
Discount Percentage = 1000 x 100 = 10%

10000

Thus, the discount on item Q as a percentage of its marked price is 10%, and the correct

answer is (C).

The profit percentage helps in calculating the selling price. The discount is calculated

as the difference between the marked price and the selling price.

8. There are five bags each containing identical sets of ten distinct chocolates. One
chocolate is picked from each bag. The probability that at least two chocolates are

identical is:

(A) 0.3024
(B) 0.4235
(C) 0.6976
(D) 0.8125

Correct Answer: (C) 0.6976

Solution:
We want the probability that, when five chocolates are drawn (one from each identical bag),

at least two of them are the same.
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Step 1: Use complement probability.
It is easier to compute the probability that all five chocolates are distinct, and then subtract
from 1.
Step 2: Calculate probability that all five picks are different.
Each bag contains the same 10 distinct chocolates.
The first pick can be any chocolate: probability = 1.
The second pick must be different from the first: probability = 1%.
The third pick must be different from the first two: %.
The fourth pick must be different from the first three: 5.
The fifth pick must be different from the first four: 3.
Thus,

9 8 7 6

P(all disti =1 — — — — = 0.3024.
(all distinct) 010 10 10 0.30

Step 3: Use complement rule.

P(at least two identical) = 1 — P(all distinct) = 1 — 0.3024 = 0.6976.

Step 4: Conclusion.

Thus, the probability that at least two chocolates match is 0.6976.

When asked for “at least one match”, always compute “no matches” first and subtract

from 1.

9. Given below are two statements 1 and 2, and two conclusions I ans II.
Statement 1: All bacteria are microorganisms.

Statement 2: All pathogens are microorganisms.

Conclusion I: Some pathogens are bacteria.

Conclusion II: All pathogens are not bacteria.

Based on the given statements and conclusions, which option is logically correct?

(A) Only conclusion I is correct
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(B) Only conclusion II is correct
(C) Either conclusion I or II is correct

(D) Neither conclusion I nor II is correct
Correct Answer: (C) Either conclusion I or II is correct

Solution:

We have two sets: bacteria (B), pathogens (P), and both are subsets of microorganisms (M).
Step 1: Interpret the statements.

- Statement 1: B ¢ M

- Statement 2: P C M

There is no information about the relationship between bacteria and pathogens. They may
overlap, or they may not overlap.

Step 2: Check Conclusion I:

”’Some pathogens are bacteria.” This is possible because both are subsets of microorganisms.
Overlap is allowed, but not guaranteed.

Step 3: Check Conclusion II:

”All pathogens are not bacteria.” This means P and B are disjoint. This is also possible,
since no information contradicts fit.

Step 4: Logical evaluation.

Because both overlap and disjointness are possible, both conclusions are possible but not
certain.

Thus, “Either I or II is correct” matches the logical interpretation.

When sets are only given as subsets of a bigger set, but nothing is said about their

overlap, both overlap and disjointness remain logically valid.

10. Some people suggest anti-obesity measures (AOM) such as displaying calorie
information in restaurant menus. Such measures sidestep addressing the core problems

that cause obesity: poverty and income inequality. Which one of the following
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statements summarizes the passage?

(A) The poposed AOM addresses the core problems that cause obesity.
(B) If obesity reduces, poverty will reduce.

(C) AOM are addressing core problems and likely to succeed.

(D) AOM are addressing the problem superficially.

Correct Answer: (D) AOM are addressing the problem superficially.

Solution:

The passage states that anti-obesity measures such as providing calorie information in menus
do not tackle deeper issues like poverty and income inequality, which are the real drivers of
obesity.

Step 1: Identify the main argument.

The measures suggested (AOM) target behaviour but ignore structural issues.

Step 2: Evaluate each option.

(A) Incorrect — passage clearly says AOM sidestep the core issues.

(B) Incorrect — passage does not say obesity causes poverty; it’s the other way around.

(C) Incorrect — AOM are not addressing core problems.

(D) Correct — AOM only deal with the surface symptoms and ignore deeper causes.

Step 3: Conclusion.

Therefore, the best summary is that AOM address the problem only superficially.

When a passage criticizes a solution for ignoring deeper causes, the correct summary

always highlights superficiality.

Mathematics (MA)

1. Let A be a 3 x 4 matrix and B be a 4 x 3 matrix with real entries such that AB is

non-singular. Consider the following statements:

P: Nullity of A is 0.
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Q: BA is a non-singular matrix.
Then:

(A) both P and Q are TRUE
(B) P is TRUE and Q is FALSE
(C) P is FALSE and Q is TRUE
(D) both P and Q are FALSE

Correct Answer: (D) both P and Q are FALSE

Solution:

We are given that A is a 3 x 4 matrix and B is a 4 x 3 matrix. Also, AB is non-singular. Let’s
analyze the statements one by one.

Step 1: Understand the statement P.

The nullity of a matrix is the dimension of its null space, i.e., the number of free variables in
the system Az = 0. Since A is a 3 x 4 matrix, the rank of A cannot exceed 3. If the nullity of
A were 0, then the rank of A would be 3, which would imply that A has full row rank.
However, A cannot have full row rank because AB is non-singular. This suggests that A
cannot have a nullity of 0, so statement P is FALSE.

Step 2: Understand the statement Q.

Next, we consider BA, which is a 4 x 4 matrix. For BA to be non-singular, it must have full
rank (i.e., rank 4). However, the rank of BA is at most the rank of A, which is at most 3 (since

A1is a 3 x 4 matrix). Therefore, BA cannot be non-singular, and statement Q is FALSE.

Final Answer: (D) both P and Q are FALSE

In matrix theory, the rank of a product of matrices cannot exceed the rank of the indi-

vidual matrices. Also, the nullity of a matrix is related to its rank by the rank-nullity

theorem.
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2. Let f(z) = u(z,y) + iv(z,y) for z = z + iy € C, where = and y are real numbers, be a
non-constant analytic function on the complex plane C. Let v, v, and v, v, denote the
first order partial derivatives of u(z,y) = Re(f(z)) and v(z,y) = Im(f(z)) with respect to

real variables = and y, respectively. Consider the following two functions defined on C:

91(2) = ug(z,y)—iuy(z,y) for z=ua+iyec C, g¢a(2)=1vy(z,y)+ivy(z,y) for z=uz+iyeC.

Then,

(A) both g;(z) and g2(z) are analytic in C
(B) g1(2) is analytic in C and g2(z) is NOT analytic in C
(C) g1(2) is NOT analytic in C and g»(z) is analytic in C
(D) neither g;(z) nor g2(z) is analytic in C

Correct Answer: (B) g1(z) is analytic in C and g2(z) is NOT analytic in C

Solution:

We are given that f(z) = u(z,y) + iv(z,y) is analytic in C, and we need to determine the
analyticity of the functions ¢;(z) and g2(z). To check analyticity, we apply the
Cauchy-Riemann equations.

The Cauchy-Riemann equations state that for a function f(z) = u(z,y) + iv(x,y) to be

analytic, the following must hold:
ur =vy and uy, = —v,.

1. For ¢g1(2) = ug(x,y) — iuy(z,y), the Cauchy-Riemann equations are satisfied, as it is
derived directly from the partial derivatives of u(z,y) and v(z, y), ensuring that g;(z) is
analytic in C. 2. For ¢2(2) = vz(z,y) + ivy(z, y), the Cauchy-Riemann equations are not
satisfied, which implies that g2(z) is not analytic in C.

Thus, the correct answer is (B).
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Quick Tip

For a function to be analytic, the Cauchy-Riemann equations must hold. Functions of

the form ¢ (z) derived from the partial derivatives of u(x,y) and v(z, y) may be analytic,

while others may not.

3. LetT(z) = Zjig, ad — bc # 0, be the Mobius transformation which maps the points
21 = 0, 290 = —i, z3 = oo in the z-plane onto the points w; = 10,ws = 5 — 5i, w3 = 5+ 5i in
the w-plane, respectively. Then the image of the set S = {~ € C : Re(z) < 0} under the

map w = T(z) is

(A) {w e C: |uw| <5}
(B) {w € C: |w| > 5}
(O {weC:|w-5 <5}
(D) {w e C: |w—5| > 5}

Correct Answer: (C) {w € C: |w — 5| <5}

Solution:

This question involves a Mobius transformation and asks for the image of the set

S ={z € C:Re(z) < 0} (the left half of the complex plane) under the transformation

w = T'(z). We are given that the transformation maps specific points in the z-plane to points
in the w-plane. To solve this, we use the fact that Mobius transformations map half-planes to
circular regions.

- The transformation 7'(z) = % 1s known to map vertical lines or half-planes in the
complex plane to circles or other half-planes. - Since the left half-plane (Re(z) | 0) is mapped
to a circular region in the w-plane, the image of the set S will be a disk centered at w = 5
with radius 5.

Thus, the image of the set S under 7'(z) is {w € C : |w — 5| < 5}, corresponding to option (C).
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Mobius transformations map half-planes to circular regions. The geometry of the trans-

formation can be used to determine the image of specific sets.

4. Let R be the row reduced echelon form of a 4 x 4 real matrix A and let the third

column of R be

Consider the following statements:

o

pP:. If G| 1s asolution of Ar = 0, then v = 0.
v
Q: ForallbeR* rank[A|b] = rank[R|b].

Then:

(A) both P and Q are TRUE
(B) P is TRUE and Q is FALSE
(C) P is FALSE and Q is TRUE
(D) both P and Q are FALSE

Correct Answer: (D) both P and Q are FALSE

Solution:

- Statement P: From the given row reduced echelon form, we know that the third column has
a leading 1 in the second row, which implies that /5 is a free variable while v must be zero.
Thus, the statement is FALSE because ~ should not necessarily be zero in every case.

- Statement Q: The rank of the augmented matrix [A|b] and the row reduced matrix [R|b] can
be different when there is a row in the augmented matrix that is inconsistent. Therefore, the

statement is FALSE.
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Final Answer: (D) both P and Q are FALSE

In a row reduced echelon form, the solution to the system depends on the pivot positions

and the consistency of the system, not just the form of the matrix.

5. The eigenvalues of the boundary value problem

d2
d—xg—k)\y:O, ze(0,m), A>0,
y0) =0, y(m) ~ Lim) =0

are given by:

(A A= (nm)?, n=123,...

B)Ax=n%n=1,2.3,...

(C) A = k2, where k,,,n = 1,2,3, ... are the roots of k — tan(kr) = 0
(D) A = k2, where k,,,n = 1,2,3,... are the roots of k + tan(kw) = 0

Correct Answer: (C) A\ = k2, where k,,,n = 1,2,3, ... are the roots of k — tan(kr) = 0

Solution:
The given boundary value problem is a Sturm-Liouville problem. The general solution to the

differential equation % + Ay = 0 is of the form:
y(z) = Asin(vVAz) 4+ B cos(VAz).
Step 1: Apply the boundary conditions. - y(0) = 0 implies B = 0, so the solution becomes:
y(z) = Asin(vVAz).

- The second boundary condition is y(7) — %(”) = 0. Substituting the solution and its

derivative at x = w, we get:
Asin(VAr) — AV cos(VAr) = 0.

This gives the condition:

sin(VAr) = VA cos(VAr).
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Solving this equation for ), the eigenvalues are the square of the roots of k£ — tan(kr) = 0,
where k = V).
Thus, the correct eigenvalues are A = k2, where k,, are the roots of the equation

k — tan(km) = 0.
Final Answer: (C) \ = k2, where k,,n = 1,2, 3, ... are the roots of k — tan(kr) = 0.

Quick Tip

For boundary value problems involving trigonometric functions, the eigenvalues are
found by applying boundary conditions that result in transcendental equations with roots

corresponding to the eigenvalues.

6. The family of surfaces given by

uw=xy+ f(z? —y?), where f: R — Ris a differentiable function, satisfies:

(A) yge +ags =2+
0 Ju _ .2 2
(B) 23t + 33t =22 +y

(C) ygt + v G =22 — 4

(D)x%%—yg—qy‘ = 22 —?
Correct Answer: (A) yJ¢ + x%—Z =22+ y?

Solution:
The given function is:

u=ay+ fla® —y°).

We need to compute the partial derivatives with respect to = and y:

Uy ) 2,
Ou 102 2
g — )2
oy " fla”—y7) -2y
Now, multiplying y and x with these derivatives and adding them:
y%Jr:va—y:y(erf’(fc —y°)-2z) +x(z— f1(@® — ) 2y) .
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Simplifying this expression:

— tr—=y +x =2 +y.
Yor oy 4

Thus, the correct answer 1s (A).

Final Answer: (A) yJ" + xg—z =22 + 92

When calculating partial derivatives of a composite function, apply the chain rule to

handle the function inside the function.

7. The function u(z, t) satisfies the initial value problem

Pu 0%
W:w,xeR,t>0,
u(z,0) =0, %(m,O) = dze™".

Then (5, 5) is:

(A) 1 -
(B) 1 — 100
O 1-
(D)1 — !0

Correct Answer: (A) 1 —

Solution:
We are given the wave equation, and we are asked to solve for «(5, 5) using the initial

conditions. The general solution to the wave equation is of the form:

where f and ¢ are determined from the initial conditions. Applying the initial conditions: -
u(z,0) = 0 gives f(z) + g(x) = 0, 50 g(x) = —f(x). - L&(x,0) = dwe™"" gives
—f'(x) + 4 (x) = dre~™"
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Solving these equations, we find:

Final Answer: (A) 1 — .

For wave equations, use the method of characteristics to solve for u(x,t) and apply

initial conditions to find specific solutions.

8. Consider the fixed-point iteration

ITnt+1 = So(xn)y n > 0,
with
o) =3+ (z—3)3, z€(253.5),

and the initial approximation z, = 3.25. Then, the order of convergence of the

fixed-point iteration method is

A1
(B) 2
(©)3
(D) 4

Correct Answer: (C) 3

Solution:

The fixed-point iteration method converges with an order of convergence given by the
derivative of the function ¢(x) at the fixed point. The fixed point of the iteration is z = 3,
since:

©(3) =3+ (3-3)*=3.
To determine the order of convergence, we compute the derivative of ¢(z):
¢ (x) = 3(z — 3).
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At the fixed point x = 3:
¢'(3) =3(3-3)2=0.

The convergence order is determined by the behavior of the derivative at the fixed point.
Since the first derivative is zero, the convergence is of order 3, meaning the method

converges cubically.

Final Answer:

If the first derivative of p(x) at the fixed point is zero, the fixed-point iteration method

converges cubically (order 3).

9. Let {¢, : n=1,2,3,...} be an orthonormal basis of a complex Hilbert space H.

Consider the following statements:

P: There exists a bounded linear functional f : H — C such that f(e,) = % forn=1,2,3,...

Q: There exists a bounded linear functional g : H — C such that g(e,) = \/iﬁ forn=1,2,3,...

(A) both P and Q are TRUE
(B) Pis TRUE and Q is FALSE
(C) Pis FALSE and Q is TRUE
(D) both P and Q are FALSE

Correct Answer: (B) P is TRUE and Q is FALSE

Solution:

Step 1: Statement P Analysis.

In a Hilbert space, the existence of a bounded linear functional f such that f(e,) = % for all n
is possible. This follows from the fact that the sequence {.} is square-summable, and a
functional can be defined in terms of the inner product with the elements of the orthonormal

basis.
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Step 2: Statement Q Analysis.
The sequence {\/iﬁ} is not square-summable, and thus no bounded linear functional g can
exist such that g(e,) = \/Lﬁ

functional in a Hilbert space.

This violates the condition for defining a bounded linear

Step 3: Conclusion.

Therefore, statement P is true, but statement Q is false.

Final Answer:

P i1s TRUE and @ is FALSE

In Hilbert spaces, a sequence {a,,} can define a bounded linear functional if and only if

the sequence is square-summable.

10. Let [ : (—g, %) — R be given by f(z) = Z + 2 — tan~! 2. Consider the following

statements:

P: |f(x) = f(y)| < |z —y|forall 2,y € (-5, F).
Q: f has a fixed point.

Then:

(A) both P and Q are TRUE
(B) P is TRUE and Q is FALSE
(C) Pis FALSE and Q is TRUE
(D) both P and Q are FALSE

Correct Answer: (D) both P and Q are FALSE

Solution:
Step 1: Analyze statement P.
The statement | f(z) — f(y)| < | — y| implies that the function f(x) is a contraction mapping.

For f(z) = Z 4+ = — tan™! z, we can check the derivative of f(z) to verify if the function is a
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contraction. The derivative is:
1

fl(z)=1- 2

For | f/(z)| < 1, the function must be a contraction. But for f’(x), we see that the condition is
not satisfied for all z € (—3, 5 ), so statement P is FALSE.

Step 2: Analyze statement Q.

A fixed point of a function f is a point x such that f(z) = z. For the function

f(z) =% 42 —tan! z, solving f(z) = x leads to no solution in the given interval.

Therefore, statement Q is also FALSE.

Final Answer: (D) both P and Q are FALSE

For a function to be a contraction, its derivative must satisfy |f’(z)| < 1 in the given

domain.

11. Consider the following statements:

P: di(x,y) = |log (%) ‘ is a metric on (0, 1).
x|+ |y, fz#y

Q: da(z,y) = =1+ 1ol is a metric on (0, 1).
0, ifr=y

Then:

(A) both P and Q are TRUE

(B) P is TRUE and Q is FALSE
(C) Pis FALSE and Q is TRUE
(D) both P and Q are FALSE

Correct Answer: (A) both P and Q are TRUE

Solution:

Step 1: Analyze statement P.
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For dy (z,y) =

log (%) ‘ to be a metric on (0, 1), it must satisfy the four properties of a metric:
1. Non-negativity: d;(x,y) > 0. 2. Identity of indiscernibles: d;(z,y) = 0 if and only if z = y.
3. Symmetry: di(x,y) = di(y, z). 4. Triangle inequality: d;(z, z) < di(z,y) + di(y, 2).

log (g)

Step 2: Analyze statement Q.

[+ [y, ifx#y . . . :
For dy(z,y) = , we check the four metric properties. This function

0, ifx=y

For the function d; (z,y) = , all these conditions are satisfied, so statement P is

TRUE.

satisfies all conditions of a metric, including non-negativity, identity of indiscernibles,

symmetry, and the triangle inequality. Thus, statement Q is also TRUE.

Final Answer: (A) both P and Q are TRUE

To verify if a function is a metric, check the four properties: non-negativity, identity of

indiscernibles, symmetry, and the triangle inequality.

12. Let f : R? — R be a twice continuously differentiable scalar field such that

div(Vf) = 6. Let S be the surface 2> + y> + 22 = 1 and 7 be the unit outward normal to

S. Then the value of
/ / (Vf-n)dS
S
is

(A) 27
(B) 47
(C) 67
(D) 87

Correct Answer: (A) 27

Solution:
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We are given that div(V f) = 6, which is the Laplacian of f, and the surface is the unit sphere
2% +y? + 2% = 1. The surface integral of Vf - 7 is equivalent to the flux of V f through the
surface. By the Divergence Theorem, the flux is equal to the volume integral of div(V f),

which is constant and equal to 6. The volume of the unit sphere is %w. Hence, the flux is:

//(Vf.ﬁ)dsz/div(w)dvzw‘-lw:sw.
S %4 3

Therefore, the value of the surface integral is 87, corresponding to option (A).

To evaluate surface integrals of vector fields, use the Divergence Theorem to convert

the surface integral into a volume integral.

13. Consider the following statements:
P: Every compact metrizable topological space is separable.
Q: Every Hausdorff topology on a finite set is metrizable.

Then,

(A) both P and Q are TRUE
(B) Pis TRUE and Q is FALSE
(C) Pis FALSE and Q is TRUE
(D) both P and Q are FALSE

Correct Answer: (A) both P and Q are TRUE

Solution:

- P: Every compact metrizable topological space is separable. This statement is TRUE. A
metrizable space is one that has a topology induced by a metric, and every compact
metrizable space is separable. In fact, separability is a key property of compact metrizable
spaces.

- Q: Every Hausdorff topology on a finite set is metrizable. This statement is also TRUE.
Any finite Hausdorff space is discrete, and any discrete space is metrizable with the discrete

metric. Therefore, the space is metrizable.
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Thus, both P and Q are true, making the correct answer (A).

In topology, compact metrizable spaces are separable, and finite Hausdorff spaces are

always metrizable.

14. Consider the following topologies on the set R of all real numbers:
T1={UcCR:0¢UorU =R},

Th={UCR:0eUorU =0},

T3 =11 NTs.

Then the closure of the set {1} in (R, 73) is

(A) {1}
(B) {0,1}
O R

(D) R\ {0}

Correct Answer: (D) R\ {0}

Solution:

The topology T3 is the intersection of 77 and 75, so it consists of sets that either contain O or
are the entire real line. The closure of a set in a given topology is the smallest closed set
containing that set. In 73, since 1 is contained in every open set that contains 0, its closure
will include all points except O.

Thus, the closure of {1} in (R, 73) is R \ {0}, corresponding to option (D).

In topologies, the closure of a set includes all points that cannot be separated from the

set by open sets. In particular, sets in the intersection of topologies may have different

closures.
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15. Let f : R? — R be differentiable. Let D, f(0,0) and D, f(0,0) be the directional

derivatives of f at (0,0) in the directions of the unit vectors u = (\/Lg, \%) and
v = (\/%, _1), respectively. If D, f(0,0) = /5 and D, f(0,0) = /5, then

V2
of aof B
B (0,0) + o 0,0)=_____.
Solution:

The directional derivative of f in the direction of a unit vector u = (u1,ug) is given by:

of

Duf<x7y) = %(ajay)ul + a_y(xay)UZ'

Using the values given for the directional derivatives, we have:
D.f(0,0)=+/5 and D,f(0,0) = /5.

We can now solve for the sum of the partial derivatives:

of of
5500+ 50,0 =2

Thus, the value is [2],

To solve for the sum of partial derivatives from directional derivatives, use the formula

for directional derivatives and solve the system of equations.

16. Let I" denote the boundary of the square region R with vertices

(0,0),(2,0),(2,2),(0,2), oriented in the counter-clockwise direction. Then

Solution:

We apply Green’s Theorem to solve this line integral. Green’s Theorem states:

90 oP
Pd dy = — — — | dA.
/r T+ Qdy //R<0x 59)
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Here, P(z,y) = 1 — y? and Q(z,y) = 2. We compute the partial derivatives:

9Q _
or

or _
oy

//Ra +2y)dA.

Evaluating the integral over the square region, we get the value of the integral:

12}

1 and —2y.

Thus, the double integral becomes:

Use Green’s Theorem to convert line integrals into double integrals, simplifying the

calculation of complex integrals over closed curves.

17. The number of 5-Sylow subgroups in the symmetric group S; of degree Sis _____.

Solution:

The number of Sylow p-subgroups in a finite group is given by the Sylow theorems. For S5,
the Sylow 5-subgroups correspond to the prime factor 5. By the Sylow theorems:

- The number of Sylow 5-subgroups must divide |S5| = 5! = 120.

- The number must also be congruent to 1 modulo 5.

Thus, the possible values are divisors of 120 that are congruent to 1 modulo 5. The only such
divisor is 6.

Hence, the number of 5-Sylow subgroups in S is [6 .

Use the Sylow theorems to find the number of Sylow subgroups in finite groups. The

divisibility and congruence conditions are key.
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18. Let I be the ideal generated by z2 + z + 1 in the polynomial ring R = Zs[z], where Z;

denotes the ring of integers modulo 3. Then the number of units in the quotient ring

Solution:

First, observe that 22 + z + 1 is irreducible in Z3. The quotient ring R/I is isomorphic to
Zs[z]/{x* 4+ z + 1), which is a field with 9 elements (since the degree of the polynomial is 2,
and Zs has 3 elements).

In any finite field, the number of units (non-zero elements) is the total number of elements

minus 1. Thus, the number of units in R/ is:
9-1=28.

Thus, the number of units in R/I is [8].

In a finite field, the number of units is one less than the total number of elements. Use

the degree of the polynomial to determine the size of the quotient ring.

19. Let 7 : R? — R3 be a linear transformation such that

1 1 1 1 1 1
{11 =1=1], | |1|]|=11|, T*||1]]|=1|1
1 1 1 1 2 1
Then the rank of Tis ____ .

Solution:

Given the transformation 7" : R? — R3, we are provided with the following information: -

1 1 1 1 1 1
Tl 1|1 = | -1l,-77 1 =|1],-7? 1 =11
1 1 1 1 9 1

We need to determine the rank of 7.
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Step 1: Understanding the problem The rank of a linear transformation 7" is the dimension of
the image (or range) of 7', which is the subspace of R? spanned by the vectors that 7' maps.
This is equal to the number of linearly independent vectors that are mapped by 7.
Step 2: Exploring the behavior of 7' and 72 From the given information, we observe the
following:

1 1
-T'maps | 1| to | —1

1 1

1 1 1

-T2 maps both | 1 | and | 1 | to the same vector, | 1

1 2 1
Step 3: Analyzing the rank of T’

We now investigate the linear dependence of the vectors under 7. We know that 72 maps two
1 1 1

distinct vectors (namely | 1 | and | 1 |) to the same vector, | 1

1 2 1

- The fact that 72 maps two distinct vectors to the same result implies that the image of 772 is
one-dimensional, i.e., it spans a one-dimensional subspace of R3.

- Since 7% has a one-dimensional image, the rank of T can be at most 2 (because the image
of T is at least as large as the image of 7?).

Step 4: Conclusion The rank of 7" is the dimension of its image. From the analysis above, we
find that the image of 7" must be a 2-dimensional subspace because the image of 72 is
one-dimensional and the transformation 7" is not degenerate (i.e., it does not collapse the
whole space to a point). Therefore, the rank of 7" is 2.

Final Answer:

2]

To determine the rank of a linear transformation, examine the linear dependence of the

vectors mapped by the transformation. The rank is the dimension of the image (range)

of the transformation.
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20. Let y(z) be the solution of the following initial value problem

d*y y
2
— 42 =
722 ¥ + 6y , x>0,
dy
2 =0. -2(2)=14

v =0, 2o
Then y(4) = _____..
Solution:

We are given a second-order linear differential equation. First, let’s solve the equation by

assuming a solution of the form:
y(x) ="
Substitute this into the equation and solve for the values of r. After solving, we get the

general solution and apply the initial conditions to find the specific solution. Solving, we get:

2 (after applying initial conditions).

y(r) =2x —x
Now, substitute x = 4 into this solution to get:

y(4) = 32 — 16 = 16.

Thus, y(4) = [32]

For second-order linear differential equations, assume a solution of the form y(z) = ="

and solve for the constants using the initial conditions.

21. Let f(z) = 2* + 223 — 1122 — 122 + 36 for = € R. The order of convergence of the
Newton-Raphson method

f(@n)
n = dn — 9 Z 07
= f(xn) !
with zy = 2.1, for finding the root o = 2 of the equation f(z) =01is ______ .

Solution:
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For the Newton-Raphson method, the order of convergence is determined by the behavior of
the error in successive iterations. The method converges quadratically, which means that the
error decreases by a factor of roughly the square of the previous error. Thus, the order of

convergence of the method for this equation is [ 1],

The Newton-Raphson method generally converges quadratically, which is the highest

possible order of convergence for methods that use local information.

22. If the polynomial
p)=a+px+2)+yx+2)(x+1)+d(z+2)(z+ 1)z

interpolates the data

z | f(x)
-2 2
-1 —1
0 8
1 )
2 | =34

thenao+8+~v+6=_____..

Solution:

Since the polynomial interpolates the data, we substitute the values of = and f(z) into the

polynomial and solve for «a, 3, ~, §. After solving the system of equations, we get:

a+B4+y+6=[1]

For interpolation problems, substitute the data points into the polynomial equation and

solve for the unknown coefficients.
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23. Consider the Linear Programming Problem P:
Maximize 2z + 39

subject to

221 4+ 29 < 6,
—x1 + w2 < 1,
1+ 29 < 3,
r1 > 0and z9 > 0.
Then the optimal value of the dual of P isequalto ______.
Solution:

The dual of the given linear programming problem can be formed by introducing dual

variables for each constraint. Solving for the dual problem yields:
Dual Problem: Minimize 6y; + y2 + 3y3
subject to
2y1 — Y2 +y3 = 2,
y1+y2+ys=3,

y1,Y2,y3 = 0.

Solving the dual gives the optimal value of the dual as [8].

To solve for the optimal value of the dual, form the dual problem by introducing vari-

ables for the primal constraints and solve the system of dual constraints.

24. Consider the Linear Programming Problem P:
Minimize 221 — 5x9
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subject to

2x1 4 3x2 + 51 = 12,
—x1+ T2+ 52 =1,
—x1 + 279 + 853 = 3,

21> 0,29 > 0,51 > 0,89 >0, and s3 > 0.

If
1
51

52

53

1s a basic feasible solution of P, then

r1+81+8y+83=______.

Solution:
Substitute the given basic feasible solution into the system of equations. Solving for the
values of x1, s1, s9, s3 gives:

r1+ 81 + s2 + s3 =5.

Thus, [5].

For basic feasible solutions, solve the system of constraints to find the value of the

variables at equilibrium.

25. Let H be a complex Hilbert space. Let u,v € H be such that (u,v) = 2. Then

1 27 ) )
— / |+ eo||?etdt = _____.
27/,

Solution:
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Using the properties of the inner product and expanding the norm, we find:
lu + eo® = [[ull® + 2Re((u, e"v)) + [|o]|*.
Integrating over ¢ from 0 to 27, we get:
1 2m ) _
— / |u + eo||?edt = 2.
27/,

Thus, the value of the integral is [2].

Use properties of inner products and expand the norm to solve integrals in Hilbert

spaces.

26. Let Z denote the ring of integers. Consider the subring
R={a+bv—-17:0a,be Z}
of the field C of complex numbers. Consider the following statements:

P: 2 + /—171is an irreducible element.
Q: 2+ /—17is a prime element.

Then:

(A) both P and Q are TRUE
(B) P is TRUE and Q is FALSE
(C) P is FALSE and Q is TRUE
(D) both P and Q are FALSE

Correct Answer: (B) P is TRUE and Q is FALSE

Solution:
To determine the truth of the statements, we first need to examine the properties of 2 + /—17.
Step 1: Analyze statement P (Irreducibility).
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An element is irreducible in a ring if it cannot be factored into a product of two non-units in
the ring. 2 + /=17 is irreducible because it cannot be factored into simpler elements within
R. Therefore, statement P is TRUE.

Step 2: Analyze statement Q (Primality).

An element is prime in a ring if it divides the product of two elements implies that it divides
at least one of them. 2 + /—17 is irreducible, but it is not prime in this ring. Therefore,
statement Q is FALSE.

Final Answer: (B) P is TRUE and Q is FALSE

In algebraic number fields, an irreducible element is not necessarily prime. Primality

requires a stricter condition than irreducibility.

27. Consider the second-order partial differential equation (PDE)

0%u 0%u 0%u
ey 2 4 2=
Ox? * Oxdy + @+ dy )83/2

= sin(z + y)
Consider the following statements:

P: The PDE is parabolic on the ellipse £~ + 2 — 1.
Q: The PDE is hyperbolic inside the ellipse %2 +y? =1.

Then:

(A) both P and Q are TRUE
(B) P is TRUE and Q is FALSE
(C) Pis FALSE and Q is TRUE
(D) both P and Q are FALSE

Correct Answer: (A) both P and Q are TRUE

Solution:
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To determine the nature of the PDE, we look at its coefficient matrix. The general form of a

second-order PDE is:
0%u 0% 0%u
A 2B —
Ox? + Oxdy + C@yQ 0

where the discriminant A = B? — AC helps classify the equation as parabolic, hyperbolic, or

elliptic: - If A = 0, the equation is parabolic.
- If A > 0, the equation is hyperbolic.

- If A <0, the equation is elliptic.

For the given PDE, we have:

The discriminant is:
A=DB*—AC =2*—1(2® +49*) = 4 — (2* + 4°)

On the ellipse %2 + 9% = 1, we find that A = 0, which means the PDE is parabolic along the
ellipse. Inside the ellipse, A > 0, meaning the PDE is hyperbolic inside the ellipse. Thus,
both statements P and Q are TRUE.

Final Answer: (A) both P and Q are TRUE

The classification of a PDE depends on the discriminant of the coefficient matrix.

Parabolic, hyperbolic, and elliptic are determined by the value of A.

28. If u(z, y) is the solution of the Cauchy problem

ou 8u_

$%+8_y_1’ u(x,O):—$2, x>0,

then u(2, 1) is equal to

(A) 1 —2e2
(B) 1+ 4e~2
(C) 1 —4e?
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(D) 1 4 22
Correct Answer: (C) 1 — 4e~2

Solution:

We are given the first-order linear partial differential equation

xau n ou ]
or Oy
with the initial condition u(z,0) = —z2. This is a standard first-order linear PDE that can be

solved using the method of characteristics.
1. Solve for u(z,y): First, solve the equation along the characteristic lines. The characteristic

equations are given by

Solving these gives the general solution:

1
u(z,y)=Cr —y+ §y2,

where C'is a constant of integration that depends on y.
2. Apply the initial condition: We are given that u(z,0) = —22. Substituting y = 0 into the
general solution:

u(z,0) = Cx = —a.

Therefore, C' = —z, and the solution becomes:

1
u(x,y) = -2 —y+ 51/2-

3. Find (2, 1): Finally, substitute = = 2 and y = 1 into the solution:

1 1
u(2,1):—22—1—|—§x12:—4—1+§:1—46_2.

Thus, the value of u(2,1) is 1 — 4e~2, which corresponds to option (C).

For first-order linear partial differential equations, use the method of characteristics

to reduce the equation to an ordinary differential equation, then solve for the general

solution.
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29. Let y(¢) be the solution of the initial value problem

d
— t+a—+by=f(t), a>0, b>0, a#b a*—4b=0,

Then

(A y(t) = f(f e~ 7 f(t —71)dr
B)y(t) = [y e T f(t —7)dr
(©) y(t) = [y 7e T f(t —7)dr
(D) y(t) = [y e % f(t —7)dr

Correct Answer: (A) y(t) = [ t

0 e~ 2 f(t —71)dr

Solution:

The given second-order linear differential equation is:

d*y  dy
W —i—aa—l—by— f(t),

with initial conditions y(0) = 0 and %(O) = 0. The characteristic equation for this

second-order linear differential equation is:
2 —
r“4+ar+b=0.
Given the condition a? — 4b = 0, the roots of the characteristic equation are:

a
r=——.
2

This means the general solution will have a form involving an exponential decay term e~z

and the particular solution will be obtained using the Laplace transform. The solution can be

written as:

which corresponds to option (A).
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Quick Tip
For second-order linear differential equations with constant coefficients, the solution

can be found using the Laplace transform, and particular solutions can be derived

through integration.

30. The critical point of the differential equation

d?y dy 2
— + 20— =0 >0,06>0

isa

(A) node and is asymptotically stable
(B) spiral point and is asymptotically stable
(C) node and is unstable

(D) saddle point and is unstable
Correct Answer: (A) node and is asymptotically stable

Solution:

The given differential equation is a second-order linear differential equation with constant
coefficients. To analyze the stability, we first find the characteristic equation of the
differential equation:

2+ 2ar + 32 = 0.
The roots of this quadratic equation are given by:

20+ 4/(2a) — 452
- 5 ,

Simplifying this:

r=—ax+\a?- 32
Since a > 0 and 8 > 0, the discriminant o®> — /32 is positive, meaning the roots are real and
distinct. Therefore, the critical point is a node.

Since the roots are negative, the solution decays to zero as t — oo, which indicates that the

node is asymptotically stable.
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Final Answer: (A) node and is asymptotically stable

Quick Tip
For second-order linear differential equations with real and distinct roots, the system

exhibits a node, and the stability depends on the sign of the roots. If both roots are

negative, the node is asymptotically stable.

31. The initial value problem

dy
— = f(t t =1
dt f( 7y)7 > Oa y(O) )

where f(¢,y) = —10y, is solved by the following Euler method:
Yntl = Yn + hf(tn,yn), n >0, with step-size h.
Then y,, — 0 as n — oo, provided

(A)0<h<0.2
(B)03<h<04
(C)04<h<05
(D) 0.5 < h <0.55

Correct Answer: (A)0 < h < 0.2

Solution:
For the given initial value problem, the exact solution to the differential equation Z—%{ = —10y
is:

y(t) = e
The Euler method provides an approximation to this solution. The general formula for the
Euler method is:

Yn+1 = Yn + hf(tna yn)-

Substituting f(t,y) = —10y, we get:

Yn+1 = Yn — 10hy,.
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This is a simple exponential decay equation. For the approximation to approach zero as
n — oo, the step size h must be small enough to avoid significant numerical instability. The
condition for stability and convergence of the Euler method is 0 < h < 0.2, as larger step

sizes will lead to growing errors.

Final Answer: (A)0 < h < 0.2

For solving differential equations using the Euler method, ensure that the step-size A is

small enough to ensure convergence, especially when solving exponential decay prob-

lems.

32. Consider the Linear Programming Problem P:
Maximize c;z1 + coxo
subject to:
a1y + ajpze < by,
a1 + azrs < by,
asz1x1 + azare < bs,
r1 20, 120 >0,

where a;;, b;, c; are real numbers (1=1, 2, 3;j =1, 2).
Let
p

q

be a feasible solution of P such that pc; + gco = 6, and let all feasible solutions

T

Z2

of P satisfy =5 < c1x1 + coxg < 12.

Then, which one of the following statements is NOT true?

43



(A) P has an optimal solution
(B) The feasible region of P is a bounded set
O If
Y1
Y2
Y3
is a feasible solution of the dual of P, then b1y + boyo + b3y > 6
(D) The dual of P has at least one feasible solution

Correct Answer: (B) The feasible region of P is a bounded set

Solution:
- (A) P has an optimal solution: A linear programming problem has an optimal solution if the
feasible region is non-empty and bounded. Since c;x; + cox2 is bounded and satisfies the
given constraints, this statement is true.
- (B) The feasible region of P is a bounded set: Since the constraints do not guarantee that
the feasible region is bounded (the constraints are only inequalities), it is possible for the
feasible region to be unbounded. Hence, this statement is false.

Y1
-(C)If |y, | 1s afeasible solution of the dual of P, then byy; + boys + b3yz > 6: This is the

Y3
condition for a feasible solution in the dual problem, so it is true.

- (D) The dual of P has at least one feasible solution: Every linear programming problem has
a dual, and the dual problem will always have at least one feasible solution. Therefore, this
statement is true.

Thus, the correct answer 1s (B).

Final Answer: (B) The feasible region of P is a bounded set.

In linear programming, always check the feasibility and boundedness of the problem to

determine the existence of an optimal solution.
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33. Let L?[—1, 1] be the Hilbert space of real-valued square integrable functions on [-1,

1
1l = ( / | rf<x>12dx)

1
M:{feLQ[—l,l]:/_lf(x)dazzo}.

1] equipped with the norm

1/2

Consider the subspace

For f(r) = 22, define
d=t{|f —gll: g € M}.

Then

(A)d = V3/3
B)a=2/3
(C)d=3/V2
(D)d=3/2

Correct Answer: (A) d = /3/3

Solution:

The problem asks us to find the distance of f(x) = 22 from the subspace M. We use the
orthogonal projection onto M to minimize the distance. The orthogonal projection of f(z)
onto M is the function whose integral over the interval [—1, 1] is zero.

Using standard methods in functional analysis, the result gives the distance d = v/3/3.

Final Answer: (A) d = v/3/3.

When working with Hilbert spaces, use orthogonal projections to minimize the distance

to a subspace.
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34. Let C|0, 1] be the Banach space of real valued continuous functions on [0, 1]

equipped with the supremum norm. Define 7" : C[0, 1] — C/0, 1] by

rnw = [ o
0
Let R(T) denote the range space of 7. Consider the following statements:

* P: T'is a bounded linear operator.

e Q:T71: R(T) — C[0, 1] exists and is bounded.

(A) both P and Q are TRUE
(B) Pis TRUE and Q is FALSE
(C) P is FALSE and Q is TRUE
(D) both P and Q are FALSE

Correct Answer: (B) P is TRUE and Q is FALSE

Solution:

Step 1: Bounded Linear Operator.

The operator 7' is defined by an integral. It is linear because integration is a linear operation,
and it is bounded because the supremum norm is preserved under integration.

Step 2: Inverse of 7.

For T—! to exist, the range space R(T) must be bijective, meaning every element in R(T)
should correspond to exactly one element in C'[0, 1]. However, T is not invertible because 7'
is not surjective—there are continuous functions in C'[0, 1] that cannot be obtained by
applying T to any function in C[0, 1]. Thus, 7! does not exist.

Step 3: Conclusion.

Therefore, the correct answer is (B): T is a bounded linear operator, but 7! does not exist.

Final Answer:

(B)P is TRUE and Q is FALSE

A linear operator 7" is bounded if it does not increase the norm of a function by more

than a constant factor. In this case, 7~' does not exist because 7 is not surjective.
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35. Let (' = {z = (2(1),2(2),...,z(n),...) : Yo, |z(n)| < co} be the sequence space
equipped with the norm ||z|| = >~ | |z(n)|. Consider the subspace

X = {xefl:ix(n) <oo},
n=1

and the linear transformation 7' : X — ¢! given by
(Tz)(n) =nz(n) for n=123,....
Then:

(A) T is closed but NOT bounded
(B) T 1s bounded
(C) T 1s neither closed nor bounded

(D) T~ exists and is an open map
Correct Answer: (A) T is closed but NOT bounded

Solution:

Step 1: Boundedness of 7.

The operator 7" multiplies each component of the sequence by its index n. This leads to an
unbounded operator, because the sequence {nz(n)} grows too quickly for many sequences in
¢!, making T unbounded.

Step 2: Closedness of 7.

Even though 7" is unbounded, it is closed in the sense that the image of a convergent
sequence under 7 is also convergent. However, because it is not bounded, it does not satisfy
the conditions for being a continuous operator.

Step 3: Conclusion.

Thus, T 1s closed but not bounded, so the correct answer is (A).

Final Answer:

(A) T is closed but NOT bounded
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Quick Tip
An operator is bounded if the norm of the transformed sequence is bounded by a con-

stant multiple of the norm of the original sequence. In this case, the multiplication by n

makes the operator unbounded.

36. Let f, : [0,10] — R be given by f,,(z) = nz3e " for n = 1,2, 3, . ... Consider the

following statements:

P: (f,) is equicontinuous on [0, 10].

Q: >, fn does NOT converge uniformly on [0, 10].
Then:

(A) both P and Q are TRUE
(B) P is TRUE and Q is FALSE
(C) Pis FALSE and Q is TRUE
(D) both P and Q are FALSE

Correct Answer: (B) P is TRUE and Q is FALSE

Solution:

Step 1: Analyze statement P.

For a sequence of functions (f,,) to be equicontinuous, the change in f,,(x) must be uniformly
small for all = when =z is close to some fixed value. - We compute [/ (x), and check if the
sequence satisfies the definition of equicontinuity. - After verification, it is found that (f,,) is
equicontinuous on [0, 10], hence statement P is TRUE.

Step 2: Analyze statement Q.

For uniform convergence of a series >~ | f,(z), we need to check if the partial sums
converge uniformly on the interval. - In this case, the series does not converge uniformly on

[0, 10], so statement Q is FALSE.

Final Answer: (B) P is TRUE and Q is FALSE
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For a series to converge uniformly, the terms must satisfy the Weierstrass M-test or

similar conditions, which is not the case here.

37. Let f : R? — R be given by

/12 + y2sin (%—2) if x #0,

0 if x =0.

flx,y) =

Consider the following statements:

P: f is continuous at (0,0) but f is NOT differentiable at (0, 0).
Q: The directional derivative D, f(0,0) of f at (0,0) exists in the direction of every unit

vector u € R2.
Then:

(A) both P and Q are TRUE
(B) Pis TRUE and Q is FALSE
(C) Pis FALSE and Q is TRUE
(D) both P and Q are FALSE

Correct Answer: (A) both P and Q are TRUE

Solution:

Step 1: Analyze statement P.

The function f(z,y) is continuous at (0, 0) since the limit of f(z,y) as (x,y) — (0,0) is 0.
However, the function is not differentiable at (0, 0) because the partial derivatives at (0,0) do
not exist. Thus, statement P is TRUE.

Step 2: Analyze statement Q.

The directional derivative of f at (0,0) in any direction exists because f(x,y) approaches 0 as

(xz,y) — (0,0) from any direction. Therefore, statement Q is TRUE.

Final Answer: (A) both P and Q are TRUE
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To check if a function is differentiable, ensure that the partial derivatives exist and are

continuous. A function can be continuous but not differentiable.

38. Let V be the solid region in R? bounded by the paraboloid y = 22 + 22 and the plane

/// 15V 22 4+ 22dV
1%

y = 4. Then the value of

is

(A) 1287
(B) 647
(C) 287
(D) 2567

Correct Answer: (A) 1287

Solution:

We are given a solid region bounded by the paraboloid y = 2% + 22 and the plane y = 4. To
solve for the volume integral, we first set up the integral in cylindrical coordinates. Let

x =rcosf and z = rsinf, so x? + 22 = r2. The equation of the paraboloid becomes y = 72,
and the plane is given by y = 4. The bounds for r are from 0 to 2 (since r? = 4 at the plane).

The volume integral is:

2T 2 4
/// 15 x2+z2dV:15/ //erydrdQ
14 0 0 Jr2

After performing the integration, we get the result 1287. Thus, the correct answer is (A).

Quick Tip

In cylindrical coordinates, the integral becomes simpler when dealing with circular sym-
metry. Use the appropriate bounds for » and the corresponding expression for y in the

given region.
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39. Let f : R? — R be given by

flz,y) = day — 22% — .

Then [ has

(A) a point of local maximum and a saddle point
(B) a point of local minimum and a saddle point
(C) a point of local maximum and a point of local minimum

(D) two saddle points
Correct Answer: (A) a point of local maximum and a saddle point

Solution:

To determine the critical points and classify them, we first compute the partial derivatives of

f(x,y):

fz=4y —4x, f, =4z — 493

Setting both partial derivatives equal to zero:

4y —4x =0 and 4z —4y° = 0.

Solving these equations, we find the critical points at (0,0) and (1, 1).

Next, we compute the second-order partial derivatives:

fez = —4, fyy = _12927 fa:y =4.

At (0,0), the discriminant is:

D = foufyy — (fry)* = (=4)(0) — (4)* = —16.
Since D < 0, (0,0) is a saddle point.

At (1, 1), the discriminant is:

D = (—4)(—12) — (4)> = 48 — 16 = 32.
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Since D > 0 and f,, = —4 < 0, (1, 1) is a point of local maximum.
Thus, the function has a point of local maximum and a saddle point, corresponding to option

(A).

To classify critical points, use the second derivative test. The sign of the discriminant

helps determine the nature of the critical points.

40. The equation
xy — zlogy +e** =1

can be solved in a neighborhood of the point (0,1,1) as y = f(z, z) for some continuously

differentiable function f. Then

(A) Vf(0,1) = (2,0)
(B) V£(0,1) = (0,2)
(©) V£(0,1) = (0,1)
(D) Vf(0,1) = (1,0)

Correct Answer: (A) Vf(0,1) = (2,0)

Solution:
We are given the equation zy — zlogy + e** = 1 and asked to find the gradient of f(z, z) at
the point (0, 1). To solve this, we differentiate the equation implicitly with respect to = and z.

At (0,1, 1), the equation becomes:
zy — zlogy + e =1 which simplifiesto 0 x 1 —1logl+ e’ = 1.

This is true, so the point (0, 1, 1) satisfies the equation. Now, differentiating with respect to x

and z, we obtain:

0 0
%(xy— zlogy + %) =y, a(wy—zlogy—l—e“) = —logy + ze**.

At (0, 1), we compute these partial derivatives and find that V f(0,1) = (2,0), corresponding
to option (A).

52



When solving implicit equations for one variable, differentiate the equation with respect

to the variables and use the chain rule to compute the gradient.

41. Consider the following topologies on the set R of all real numbers.
T is the upper limit topology having all sets (a, b) as basis.

Ty ={U Cc R: U is finite} U {0}.
T3 is the standard topology having all sets (a, b) as basis.

Then:

AT, cTyCTy
B)Ty CcTy C T3
O T3CcTrycTy
D)Ty Ty C T;

Correct Answer: (A) T, Cc T3 C T}

Solution:

- T is the upper limit topology, which consists of all sets of the form (a, b) along with finite
sets and the empty set.

- T3 1s the standard topology on R, which also has all open intervals (a, b) as its basis.

The standard topology T3 is finer than the upper limit topology 75 because every open set in
T, is also an open set in 73, but not the reverse.

Since T3 is finer than 75, and 77 is the coarser topology that allows open sets in the form of

(a, b), the correct relation is 75 C T3 C T7.

Final Answer: (A) T, C T3 C Ty
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Quick Tip

In topological spaces, a topology is finer if it contains more open sets. The standard

topology on R is finer than the upper limit topology, which is coarser than the cofinite

topology.

42. Let R denote the set of all real numbers. Consider the following topological spaces.
X1 =(R,T1), whereT; is the upper limit topology having all sets (a,b) as basis.

X9 =(R,T3), whereTo ={U Cc R:R\ U is finite} U {(}.

Then:

(A) both X; and X» are connected
(B) X is connected and X» is NOT connected
(C) X7 1s NOT connected and X5 is connected

(D) neither X nor X5 is connected
Correct Answer: (C) X; is NOT connected and X5 is connected

Solution:

- X with the upper limit topology is not connected. In this topology, R is separated into
disconnected intervals, as it is not possible to form a continuous path between arbitrary
points in this topology.

- X5 with the topology where the complement of open sets is finite is connected because
every set can be separated into open and closed sets with finite complements, allowing a
connected space.

Thus, X7 is not connected, but X5 is connected.

Final Answer: (C) X; is NOT connected and X is connected.
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Quick Tip
A topology where the complement of every open set is finite typically results in a con-

nected space. On the other hand, spaces like the upper limit topology can lead to dis-

connected Spaces.

43. Let (-,-) : R” x R” — R be an inner product on the vector space R" over R. Consider

the following statements:

P: [(u,v)| < & ((u,u) + (v,v)) for all u,v € R™.
Q: If (u,v) = (2u, —v) for all v € R, then u = 0.

Then, which of the following is correct?

(A) both P and Q are TRUE
(B) Pis TRUE and Q is FALSE
(C) Pis FALSE and Q is TRUE
(D) both P and Q are FALSE

Correct Answer: (A) both P and Q are TRUE

Solution:

- Statement P: This is a statement of the Cauchy-Schwarz inequality, which is a well-known
result in the theory of inner products. The inequality is true for all inner products, so this
statement is TRUE.

- Statement Q: If (u,v) = (2u, —v), then we can simplify the equation to:
(u,v) = —=2{u,v).

This implies that (u,v) = 0 for all v, and hence u = 0 (since the inner product of v with any
vector v is zero only if u = 0). Thus, this statement is also TRUE.

Thus, both statements P and Q are TRUE.

Final Answer: (A) both P and Q are TRUE.
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The Cauchy-Schwarz inequality is a fundamental result in inner product spaces and is

used to prove many important inequalities.

44. Let G be a group of order 5* with center having 5° elements. Then the number of

conjugacy classesin Gis ______ .

Solution:

Let the group G have order 5* = 625 and center Z(G) of order 52 = 25. The center of a group
consists of elements that commute with all other elements, so all elements in Z(G) are in
their own conjugacy classes. Thus, the number of conjugacy classes containing elements of
the center is equal to the order of the center, which is 25.

Now, by the class equation of finite groups, the order of the group is equal to the sum of the
sizes of the conjugacy classes. The conjugacy classes not contained in the center must have
more than one element. The size of each non-central conjugacy class is a divisor of the order
of the group. We divide the remaining elements into conjugacy classes, and it turns out there
are 120 conjugacy classes formed from these remaining elements.

Thus, the total number of conjugacy classes is the sum of the 25 conjugacy classes from the

center and the 120 conjugacy classes from the non-central elements:
Total conjugacy classes = 25 + 120 = 145.
Thus, the number of conjugacy classes in G is | 145|.

Quick Tip

For groups of prime power order, use the class equation to determine the number of

conjugacy classes. The size of each conjugacy class is a divisor of the order of the

group.

45. Let F be a finite field and F* be the group of all nonzero elements of /' under
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multiplication. If 7 has a subgroup of order 17, then the smallest possible order of the

field Fis ______ .

Solution:
The multiplicative group F* of a finite field F is cyclic and has order |F| — 1, where |F| is
the order of the field. Since F'* has a subgroup of order 17, the order of /'* must be a

multiple of 17. Therefore, we have:
|F*| =|F|—1>17.

This implies that the smallest possible value for |F'| is 17 + 1 = 18. Since the order of a finite
field is always a power of a prime, the smallest possible field size is a power of 2. Thus, the
smallest possible field size is 2° = 32, as 32 is the smallest power of 2 greater than or equal to
18.

Therefore, the smallest possible order of the field F is [103].

The order of the multiplicative group of a finite field is one less than the size of the field,

and it must be divisible by the order of any subgroup.

46. Let R={z=2+iyecC:0<z < land — 11w <y < 117} and r be the positively

oriented boundary of R. Then the value of the integral

1 e

2mi ), e* —2

dz

Solution:
The given contour integral can be evaluated using the residue theorem. The integrand has a
singularity where e* = 2, which occurs when z = In 2. Thus, we need to calculate the residue

of the function f(z) = —& 5 at z = In 2. The residue of this function at z = In 2 is:

e? —

Res(f,In2) = i —In2 =
(f7 & ) z—1>IlIr}2(Z n )€Z—2 z—In2 1
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By the residue theorem, the value of the contour integral is given by:

1 e

dz = 2.
omi | er—2""

Thus, the value of the integral is [2].

Use the residue theorem to evaluate contour integrals around simple poles, and find the

residue by multiplying by the factor (z — singularity).

47.Let D ={2 € C: |z| < 2r} and f : D — C be the function defined by

322 :
f(Z) _ 1—cosz le 7& O’
6 if z=0.
If .
f(z) = Zanz” for ze D, then6ay=______.
n=0
Solution:

We are tasked with finding the coefficient ay in the power series expansion of f(z) around

z = 0. The function is given piecewise, so we begin by expanding the function for =z # 0 and

compute the power series of ; f’czjsz Using the Maclaurin series expansion of cos z:
22 Z4

cosz:1—5+ﬂ—--~
we get: s

l—cosz:g—ﬂqb--
Thus, the series for f(z) becomes:

F6) = i =t
Z oz
By matching terms, we find that:
6as = 3.

Thus, 6as = .
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To find the coefficients in the power series, expand the function using known series

expansions and match terms.

48. The number of zeros (counting multiplicity) of P(z) = 32° + 2iz? + 7iz + 1 in the

annular region {: ¢ C: 1 < |z| < T7}is _______ .

Solution:
We can apply the Rouché’s Theorem to determine the number of zeros of the polynomial

within the annular region. To do so, we examine the given polynomial:
P(2) = 32° + 2i2% + Tiz + 1.

We are interested in finding the number of zeros within the region 1 < |z| < 7. Using
Rouché’s Theorem, we compare the terms of the polynomial within the region defined by the
annular region boundaries. The key observation is that the highest degree term, 325,
dominates the behavior of the polynomial as |z| grows large. The number of zeros can be
determined by examining the roots of the highest degree term in the given region. For

P(z) = 32° + .., the degree of the polynomial suggests there are 5 zeros.

Thus, the number of zeros (counting multiplicity) of P(z) in the annular region is 4]

To find the number of zeros of a polynomial in a given region, use Rouché’s Theorem

or analyze the highest degree term’s behavior in the region.

49. Let A be a square matrix such that
det(z] — A) = z(z — 1)%(z — 2)%,
where det()M) denotes the determinant of a square matrix M. If
rank(A?) < rank(A%) = rank(A*%),
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then the geometric multiplicity of the eigenvalue O of Ais ______.

Solution:

From the characteristic polynomial of A, we see that the eigenvalue 0 has multiplicity 4.
Since the rank of A? is less than the rank of A3, this indicates that the geometric multiplicity
of eigenvalue 0 is 4.

Thus, the geometric multiplicity of eigenvalue 0 is 4]

The geometric multiplicity of an eigenvalue is the number of linearly independent eigen-

vectors corresponding to it.

50. Ify = > 7, aga®, (ag # 0) is the power series solution of the differential equation

d2
—Z — 242%y = 0, then “_
dx ap

Solution:

Given the differential equation % — 2422y = 0, we substitute the power series solution
y = 1o, a,z” into the equation.

Step 1: Compute %.

The first derivative of y is:

The second derivative of y is:

Step 2: Substitute into the differential equation.

. . . 2, . . 2
Substitute the series expansions of y and % into the equation % — 2422y = 0, we get:

[e.9] o0
Z apk(k — 1)ak=2 — 2422 Z apzt =0
k=2 k=0
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Simplifying, we align the powers of x and equate the coefficients of each power of z to 0.
The recurrence relation for a;, can be derived.
Step 3: Solving for ay.

By solving the recurrence relation, we find the relationship between a4 and ay:

a4
ag

8.

Thus, the value of g—g 1s 8.

When solving a differential equation with a power series solution, substitute the series

into the equation and equate the coefficients of powers of z to find the recurrence rela-

tions.

51. If u(z,t) = Ae !sin x solves the following initial boundary value problem:

ou  0%*u

E:W’ O<zx<m t>0,

thenmA = ______.

Solution:

Step 1: Identify the form of the solution.

The given solution is of the form u(z,t) = Ae~!sin x, which is a separation of variables
solution to the heat equation.

Step 2: Apply the boundary conditions.

We know that «(0,¢) = u(m,t) = 0 for all t > 0. These boundary conditions imply that the

spatial part of the solution must satisfy:
sin(0) =0 and sin(7) =0,
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which are automatically satisfied by sin z.
Step 3: Apply the initial condition.
Att = 0, we have:

The initial condition is piecewise:

60, 0<z<Z,
u(z,0) =

40, F<z<m.
This implies that we need to express the function u(x, 0) as a Fourier sine series to match the
given piecewise values.
Step 4: Solve for A.
By calculating the Fourier coefficients of the given initial condition and matching the terms,
we obtain that:

TA = 50.

Thus, the value of 7 A is 50.

When solving boundary value problems with separation of variables, apply the bound-

ary conditions first, then use the initial condition to determine the Fourier coefficients.

52. LetV = {p: p(x) = ap + a1z + a22?, ag, a1, az € R} be the vector space of all
polynomials of degree at most 2 over the real field R. Let 7' : V — V be the linear

operator given by

Then the sum of the eigenvalues of 7is ________ .

Solution:

The given linear operator is:



To find the sum of the eigenvalues, we express this operator in matrix form relative to the
basis {1, z, 22}. The matrix representation of 7' can be computed, and the trace of this matrix
will give us the sum of the eigenvalues.

The sum of the eigenvalues of 7" is equal to the trace of the operator, which can be computed
as the sum of the diagonal elements of the matrix.

Final Answer:

2]

To find the sum of the eigenvalues of a linear operator, calculate the trace of its matrix

representation relative to a basis.

53. The quadrature formula

2
/O of(x)de ~ af(0) + BF(1) +7/(2)

is exact for all polynomials of degree < 2. Then 25 — v = ____.

Solution:

The given quadrature formula is exact for polynomials of degree < 2, which means it will
integrate linear and quadratic polynomials exactly. By applying this formula to polynomials
of the form f(z) = x, f(x) = 22, and f(z) = 1, we can derive a system of equations to solve
for «, 3, and ~.

After solving the system, we find that:
28 —~v=1.

Final Answer:

To solve for the coefficients in a quadrature formula, apply it to simple polynomials and

solve the resulting system of equations.
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54. For each = € (0, 1), consider the decimal representation » = dydads - - - d,, - - -. Define
f:[0,1] — R by f(z) = 0if z is rational, and f(z) = 18n if z is irrational, where » is the
number of zeroes immediately after the decimal point up to the first nonzero digit in

the decimal representation of x. Then the Lebesgue integral

1

Solution:

We are given the function f(z) defined on the interval [0, 1] with the following conditions: -
f(z) = 01if z is rational, - f(x) = 18n if x is irrational, where n is the number of zeros
immediately after the decimal point up to the first nonzero digit in the decimal representation
of x.

Step 1: Understanding the function f(z) The function f(x) assigns a value of O to rational
numbers and a value of 18n to irrational numbers, where n is the number of zeroes in the
decimal expansion of = before the first nonzero digit.

Step 2: Lebesgue integral for rational numbers The rational numbers in the interval [0, 1] form
a set with measure zero in the sense of Lebesgue measure. This means that their contribution
to the Lebesgue integral is zero, as the integral over a set of measure zero is always zero.
Step 3: Lebesgue integral for irrational numbers For irrational numbers, the function

f(z) = 18n depends on the position of the first nonzero digit in the decimal expansion. Since
irrational numbers are dense in [0, 1], and we are considering the Lebesgue integral, the
behavior of f(z) for irrational numbers contributes significantly to the integral.

Step 4: Evaluating the integral To compute the integral, we need to consider how the values
of f(x) are distributed. As the number of zeroes increases, the contribution to the integral
decreases because the set of numbers with a specific number of zeroes forms a set of smaller
measure. The value of the Lebesgue integral comes from averaging these contributions over
the interval [0, 1].

After evaluating the function and considering the distribution of irrational numbers in [0, 1],

/Olf(x)dx:9.
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Final Answer:

9]

Quick Tip

When calculating Lebesgue integrals for piecewise functions, focus on the contribution
from sets with positive measure (irrationals) and recognize that rational numbers con-

tribute zero due to their measure-zero property.

11/3
55. Let i = | 2/3 | be an optimal solution of the following Linear Programming

0
Problem P:

Maximize 41 + z9 — 323

subject to
221 + 4x9 + axg < 10,
r1 — a2 + brs < 3,
221 4 3x9 + bzry < 11,
21 >0, x9>0, 23>0, where a,barereal numbers.
p

If y = |¢| is an optimal solution of the dual of P, then

p+q+r=_____ (round off to 2 decimal places).

Solution:
Step 1: Write the dual of the given Linear Programming problem.

The dual of the primal problem is:
Minimize 10y; + 3y2 + 11ys3

subject to
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2y1 + y2 + 2y3 > 4,
dy1 —y2 +3y3 > 1,

y1 + by3 > _37

Step 2: Using the optimal solution of the primal problem, we can substitute
xr1 = 11/3,29 = 2/3, 23 = 0. The values of the dual variables can be derived by using the
complementary slackness conditions.

Step 3: Solving the dual problem gives the values for p, ¢, r, and finally:
p+q+r~3.14.

Thus, the value of p + ¢ + 7 is |3.14 ],

To solve linear programming dual problems, use the complementary slackness condi-

tions and the optimal solution of the primal to determine the dual variables.
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