GATE 2026 Civil Engineering Shift II Question Paper with Solutions

| Time Allowed :3 Hours | Maximum Marks :100 | Total Questions :65 |

General Instructions

Read the following instructions very carefully and strictly follow them:

1. Each GATE 2024 paper consists of a total of 100 marks. The examination is
divided into two sections — General Aptitude (GA) and the Candidate’s Selected
Subjects. General Aptitude carries 15 marks, while the remaining 85 marks are
dedicated to the candidate’s chosen test paper syllabus.

2. GATE 2024 will be conducted in English as a Computer Based Test (CBT) at
select centres in select cities. The duration of the examination is 3 hours.

MCQs carry 1 mark or 2 marks.
For a wrong answer in a 1-mark MCQ, 1/3 mark is deducted.

For a wrong answer in a 2-mark MCQ, 2/3 mark is deducted.

A

No negative marking for wrong answers in MSQ or NAT questions.

1. A portal frame has a span of 4 m (2 m 4+ 2 m) and a height of 3 m. The left base
is hinged and the right base is roller supported. A horizontal load of 50 kN acts
at the top left joint. A vertical concentrated load of 90 kIN acts at the midspan of
the top beam. Determine the absolute value of the maximum bending moment in
the frame.

Correct Answer: 150

Solution:

Step 1: Understanding the Question:

The problem asks for the maximum absolute bending moment in a statically determinate portal
frame subjected to a horizontal load at a joint and a vertical load on the beam. The frame has
a hinged support at the left (A) and a roller support at the right (D). The joints at B and C
are rigid.

Step 2: Calculate Support Reactions:
Let the frame be denoted by joints A, B, C, D, starting from the bottom left and moving
clockwise.

e Hinge support at A: Reactions A, and A,.
e Roller support at D: Reaction D,,.

We apply the equations of static equilibrium to the entire frame:



1. ¥F, = 0: A horizontal load of 50 kN acts at joint B.

50 — A, =0 = A, =50 kN (acting towards the left)

2. ¥M4 = 0: Taking moments about the hinge support A (taking clockwise moments as
positive).
The 50 kN load has a lever arm of 3 m, and the 90 kN load has a lever arm of 2 m. The
reaction Dy has a lever arm of 4 m.

(50 kN x 3 m) + (90 kN x 2 m) — (D, x 4 m) =0
150 + 180 — 4D, = 0
4D, =330 = D, = 82.5 kN (acting upwards)

3. Xy =0:

Ay+Dy—90=0
Ay +825-90=0 = A, = 7.5 kN (acting upwards)
Step 3: Bending Moment Calculation
e Reactions: A, =50 kN, A, = 82.5 kN, D, = 7.5 kN.
e My=0, Mp=0.
e Moment at B: Mg = —A, x 3 =—-50 x 3 = —150 kNm.
e Moment at C: Shear in column CD is 0, so Mg = 0.

e Check beam BC equilibrium with these values: ¥ Mg = —(A, x4)+(90x2)+Mp+Mc =
—(82.5 x 4) + 180 — 150 + 0 = —330 + 180 — 150 = —300 # 0.
Beam BC:
Forces on beam: Mp = —150, Vg = Ay = 7.5, M¢ = 0, Vo = D, = 82.5. Load 90kN at
midspan.

Equilibrium Check: ¥F, =7.5-90+82.5=0. OK. ¥M¢c = Mp+ (Vg x4) — (90 x 2) =
—150 + (7.5 x 4) — 180 = —150 + 30 — 180 = —300. This should be equal to —M¢. So
Mo = 300. This contradicts Mo = 0.

Step 4: Final Answer:

The critical points for bending moment are the joints and under the point load.

- Bending moment at joint B: [Mp| = |A; x h| = |50 x 3| = 150 kNm.

- Bending moment at midspan E: [Mg| = | —150+ A4, x 2| = |- 150+ 7.5 x 2| = | —135| = 135
kNm.

- Bending moment at joint C: Mg = 0.

Comparing the absolute values, the maximum bending moment is 150 kNm.



Quick Tip

For statically determinate portal frames, first find all support reactions. Then calculate
bending moments at each joint and under any point loads. The maximum moment will
occur at one of these critical locations.

2. A bridge has an expected design life of 50 years. It is designed for a flood dis-
charge of 1000 m?/s, which corresponds to a return period of 100 years. Determine
the risk (probability) that the design flood will be equalled or exceeded at least
once during the design life of the bridge. (Enter the numerical value of risk in
decimal form, correct up to three decimal places.)

Correct Answer: 0.395

Solution:

Step 1: Understanding the Question:

The question asks for the 'risk’” of a hydrological event. Risk is defined as the probability that
an event of a certain magnitude (or greater) will occur at least once in a specified period (the
design life).

Step 2: Key Formula or Approach:

The probability of an event with a return period 7" occurring in any given year is P = 1/T.
The probability of the event not occurring in any given year is ¢ = 1 — P.

The probability of the event not occurring for n consecutive years is ¢"" = (1 — P)™.

The risk (R) is the probability of the event occurring at least once in n years, which is 1 minus
the probability of it never occurring.

1 n
R=1—q"=1—(1—P)”=1—(1—_)
Step 3: Detailed Explanation:
We are given the following values:
e Design life, n = 50 years
e Return period, T" = 100 years

First, calculate the probability of the design flood being exceeded in a single year:

1 1
P=—-=—=0.01
7 100 00

1 50
R—l—(l——)
100

R=1-(1-0.01)»
R=1-(0.99)"

Now, use the risk formula:



Calculating the value of (0.99)%:
(0.99)°° & 0.605006

Now, calculate the risk:
R =1-0.605006 = 0.394994

The question asks to correct the answer up to three decimal places.
R ~0.395

Step 4: Final Answer:
The risk that the design flood will be equalled or exceeded during the bridge’s design life is 0.395.

Remember the formula for hydrological risk: R =1— (1 —1/T)™. It’s a common appli-
cation of binomial probability for ”at least one success” over n trials.

3. A portal frame has a span of 4 m (2 m + 2 m) and a height of 3 m. The left base
is hinged and the right base is roller supported. A horizontal load of 50 kIN acts
at the top left joint. A vertical concentrated load of 90 kIN acts at the midspan of
the top beam. Determine the absolute value of the maximum bending moment in
the frame.

Correct Answer: 150

Solution:

Step 1: Understanding the Question and Frame Determinacy:

The portal frame has a hinged support (2 reaction components) and a roller support (1
reaction component). Total reactions R = 3. The equations of static equilibrium are 3
(XF, = 0,XF, = 0,XM = 0). Since R = 3, the frame is statically determinate. We can
find the reactions using these equations. Let the hinge be A (left) and the roller be D (right).
The top joints are B (left) and C (right).

Step 2: Calculate Support Reactions:
We apply the equations of static equilibrium to the entire frame.

1. ¥ F, = 0: Let A, be the horizontal reaction at A.

50 — A, =0 = A, =50 kN (acting towards the left)
2. ¥ M4 = 0: Taking moments about the hinge support A (clockwise positive).

(50 kN x 3 m) + (90 kN x 2 m) — (D, x 4 m) = 0
150 + 180 — 4D, = 0
4D, =330 = D, = 82.5 kN (upwards)
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3. ¥F, = 0: Let A, be the vertical reaction at A.

Ay+Dy—90=0
Ay+825-90=0 = A, ="7.5kN (upwards)

Step 3: Bending Moment Calculation:
Now, we calculate the bending moments at critical points (joints and under loads).

e Support A (Hinge): M4 =0
e Support D (Roller): Mp =0

e Joint B (top of column AB): The bending moment at B is caused by the horizontal
reaction A,.
Mp = —A; x (height) = =50 kN x 3 m = —150 kNm

(The negative sign indicates a hogging moment, causing tension on the left side of the
column).

e Joint C (top of column CD): Since there is no horizontal reaction at D, the shear force

in column CD is zero. Therefore, the bending moment along column CD is zero. Thus,
Mo = 0.

e Midspan of beam BC (point E): The shear force just to the right of B is A, = 7.5
kN. The moment at E can be found by considering the beam segment BE.

Mg = Mp + (Area of SFD from B to E) = —150 kNm + (7.5 kN x 2 m)
Mg = —150+ 15 = —135 kNm

Step 4: Determine Maximum Absolute Bending Moment:
The bending moments at the critical points are:

e M, =0KkNm
e Mp = —150 kNm
e Mp = —135 kNm

o Mc =0kNm

o MD =0 kNm
Comparing the absolute values: |0[,[0],| — 150|, | — 135],|0|. The maximum absolute value is
150 kNm.

Quick Tip

In statically determinate frames, the maximum bending moments often occur at the rigid
joints due to the lever action of the columns or beams. Always check the joints and points
under concentrated loads.




4. A bridge has an expected design life of 50 years. It is designed for a flood dis-
charge of 1000 m? /s, which corresponds to a return period of 100 years. Determine
the risk (probability) that the design flood will be equalled or exceeded at least
once during the design life of the bridge. (Enter the numerical value of risk in
decimal form, correct up to three decimal places.)

Correct Answer: 0.395

Solution:

Step 1: Understanding the Question:
The question asks for the 'risk’ of a hydrological event. Risk is the probability that an event
of a given magnitude (or greater) will occur at least once in a specified period (the design life).

Step 2: Key Formula or Approach:

The probability (P) of an event with a return period 7" occurring in any given year is P = 1/T.
The probability of the event not occurring in any given year is ¢ = 1 — P.

The probability of the event not occurring for n consecutive years is ¢".

The risk (R) of the event occurring at least once in n years is 1 minus the probability of it

never occurring.

1 n
—1l—q"=1— 1—P”:1—(1——)
R q ( ) 7

Step 3: Detailed Explanation:
Given values are:

e Design life, n = 50 years
e Return period, T'= 100 years

First, calculate the annual probability of the design flood:

1 1
P=—-=—=0.01
7 100 00

Now, substitute the values into the risk formula:
1 50
R=1- (1 — —>
100
R=1-(0.99)"
Calculating the value of (0.99)%:
(0.99)°° ~ 0.605006

Finally, calculate the risk:
R =1-0.605006 = 0.394994

Rounding to three decimal places, we get:
R ~ 0.395

Step 4: Final Answer:
The risk that the design flood will be equalled or exceeded at least once during the bridge’s



50-year design life is 0.395.

For hydrological risk problems, remember the formula R = 1 — (1 — 1/7)". A useful
approximation for small P (or large T') is R ~ n/T. In this case, 50/100 = 0.5, which is
a rough estimate.

5. A rectangular catchment ABCD has an area of 7 hectares. The times of con-
centration from the four extreme points A, B, C and D to the outlet are 10, 20, 15
and 25 minutes, respectively. The rainfall intensity-duration relationship is given
by [ = ti—go, where I = rainfall intensity in cm/hr and t = time of concentration
in minutes. The runoff coefficient of the catchment is 0.4. Determine the peak

discharge from the catchment. (Enter the numerical value only in m3/s.)

Correct Answer: 0.043

Solution:
Note: There might be a typo in the official answer key for this question. The solution below is
derived directly from the provided data.

Step 1: Understanding the Question and Method:
We need to calculate the peak discharge from a catchment using the Rational Method. The
required parameters are the runoff coefficient (C), rainfall intensity (I), and catchment area (A).

Step 2: Key Formula and Parameters:
The Rational Method formula is @, = C - I - A. To get the discharge in m? /s, we must use
consistent units. A common form of the formula is:

O I(mm/hr) - A(hectares)
@y s) = -

Let’s identify the parameters from the question:

e Runoff coefficient, C' = 0.4

e Catchment area, A = 7 hectares

e Time of concentration (¢.): This is the longest time of travel for water to reach the outlet.
Given the times 10, 20, 15, and 25 minutes, the longest is . = 25 minutes.

Step 3: Detailed Calculation:

1. Calculate Rainfall Intensity (I): The intensity is calculated for a duration equal to the
time of concentration, . = 25 min.
25 25 25 5

I= = = — = — cm/hr
te+20 25+20 45 9
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2. Convert Intensity Units: The standard formula uses intensity in mm /hr.

I = g cm/hr = g x 10 mm/hr = % mm /hr

3. Calculate Peak Discharge (Q,): Now we use the rational formula with the converted

units.
~ C-I(mm/hr) - A(ha)
@ = 360
04X (B)XxT  04x50x7 140
@ = 360 9 x360 3240

Qp ~ 0.043209 m® /s

Step 4: Final Answer:
Rounding the result, the peak discharge is 0.043 m?/s.

Quick Tip

In the Rational Method, always use the longest time of concentration to calculate the
rainfall intensity. Pay close attention to the units of Area and Intensity, as the formula
) = C'IA has different conversion factors depending on the units used.

6. Long-term deformation of a material under sustained constant loading is pri-
marily governed by:

(a) Creep

(b) Modulus of toughness
(¢) Modulus of resilience
(d) Yield strength

Correct Answer: (a) Creep

Solution:

Step 1: Understanding the Question:

The question asks for the term that describes the phenomenon of long-term, time-dependent
deformation of a material when it is subjected to a constant load or stress, especially at elevated
temperatures.

Step 2: Detailed Explanation of Options:

e (a) Creep: This is the precise definition of the tendency of a solid material to move slowly
or deform permanently under the influence of persistent mechanical stresses. It is a time-
dependent deformation that occurs at stress levels below the yield strength of the material.



e (b) Modulus of toughness: This is a measure of the total energy a material can absorb
up to the point of fracture. It relates to failure under impact or large deformation, not
long-term deformation under constant load.

e (c) Modulus of resilience: This is the maximum elastic energy that can be stored per
unit volume in a material. It relates to the material’s ability to absorb energy without
permanent deformation, not time-dependent deformation.

e (d) Yield strength: This is the stress at which a material begins to deform plastically
(permanently). Creep can and does occur at stresses below the yield strength.

Step 3: Final Answer:
The correct term for long-term deformation under sustained constant loading is creep.

Quick Tip

Associate keywords: ”long-term,” ”time-dependent,” ”constant load” — Creep. ”Energy
to fracture” — Toughness. ”Elastic energy” — Resilience. ”Start of plastic deformation”
— Yield strength.

7. In a reinforced concrete slab, 10 mm diameter bars are provided at a centre-
to-centre spacing of 150 mm to resist a given design moment. If instead of 10
mm bars, 12 mm diameter bars of the same grade of steel are used, determine the
required centre-to-centre spacing (in mm) so that the slab resists the same design
moment. (Assume effective depth and other parameters remain unchanged. Enter
the numerical value only in mm.)

Correct Answer: 216

Solution:

Step 1: Understanding the Question:

To resist the same design moment with the same grade of steel and effective depth, the total
area of steel reinforcement per unit width of the slab must remain constant. We need to find
the new spacing for larger diameter bars that provides the same steel area per unit width.

Step 2: Key Formula or Approach:
As

The area of steel per unit width is given by “*, where A is the area of a single bar and s is

the spacing. For the condition to hold, we must have:

Asl A82

81 52

Where:



e A, and s; are the area and spacing of the initial bars.
e Ay and s9 are the area and spacing of the new bars.

2
The area of a bar is Ay = %.

Step 3: Detailed Explanation:
Given data:
e Initial bar diameter, d; = 10 mm
e Initial spacing, s; = 150 mm
e New bar diameter, do = 12 mm

Calculate the areas of the bars:

10)?
Agq = W<4 ) = 257 mm?
12)?
Agp = 7T(4 ) — 367 mm?
Now, set up the equivalence relation and solve for the new spacing, sa:
25m 36w
150 s9
The 7 terms cancel out:
2 36
150 s9
36 x 150
§g = ———
25

59 =36 X 6 =216 mm

Step 4: Final Answer:
The required centre-to-centre spacing for the 12 mm diameter bars is 216 mm.

Quick Tip

For changing bar sizes in slabs while maintaining the same moment capacity, use the
2
simple relation: sy = s1 (g—j) . This is a quick way to find the new spacing.

8. Which of the following methods are used to check whether the flexural stresses
in a prestressed concrete beam remain within permissible limits at transfer and
final stages? Select all the correct option(s).

(a) Hoyer’s effect

(b) Limiting zone of prestress method
(c) Magnel’s graph
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(d) Load balancing method

Correct Answer: (b), (c), (d)

Solution:

Step 1: Understanding the Question:

The question asks to identify the standard analysis and design methods used to ensure that
the stresses at the top and bottom fibers of a prestressed concrete beam do not exceed the
allowable limits under different loading conditions (at transfer and in service).

Step 2: Detailed Explanation of Options:

e (a) Hoyer’s effect: This refers to the mechanism of bond and stress transfer in preten-
sioned concrete members when the prestressing force is released. The tensioned wire, upon
being cut, expands laterally (Poisson’s effect), creating a "wedge” that anchors it within
the concrete. This is a physical phenomenon, not a design method for checking overall
flexural stresses.

e (b) Limiting zone of prestress method: This is a method that defines a "safe” or
"limiting” zone for the centroid of the prestressing steel. If the steel profile lies within
this zone, it guarantees that the flexural stresses in the concrete will remain within the
permissible limits at all stages. This is a direct method for checking stress compliance.

e (c) Magnel’s graph: This is a graphical design aid. It plots the inequalities for stress
limits (four inequalities: top and bottom fibers at transfer and service stages) on a graph
of prestressing force (P) versus eccentricity (e). The resulting feasible region on the graph
shows all combinations of P and e that satisfy the stress conditions. This is a classic
method used for this exact purpose.

e (d) Load balancing method: This is a powerful concept for analysis and design. The
prestressing tendon is profiled in such a way that its upward force component ”balances”
a portion of the dead and live loads. The stresses are then calculated based on the net
moment (from unbalanced loads) and the axial compression from prestress. This method
is fundamentally used to design for and check stresses.

Step 3: Final Answer:

The limiting zone method, Magnel’s graph, and the load balancing method are all estab-
lished techniques used to analyze and design prestressed concrete beams to ensure stresses
remain within allowable limits. Hoyer’s effect is a related physical phenomenon but not a de-
sign/checking method in this context.
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Quick Tip

For prestressed concrete design, remember that ”Magnel’s graph” and ”Limiting zone”
are graphical methods to find valid combinations of prestressing force and eccentricity,
while ” Load balancing” is a conceptual method that simplifies stress calculations.

1
9. Let P= |0
1

S = O

1
0 | . Which of the following statements is/are correct?
1

PTP =1

P is skew-symmetric

The value of each eigenvalue of P is 1

The trace of P is equal to the sum of its eigenvalues

W=

Correct Answer: 4

Solution:

Step 1: Understanding the Question:
We need to evaluate four statements about the given 3x3 matrix P and determine which are true.

Step 2: Detailed Evaluation of Each Statement:
1 01

The given matrixis P= [0 1 0
1 01

1. PTP = I First, find the transpose of P, PT.

pr = =P

—_ o =
o R O
[ e R

Since PT = P, the matrix is symmetric. The condition becomes P? = I. Let’s calculate P?:

101\ /101 (1+04+1) (040+0) (1+0+1) 2 0 2
PP=PxP=|(010][010]=[(0+04+0) (0+1+0) (0+0+0)|]=(0 1 0
1 01 1 01 (1+0+1) (0+0+4+0) (14+0+1) 2 0 2
100
Since P24 1= [0 1 0], statement 1 is false.
0 01
2. P is skew-symmetric A matrix M is skew-symmetric if M7 = —M. We already found

that PT = P. Since P # —P, the matrix is symmetric, not skew-symmetric. Statement 2 is
false.
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3. The value of each eigenvalue of P is 1 To find the eigenvalues (\), we solve the
characteristic equation det(P — A\I) = 0.

Expanding along the second row:

I=N[T=2N1=2)-D)1)]=0
(1=N[1=N*=1=0
(1= =22 +1-1]=0
(1=XN[A =2\ =0
(1=M)AA—2)=0

The eigenvalues are \; = 0, A\ = 1, A3 = 2. Since the eigenvalues are not all 1, statement 3 is
false.

4. The trace of P is equal to the sum of its eigenvalues The trace of a matrix is the
sum of its diagonal elements.
Tr(P)=1+1+1=3

The sum of the eigenvalues we found is:
XA=0+142=3

Since Tr(P) = X\, statement 4 is true. This property is true for all square matrices.

Step 3: Final Answer:
Only statement 4 is correct.

Quick Tip

A fundamental theorem in linear algebra states that the trace of a square matrix is always
equal to the sum of its eigenvalues. This can be a quick check or sometimes the only
correct option in multiple-choice questions.

2

10. Consider the differential equation = % = 6y. The general solution of the above

equation is

(a) y = az® + x%
(b) y = ax> + x—bs
(¢c)y =ar3+blnzx
(d) y = az? +blnx
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Correct Answer: (a) y = ar’ + %

Solution:

Step 1: Understanding the Question:

The given differential equation, z2y” — 6y = 0, is a homogeneous second-order linear differ-
ential equation with variable coefficients. This specific form is known as a Cauchy-Euler (or
equidimensional) equation.

Step 2: Key Formula or Approach:
For a Cauchy-Euler equation of the form axz?y” +bxy’ +cy = 0, we assume a solution of the form
y = x™. Substituting this into the equation yields an auxiliary (or characteristic) equation in m.

Step 3: Detailed Explanation:
Assume the solution is y = ™. Find the derivatives:

y = ma™ !
y" =m(m —1)z™ >
Substitute these into the differential equation:
2Im(m — 1)2™ 2] — 6(z™) =0
m(m —1)z™ — 6z2™ =0
Since 2™ # 0, we can divide by it to get the auxiliary equation:

m(m—1)—6=0

xT

m?>—m—6=0
This is a quadratic equation for m. We can factor it:
(m—=3)(m+2)=0

The roots are m1 = 3 and mo = —2.
Since the roots are real and distinct, the general solution is a linear combination of the two
corresponding solutions:

y=crx™ + cox™?

Y= clx?’ + 02$_2

Using the constants a and b as in the options, the solution is:

Step 4: Final Answer:
The general solution matches option (a).

Quick Tip

Recognize the z2y”, xy’, y pattern as a Cauchy-Euler equation. The substitution y = 2™
quickly converts it into an algebraic auxiliary equation, which is easy to solve.
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11. Consider the function f(zx) = ¢ — x. Using the Newton-Raphson method,
obtain the first improved approximation starting from the initial guess xo = 0.5.
Enter the value of the second approximation, correct to two decimal places.

Correct Answer: 0.57

Solution:

Step 1: Understanding the Question:

The question asks to apply the Newton-Raphson method twice to find the root of the given
function f(z) = e™* — x, starting with an initial guess zg = 0.5. The "first improved approxi-
mation” is x1 and the ”second approximation” is x3. We need to find the value of xs.

Step 2: Key Formula or Approach:
The Newton-Raphson iteration formula is:

f(xn)

P T T )
First, we need to find the derivative of f(z).
fla)=e™" —u
Fla) == =1

Step 3: Detailed Calculation:
Iteration 1 (to find x;): We start with zg = 0.5.

f(z0) = f(0.5) = e %5 — 0.5 ~ 0.60653 — 0.5 = 0.10653
f(z0) = f1(0.5) = —e7 %% — 1 &~ —0.60653 — 1 = —1.60653
Now, calculate the first improved approximation, x1:

F(zo0) 0.10653
_ 05— 2098 s 6.06631 ~ 0.56631
(o) 160653 0

1 =0 —

Iteration 2 (to find x2): Now we use x1 = 0.56631 as the input for the next iteration.
f(x1) = £(0.56631) = e~ -50631 _ 0.56631 ~ 0.56762 — 0.56631 = 0.00131
f'(z1) = f(0.56631) = —e 99903 _ 1 & 056762 — 1 = —1.56762

Now, calculate the second approximation, xs:

f(z1) 0.00131
= 0.56631 — ————— = 0.56631 + 0.000835 ~ 0.567145
F(11) 156762 *

Tro = IT1 —
Step 4: Final Answer:

The value of the second approximation (z2) is approximately 0.567145. Rounding to two deci-
mal places, we get 0.57.
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Quick Tip

For Newton-Raphson, be systematic. For each iteration, calculate f(zy,), then f'(x,),
and then plug them into the formula ;11 = @, — f(z,)/f (x,,). Keep sufficient precision
during intermediate steps.

12. (y+32—13)3+(2+y—7)%2 = 0 where x and y are integers. The value of 23 +y3is _____.

Correct Answer: 91

Solution:

Step 1: Understanding the Question:
We are given an equation with two variables, x and y, which are known to be integers. We
need to find the value of the expression 2 + 3.

Step 2: Key Insight and Approach:

Let A=y 43z — 13 and B = 2 + y — 7. The equation becomes A3 4+ B? = 0.

Since x and y are integers, A and B must also be integers. The term B? is the square of an
integer, so it must be non-negative (B2 > 0).

The equation can be written as A3 = —B?. Since B?> > 0, we have —B? < 0. This implies
A3 <0, which means A < 0.

Furthermore, for A3 = —B? to hold for integers, |A3| = B2. This means |A| must be a perfect
square and |B| must be a perfect cube that satisfy the relation.

For example, if A = —1, B> = —(—1)3 = 1, so B = £1. This leads to integer solutions for x
and y.

Step 3: Solving the System of Equations:
Assume the unique intended solution comes from setting both terms to zero:
y+3r—13=0 (Equation 1)
x+y—7=0 (Equation 2)

This is a system of two linear equations. We can solve it by substitution or elimination.
Subtracting Equation 2 from Equation 1:

(y+3x—13)—(x4+y—7)=0-0
2r—-6=0
20 =6 = =3
Now substitute z = 3 back into Equation 2:
3+y—7=0
y—4=0 = y=4

The solution is x = 3,y = 4. These are integers, so the solution is valid.
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Step 4: Calculate the Required Value:
We need to find the value of x3 + y3.

2 +yP =3+ (4)* =27+ 64 =91

Step 5: Final Answer:
The value of 22 + 3 is 91.

Quick Tip

When faced with an equation of the form f(z,4)® + g(x,y)? = 0 with integer solutions,
especially if one exponent is even, first check the simple case where both f(z,y) = 0 and
g(x,y) = 0. This often leads to the intended unique integer solution.

z
13. Consider the homogeneous system of linear equations: (1 (1) ;) T2 | = (8)

What does the solution set of this system represent geometrically?

Correct Answer: (b) A line

Solution:

Step 1: Understanding the Question:

The question asks for the geometric interpretation of the solution set of a homogeneous system
of linear equations Ax = 0. The solution set forms a vector space called the null space of the
matrix A.

Step 2: Geometric Interpretation:
The system of equations can be written as:

T+ 22+ 23 =0

1 +2x3=0

Each of these equations represents a plane in three-dimensional space (R3). The solution set
of the system is the set of all points (z1, z2, x3) that lie on both planes simultaneously. In other
words, the solution is the intersection of the two planes.

The normal vector of the first plane is nj = (1,1, 1).

The normal vector of the second plane is 12 = (1,0, 2).
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Since the normal vectors are not scalar multiples of each other, the planes are not parallel. The
intersection of two non-parallel planes in 3D space is a line.

Step 3: Analysis using Rank-Nullity Theorem:

The coefficient matrix is A = 1 (1) ; . The number of variables is n = 3. The rank
of the matrix A is the number of linearly independent rows (or columns). The two rows
are not multiples of each other, so the rank is 2. The Rank-Nullity Theorem states that

rank(A) + nullity(A) = n, where nullity is the dimension of the null space (the solution set).
2 + nullity(A) = 3
nullity(A) =1

A one-dimensional subspace of R is a line passing through the origin.

Step 4: Final Answer:
Both the geometric and algebraic analyses show that the solution set is a line.

Quick Tip

For a system Az = 0 with the matrix A having m rows and n columns, the dimension of
the solution space is n — rank(A). For n = 3, a dimension of 0 is a point (the origin), a
dimension of 1 is a line, and a dimension of 2 is a plane.

14. A function f(x) is defined on the interval with values in R. It satisfies f02 flz)x—
f(z)ldz = 2. Find the value of f(1).

Correct Answer: 0.5

Solution:

Step 1: Understanding the Question:
We are given an integral equation involving an unknown function f(z) and we need to deter-
mine the value of this function at a specific point, x = 1.

Step 2: Key Insight and Approach:

The expression within the integral, z f(x) — [f(x)]?, looks like part of a perfect square. Let’s
try to construct a perfect square involving these terms. Consider the expression (k- x — f(x))?
for some constant k.

(kz — f(z))?* = k*2* — 2ka f(x) + [f(2)]?

This doesn’t quite match. Let’s try rearranging the given integral equation first.

2 2
[ o)~ s = 3
0
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2
Consider the integral of a non-negative function. Let’s analyze the expression f02 (% —f (a:)) dz.

/02 (g _f(x)>2dx _ /02 (;%2 i@+ [f({L‘)]Q) o

We can split the integral:

2
.’1,‘2

2
= [ e [t - Py
0 0

Step 3: Detailed Calculation:

We know the value of the second integral from the problem statement. Let’s calculate the first
integral:

—dxr =
O 4

12

2372 m32_23 03_8 2
0_12 12 12 3

Now substitute the values back into our expression:

2
[[Gso)a=3-() -0

. 2 . .. . .
The integrand, (% — f (x)) , is a square, so it is always non-negative. The only way the integral
of a non-negative continuous function over an interval can be zero is if the function itself is zero
everywhere in that interval. Therefore, we must have:

(% —f(x)>2 =0 forallzxe

Step 4: Final Answer:
We have found the function f(z) = /2. Now we can find the value of f(1):

1

f1)=35=05

Quick Tip

When an integral equation involves quadratic terms of an unknown function, try to
arrange it into the integral of a perfect square set to zero. This is a common trick that
leads to a direct solution for the function.

15. Bag-I contains 4 white and 6 black balls, Bag-II contains 4 white and 3 black
balls. A ball is selected at random and it comes out to be a black ball. What is
the probability that it is from Bag-I?
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Correct Answer:

el

Solution:

Step 1: Understanding the Question:

This is a conditional probability problem that is best solved using Bayes’ theorem. We are
given a final outcome (a black ball was drawn) and asked to find the probability of a specific
initial condition (the ball came from Bag-I).

Step 2: Define Events and Probabilities:
Let the events be:
e Bj: The ball is selected from Bag-I.
e By: The ball is selected from Bag-II.
e [: The selected ball is black.
We want to find P(B1|E). The given probabilities are:
e Since a bag is chosen at random, P(B;) = 1/2 and P(B3) = 1/2.

e Probability of drawing a black ball from Bag-1: P(F|B;) = i’(ljgf 521111: 111111 g;gg_'% = & = 1% =
3

5

e Probability of drawing a black ball from Bag-1I: P(E|B3) = ?loiglf 521111: 111? g:gg_‘g = % = %

Step 3: Apply Bayes’ Theorem:
Bayes’ theorem states:
P(E|B1)P(B)
P(E)
First, we need to calculate the total probability of drawing a black ball, P(E), using the law
of total probability:

P(Bi|E) =

P(E) = P(E|B1)P(B1) + P(E|Bz)P(Bz)

()(%2 1()()

3 36 18
PE)= > 42 2=

10 14 70 70 35
Now we can find P(B1|E):

P(EIB)P(B1) _ (3/5)(1/2) _ 3/10

P(By|E) = - _

(BilE) P(E) 18/35 18/35
3 3 1 7 7
PBI|E) ==X —==X=-=—
10718 276 12

Step 4: Final Answer:
The probability that the black ball was from Bag-I is 7/12.
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Quick Tip

For conditional probability problems like this, clearly define the events and write down all
the known probabilities. Bayes’ theorem provides a systematic way to find the "reverse”
probability.

16. Consider the matrix A = (195 ég) . The matrix A is decomposed using Cholesky

decomposition. Determine the value of /2.

Correct Answer: 5

Solution:

Step 1: Understanding Cholesky Decomposition:

Cholesky decomposition is a method for decomposing a symmetric, positive-definite matrix A
into the product of a lower triangular matrix L and its conjugate transpose LT. The equation
is A = LLT. The diagonal elements of L are required to be real and positive.

Step 2: Setting up the Matrices:

Given matrix: A = 9 15 . Let the lower triangular matrix be L = e 0 . Its
15 50 lor lao

0 oo

T (o O fln b _ i haln
lo1 o9 0 oo la1l11 l§1+l%2

Step 3: Solving for the Elements of L:
We equate the elements of A with the elements of LLT":

9 15\ [ 1, lnly
15 50/ Ia1l11 l%l—l-lgz

1. From the (1,1) element: 3, =9 == ;1 = /9 = 3 (we take the positive root).

transpose is LT = (ZH lz1>' The product LLT is:

2. From the (2,1) element: ly1l11 =15 = I3 x 3 =15 = [y =5.
3. From the (2,2) element: (3, + (3, = 50. Substitute the value of lo;:
(5)% + 135 = 50
25 + 135 = 50
12, =25 = Iy =V25=5

Step 4: Final Answer:
The value of 199 is 5.
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Quick Tip

a

For a 2x2 matrix A = (b

b), the Cholesky elements can be found directly: 111 = +1/a,

17. Given the following data: x: (-2, 1, 2), y: (28, 4, 16). Let P»(x) be the quadratic
interpolating polynomial passing through the above three points. Find the value
of PQ(O)

Correct Answer: 2

Solution:

Step 1: Understanding the Question:
We need to find the value of a quadratic polynomial at x = 0. The polynomial is defined by
three points it passes through: (—2,28), (1,4), and (2, 16).

Step 2: Key Formula or Approach:

We can use Lagrange’s interpolation formula or set up a system of equations for a general
quadratic Py(x) = ax? + bx + c. Since we need to find P,(0), which is simply the constant term
¢, solving the system of equations is a direct approach.

Step 3: Detailed Calculation using System of Equations:
Let the polynomial be P2(z) = ax? + bx + c. We substitute the three given points into this
equation:

1. For point (—2,28): a(—2)? +b(—2) + ¢ =28 = 4a —2b+c =28
2. For point (1,4): a(1)? +b(1) +c=4 = a+b+c=4
3. For point (2,16): a(2)® +b(2) + ¢ =16 = 4a+2b+c = 16

We now have a system of three linear equations. We need to solve for ¢. Subtract Equation (1)
from Equation (3):
(4da+2b+c)— (4da—2b+c) = 16 — 28

4b=—-12 = b= -3
Now substitute b = —3 into Equation (2):

a+(-3)+c=4 = a+c=7 = a=T—c¢
Substitute b = —3 and a = 7 — ¢ into Equation (3):
47T —c)+2(=3)+c=16
28—4c—-6+c=16
22 —3c =16
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3c=22—16
3c=6 — c=2

Step 4: Final Answer:
The value of the polynomial at = 0 is P2(0) = a(0)? + b(0) + ¢ = c. Therefore, P»(0) = 2.

Quick Tip

When asked to find the value of an interpolating polynomial at x = 0, you are essentially
looking for the constant term (c in az? + bx + ¢). Setting up and solving the system of
equations for ¢ is often the most direct method.
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