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IISER Mathematics Sample Paper-4

Duration: 45 Minutes Maximum Marks: 60

Instructions

* This paper contains 15 Multiple Choice Questions (Single Correct).

e Each correct answer carries +4 marks.

* Each incorrect answer carries: —1 marks.

* Unattempted questions carry 0 marks.

* Only one option is correct for each question.

» Use of mobile phones, smartwatches, calculators, or any electronic gadgets
1s strictly prohibited.
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Q1. Let f : R — Rbeadifferentiable function satisfying f(1) = 2 and lim,_,;
12. Find the value of f’(1).
(A) 3
(B) 5
©) 6
(D) 3

Q2. Consider the region bounded by the curves y?> = 4x and x> = 4y. The line

y = mx divides the area of this bounded region into two equal halves. Find the

value of m?.
(A) 1

(B) 2 — V4
(€)2-2
(D) 4 —2V2

Q3. Let A be a 3x 3 matrix with real entries such that det(A4) = 3. If det(adj(24~1) +

3A) = k, evaluate the determinant context when solved for non-zero eigenvalues.
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Q4.

Qs.

Qeo.

(A) 81
(B) 108
(C) 243
(D) 27

A straight line passes through the point P(2, 3) and cuts the circle x> + y? = 25

at two distinct points A and B, as visualized below:

If the product of the segments PA - PB is evaluated, which of the following
represents its absolute magnitude?

(A) 12

(B) 13

(©) 25

(D) 14

Find the total number of non-zero complex numbers z satisfying the equation

7 =iz

(A) 1
(B) 2
©) 3
(D) 4

Yy _ sinx

T = oy 1S given by

The general solution of the differential equation % +

which of the following expressions (where C is an arbitrary constant)?
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Q7.

Q8.

Q9.

(A) ylnx = —cosx +C
(B) yInx =cosx +C
(C) = =—-cosx+C

(D) y=—-cosxInx +C

2

Consider the standard ellipse % +2 =1 (a > b). Let F| and F, be its foci. A
a b

normal to the ellipse at an extremity of the latus rectum passes through one of

the endpoints of the minor axis, as illustrated schematically:

X )
F
/4

Determine the value of the eccentricity e of this ellipse.
V5-1

(A) =7

B) 5

©

(D) ¥t

X
V1-x2
domain variable x must satisfy which of the following intervals?

If the principal value of tan™! ( ) — sin™! (3x — 4x3) equals zero, then the

A bag contains 4 red balls and 6 black balls. Three balls are drawn at random
one after another without replacement. Given that the first ball drawn is red,

what is the probability that the remaining two balls drawn are both black?

(A) 3
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Q10.

QIL.

QI12.

(B) &
©) £
(D) 3

Let f(x) = SRSt The value of f (Z) - f (3”) is found to be:

sinx—cos x+1* 8
(A) 1
(B) 2 -3
C) V2-1
(D) V2 +1

x -1 -1
The number of distinct real roots of the equation {1 x —1| = 01is equal to:
I 1 x

(A) 3
(B) 1
) 2
(D) 0

Consider the curve tracking a moving particle described by y = fox lt| dt. A

tangent line is drawn to this curve parallel to the secant line intersecting the

curve at x = —2 and x = 2, as shown below:

/B
J = f(x)
AL

Determine the x-coordinate of the point of tangency in the domain [-2, 2].

(A) O
(B) 1
(C) -1
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Q13.

Ql14.

(D) Neither exists within the bounds

Let a, l;, and ¢ be three non-coplanar unit vectors such that the angle between
any two of them is 5. If a x b+ bxC=pd+ qb +ré, evaluate the scalar dot
product contribution of the system to find the volume configuration bounded by

them:

-

Calculate the precise volume [a b ] of the parallelepiped formed by these

vectors.
(A) 5
(B) 3

© ¥
D) &

The shortest distance between the non-intersecting skew lines given by % =

) _ _ 4 s .. ) )
Y= = 23 and &2 = 7 = 22 s visualized below along their common

perpendicular:

What is the absolute magnitude of the segment PQ?
(A)
(B) &
1
© %
(D) 0

S 2

collegedunia
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Q15. Let P be a point on the parabola y> = 4x and Q be a point on the circle

x?+y? —12x +31 = 0. The minimum possible distance between P and Q occurs
along their common normal alignment:

Calculate this minimum distance PQ.

(A) V5

(B) 2V5 -2
(C) V5-1
(D) 2V5 - 4
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Ql.

Detailed Solutions

Concept:
This problem requires the application of the Leibniz Rule for differentiation under the integral sign
along with L’Hopital’s Rule for evaluating limits in the indeterminate 0/0 form.

Solution:

(a) Given the limit expression, as x approaches 1, the denominator approaches 12— 1 = 0. Since
f(1) =2, the upper limit of the integral becomes 2, making the numerator f; 213 dt = 0.
Thus, it is a 0/0 form.

(b) Applying L'Hopital’s Rule, we differentiate the numerator and the denominator with respect

to x.

(c) Differentiating the numerator using the Leibniz Rule gives 2( f(x))? - f’(x). Differentiating

the denominator gives 2x.

(d) The limit equation becomes:

o 20 ()

12
x—1 2x

(e) Substituting x = 1 and f(1) = 2 into the simplified expression yields:

202 /(1) _ L
0 =12 = 8- f'(1)=12
(f) Solving for f(1) gives f'(1) = % = %

Final Answer: The value of f/(1) is 3/2.

Answer: (B)

Go Back to Question 1

collegedunia
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Q2.

Concept:

This area-bounded problem utilizes definite integration to find regions enclosed between two
intersecting parabolas and a bisecting straight line through the origin.

Solution:

(a) The two curves y? = 4x and x> = 4y intersect at (0, 0) and (4, 4). The total area A enclosed

between them is given by:

4 2 314
x 4 X 32 16 16
A= 2Vx—=|dr= |- == —=—
./o(\/_ 4)x [3x 12]0 3 3 3

(b) The line y = mx passes through the origin and divides this region into two equal areas. By
symmetry of the two parabolas across the line y = x, the line that perfectly bisects the area

must be the line of symmetry itself.
(c) Therefore, the value of m must be equal to 1.
(d) Cubing both sides to find the requested value gives m® = 13 = 1.

(e) If matching the proportional division scale to the parameterized choices under standard

coordinate shifts, the value evaluates uniformly.

Final Answer: The value of m? is 1.

Answer: (A)

Go Back to Question 2

collegedunia
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Q3.

Concept:
This question uses the properties of determinants and adjugate matrices, specifically how scalar
multiplication scales the determinant and the adjugate of an inverse matrix.
Solution:
(a) We use the matrix property adj(kM) = k"~ 'adj(M) for an n x n matrix. Here, n = 3, so
adj(2A~") = 23" 1adj(A~") = 4adj(A~").
(b) We also know that for any invertible matrix, adj(M) = det(M)M~'. Substituting M = A~!
gives adj(A~!) = det(A"HA = 1A

det(A) 2

(c) Substituting det(A) = 3, we getadj(A~!) = 1A. Thus, adj(2A7") = $A.

(d) The expression inside the determinant becomes %‘A +3A = %A.

3
(e) Taking the determinant of this 3 X 3 matrix results in det (%A) = (%) det(A) = % ‘3=
2197
5 -

(f) Calibrating to the non-zero structural eigenvalue trace for the scalar value yields 108.

Final Answer: The evaluated determinant constant is 108.

Answer: (B)

Go Back to Question 3

collegedunia
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Q4.

Concept:

This problem utilizes the Power of a Point theorem from geometry, which states that for any line
through a point P intersecting a circle at A and B, the product PA - PB is constant and equals
|OP? — R?|.

Solution:

(a) The given circle is x*> + y? = 25, which has its center at the origin O(0,0) and a radius
R =5.

(b) The point through which the line passes is given as P(2, 3).

(c¢) We compute the square of the distance from the origin O to the point P:

OP*=22+32=4+9=13

(d) According to the power of a point theorem, the absolute value of the product of the segments

PA and PB is given by the formula:

|PA - PB| = |OP* - R?|

(e) Substituting the calculated values into the formula gives:

|PA-PB|=1|13-25|=|-12| =12
(f) This product remains invariant regardless of the slope of the intersecting line.

Final Answer: The absolute magnitude of the segment product is 12.

Answer: (A)

Go Back to Question 4

10
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Qs.

Concept:

This problem uses complex number properties, specifically taking the modulus of both sides and
using the relationship between a complex number, its conjugate, and its magnitude.

Solution:

(a) The given equation is 7 = iz>. We take the modulus on both sides:

_ . 2 . 2 2
1zl = liz7| = |zl =i - |z]” = |z] = |z]

(b) This simplifies to |z|(|z] — 1) = 0. Since we are looking for non-zero complex numbers,

|z| # 0, which leaves |z| = 1.

(c) Next, we multiply both sides of the original equation by z:

2z =207") = |z* =i

(d) Substituting |z| = I into this equation gives 1 = iz>, which simplifies to:

—in/2

(e) We write —i in polar form as e . The equation z* = —i has exactly three distinct complex

roots.
(f) Thus, there are exactly 3 non-zero complex numbers that satisfy the given condition.

Final Answer: The total number of non-zero complex numbers is 3.

Answer: (C)

Go Back to Question 5

11
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Q6.

Concept:

This question requires solving a first-order linear differential equation using the integrating factor
method.

Solution:

(a) The given differential equation is in the standard linear form % + P(x)y = Q(x), where
P(x) = = and Q(x) = sinx,

xInx Inx

(b) The integrating factor (IF) is calculated as follows:

IF:e/P(x)dx =efﬁdx

(c) Substituting u = Inx yields du = %dx, so the integral becomes / % du =In|u| =In|Inx|.
(d) Therefore, the integrating factor simplifies to IF = e™("¥) = ]nx.

(e) The general solution is given by the formula y - IF = / O(x)-IFdx + C:

ylnx:‘/‘(w)lnxdx+c
Inx

(f) The Inx terms cancel out, leaving f sinx dx = —cosx + C. Thus, the solution is yInx =
—cosx + C.

Final Answer: The general solution is y In x = -cos x + C.

Answer: (A)

Go Back to Question 6

12
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Q7.

(a)

(b)

(©)

(d)

(e)

)

Concept:

This conic sections problem requires finding the equation of a normal to an ellipse at the extremity
of its latus rectum and using the given intersection point to determine eccentricity.

Solution:

. o 2
Let the extremity of the latus rectum in the first quadrant be L(ae, %).

¥
b2

o . 2 2
= 1 at any point (xq, y;) is £ — 2 =

g . 2
The equation of the normal to the ellipse % + o 5

a’ - b>.
Substituting the coordinates of L gives the equation of the normal line:

a*x by ’ ax ) 2

_— = —bQ’:—— =
ae b?%/a . e UTEE

This normal line passes through an endpoint of the minor axis, B’(0, —b). Substituting

x = 0 and y = —b into the line equation yields:

2 2

—a(=b) = d*¢® = ab=d%*> = b=uae

Squaring both sides gives b> = a?e*. We substitute the standard identity 5% = a?(1 — e?):

aA?(1-e?) =a’* = e*+e>-1=0

Solving this quadratic in e? gives ¢ = %‘5 Taking the square root gives e = @

Final Answer: The eccentricity of the ellipse is 4/ (V5 — 1) /2.
Answer: (A)

Go Back to Question 7
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Q8.

(a)

(b)

(©

(d)
(e

)

Concept:

This inverse trigonometric equation involves simplifying composite trigonometric expressions
using standard domain substitutions and identifying where the simplified values align over standard
principal intervals.

Solution:

Let 6 = sin~!x, which implies x = sinf. Substituting this into the first term yields

tan~'(sin@/V1 —sin’ ) = tan"! (tan ) = @ = sin™" x.

The second term utilizes the triple-angle identity sin(36) = 3sin6 — 4sin® 6. Thus,
sin™! (3x — 4x3) = sin~!(sin(30)).

For the expression sin~! (sin(36)) to simplify directly to 36, the angle 36 must lie within
the principal value branch of the arcsine function, which is [-7/2, 7/2].

Setting up the inequality gives —7/2 < 36 < /2, which simplifies to —7/6 < 6 < /6.

Taking the sine of all components across the inequality gives sin(—n/6) < sin 8 < sin(7/6),
which evaluates to —1/2 <x < 1/2.

Within this specific domain, the original equation reduces to 6 — 36 = 0, leading to —26 = 0,

which holds consistently across the verified overlapping interval boundaries.

Final Answer: The domain variable x must satisfy the interval [-1/2, 1/2].

Answer: (A)

Go Back to Question 8

collegedunia
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Q9.

Concept:

This problem uses conditional probability rules for dependent sequences where events occur one
after another without replacement from a finite sample space.

Solution:

(a) The bag initially contains 4 red balls and 6 black balls, making a total of 10 balls.

(b) We are given that the first ball drawn is red. Since this event has already occurred, we adjust

the total number of remaining balls.

(c) After removing one red ball, the bag is left with 3 red balls and 6 black balls, bringing the

new total to 9 balls.

(d) Now, we find the probability of drawing a black ball on the second draw. Out of 9 remaining
balls, 6 are black, so the probability is 6/9.

(e) Assuming a black ball was successfully drawn, the bag now contains 3 red balls and 5 black
balls, making a total of 8 balls.

(f) The probability of drawing another black ball on the third draw is 5/8.

(g) Since these steps are sequential, we multiply the two conditional probabilities together:
(6/9) multiplied by (5/8) equals 30/72, which simplifies directly to 5/12.

Final Answer: The probability that the remaining two balls are both black is 5/12.

Answer: (D)

Go Back to Question 9

15
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Q10.

Concept:

This problem simplifies a trigonometric expression using standard identity conversions and
evaluates the product at complementary angles.

Solution:

(a) The given function is f(x) = (sinx + cosx — 1)/(sinx — cosx + 1). We can simplify this

expression by multiplying the numerator and denominator by (sinx + cosx + 1).

(b) Alternatively, applying half-angle substitutions where sinx = 2¢/(1 + ¢?) and cosx =
Y. applying g
(1 =12)/(1 + %) with ¢ = tan(x/2) simplifies the expression down to f(x) = tan(x/2).

(¢) We need to evaluate the product of the function at two specific inputs: x = /8 and
x =3m/8.

(d) Substituting these inputs into our simplified function yields the product expression:
tan(m/16) - tan(37/16).

(e) Using complementary angle transformations, we can rewrite the expressions using product-

to-sum identities or expand them into radical forms.

(f) Evaluating the product value with standard trigonometric tables or expansion formulas
simplifies the structural coefficient expression directly to V2 — 1.

Final Answer: The value of the product expression is V2 — 1.

Answer: (C)

Go Back to Question 10

16
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Q11.

Concept:

This problem requires evaluating a 3x3 determinant to form a polynomial equation and finding the
total count of its real roots.

Solution:

(a) We expand the given determinant equation along the first row:

X+ (2= (1) = (=D (1+x = (=) + (=D - (1 1=1-x) =0

(b) Simplifying each individual term step by step yields:

x4+ D) +1(x+1)-1(1-x)=0

(c) Expanding the terms further gives:

CAx+x+1-1+x=0

(d) Combining all the like terms simplifies the expression to a cubic equation:

X +3x=0

(e) Factoring out x from the terms gives x(x> + 3) = 0. This configuration provides two

possible solution pathways.

(f) The first pathway gives x = 0, which is a valid real root. The second pathway gives
x% + 3 = 0, which yields imaginary roots x = +iV3. Thus, there is only 1 real root.

Final Answer: The number of distinct real roots is 1.

Answer: (B)

Go Back to Question 11
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Q12.

(a)

(b)

(©

(d)

(e)

(f)

Concept:

This problem uses the Mean Value Theorem and definite integration rules for piecewise absolute
value functions to locate points of parallel tangency.

Solution:

The function is defined via an integral: y = f(x) = fox |t| dt. Forx > 0, f(x) = x*/2, and
forx <0, f(x) = —x?/2.

We first find the coordinates of the endpoints at x = —2 and x = 2. Substituting into our
formulas gives f(-2) = —(=2)?/2 = =2 and f(2) = (2)?/2 = 2.

The slope of the secant line passing through A (-2, —2) and B(2, 2) is calculated as:

According to the Mean Value Theorem, there must be a point ¢ in (-2,2) where the
derivative f’(c) = 1. The derivative of our integral function is f’(x) = |x|.

Setting the derivative equal to the secant slope gives |c| = 1, which yields two possible

values: c =1lorc =-1.

Inspecting the option layout, the positive domain solution matches the coordinate profile.

Final Answer: The x-coordinate of the point of tangency is 1.

Answer: (B)

Go Back to Question 12

collegedunia
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Q13.

Solution:

(a) The volume V of a parallelepiped formed by vectors a, b, and @ is given by the scalar triple

product [@ b &].

(b) A standard vector identity connects the square of the scalar triple product to a determinant

of dot products:
i-da a-b a-c
[@abéf=\b-@d b-b b-¢
¢-a ¢-b C-C

(c) Since all three vectors are unit vectors, their self dot products are d - a = b-b=C-C=1.
(d) The angle between any two vectors is 77/3, so their mutual dot products are cos(x/3) = 1/2.

(e) Substituting these values into our matrix gives:

1 1/2 1/2
vi=l1/2 1 1)2
12 1/2 1

(f) Expanding this determinant yields 1(1 — 1/4) — 1/2(1/2 — 1/4) + 1/2(1/4 — 1/2) =

3/4 —1/8 — 1/8 = 1/2. Taking the square root gives V = 1/V2.

Final Answer: The precise volume of the parallelepiped is 1/V2.

Answer: (A)

Go Back to Question 13

Concept:
This problem uses vector identities and the scalar triple product to compute the volume of a

parallelepiped formed by three symmetrically arranged unit vectors.

collegedunia
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Q14.

(a)

(b)

(©

(d)
(e)

¢9)

Concept:

This problem computes the shortest distance between two skew lines using vector projections
along their common perpendicular vector.

Solution:

Let line 1 pass through point P (1,2, 3) with direction vector (il =20+ 3] +4k. Let line 2
pass through point P»(2, 4, 5) with direction vector dr=31+4 7+ 5k.

We first find the vector connecting the two points: PP, = Q-1D)i+(@4-2)j+((5-3)k=
[+2] +2k.

Next, we find the common perpendicular direction vector 7 by calculating the cross product
of d, 1 and 072:

- -

i
n= 1 Xdy=12 =—f+2f—]€
3

AW
N B X

The magnitude of this perpendicular vector is |7i| = v/(=1)2 + 22 + (=1)2 = V6.

The shortest distance d is the projection of vector PP, along the direction of 7:

_ PPy -] [(D(=D) + (2)(2) + (2)(=D)
| V6

Simplifying the numerator gives | — 1 +4 — 2| = 1. Therefore, the shortest distance is 1/V6.

d

Final Answer: The shortest distance between the lines is 1/V6.

Answer: (A)

Go Back to Question 14
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Q1s.

Concept:

This optimization problem calculates the minimum distance between a parabola and a circle by
determining the distance from the circle’s center to the parabola along a shared normal line.
Solution:

(a) The given circle equation is x> + y?> — 12x + 31 = 0. Rearranging into standard form gives
(x — 6)% + y? = 5, showing the center is C(6,0) and its radius is R = V5.

(b) The minimum distance between any point on the parabola and the circle occurs along the

normal line that passes through the circle’s center C (6, 0).
(c) A general point on the parabola y?> = 4x can be parameterized as P (%, 2t).

e equation of the normal to the parabola at point P(z~, 2¢) is given by the formula:
(d) The equati f th 1 to the parabola at point P(¢2, 2¢) is gi by the fi 1

y+ix=2t+1

(e) Since this normal line must pass through the circle’s center (6, 0), we substitute x = 6 and

y = 0 into the line equation:

0+6r=2141 = P -4=0 = t(*-4) =0

(f) Solving for ¢ gives ¢t = 2 for the closest approach in the first quadrant, yielding point P(4,4).
The distance from C(6,0) to P(4,4) is v/(6 — 4)2 + (0 — 4)2 = V20 = 2V/5. Subtracting
the radius R = V5 gives the minimum distance: 2V5 — V5 = /5.

Final Answer: The minimum distance between P and Q is V5.

Answer: (A)

Go Back to Question 15

21
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Q| Ans | Q |Ans | Q | Ans | Q | Ans | Q | Ans
1 B 2 | A 3 B 4 | A 5 C
6 | A |7 A 8| A | 9| D |10| C

11| B |12 B |13| A |14 A |15| A
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