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General Instructions

General Instructions:

1) All questions are compulsory. Marks allotted to each question are indicated in the

margin.
i1) Answers must be precise and to the point.
ii1) In numerical questions, all steps of calculation should be shown clearly.
iv) Use of non-programmable scientific calculators is permitted.

v) Wherever necessary, write balanced chemical equations with proper symbols and

units.

vi) Rough work should be done only in the space provided in the question paper.




1. Let {a_n} be a sequence of real numbers such that «; = 2, and for n > 1, 4,41 = i“"—jf

(A) 1.5 < a, <2, for all natural numbers n > 1
(B) There exists a natural number n > 1 such that a,, > 2
(C) There exists a natural number n > 1 such that a,, < 1.5

(D) There exists a natural number n > 1 such that a,, = %5

2. The value of

li_>m (1 + %)n e 2 is
(A) e?

(B) et

O e

(D) ¢?

3. Let {an} and {b_n} be two convergent sequences of real numbers. For n > 1, define

uy, = max{ay, b, } and v, = min{a,, b, }. Then

(A) Neither {a_n} nor {b_n} converges
(B) {uy} converges but {v,} does not converge
(C) {uy} does not converge but {v,,} converges

(D) Both {u,} and {v,} converge

4. Let

1 4
M =
3 2

If I is the 2 x 2 identity matrix and 0 is the 2 x 2 zero matrix, then

(A)20M? —13M +7I =0
(B) 20M? —13M — 71 =0



(C) 20M2 +13M +71 =0
(D) 20M? +13M —71 =0

5. Let X be a random variable with the probability density function

T e~ Myl 1 >0,aa>0 >0
X s T = U, , P s

0, otherwise.

If £(X) =20 and Var(X) = 10, then («a, p) is

(A) (2,20
(B) (2, 40)
(C) (4,20)
(D) (4, 40)

6. Let X be a random variable with the distribution function

(
0, x <0,

Flr)=q1pde® o<y

1, T > 2.
\

Then
P(X=0)+P(X=15)+P(X=2)+P(X >1)

equals
(A) 3
(B) 3
©) %
(D)1

7. Let X, X5 and X3 be i.i.d. U(0, 1) random variables. Then
1> X1+ Xo
X1+ Xo + X3

3




equals

(A) g
(B) 3
©) 3
(D) §

8. Letx1 =0,20 =1,23 = 2,24 = 3 and z5 = 0 be the observed values of a random

sample of size 5 from a discrete distribution with the probability mass function

f(x;0) = P(X

0 —
3 T = O,
20 —
35 T = 1,

where 6 < [0, 1] is the unknown parameter. Then the maximum likelihood estimate of ¢

is

(A) 3
(B) 2
©) 2
(D) §

9. Consider four coins labelled as 1, 2, 3 and 4. Suppose that the probability of

obtaining a ’head’ in a single toss of the ith coin is }1, i=1,2,3,4. A coin is chosen

uniformly at random and flipped. Given that the flip resulted in a ’head’, the

conditional probability that the coin was labelled either 1 or 2 equals



10. Consider the linear regression model

yi = Po+pixi+e, 1=1,2,...,n, where ¢ arei.i.d. standard normal random variables. Given that

1 — 1 — 1 — 1 — ’
n n n
(015 (o i5)

=1

the maximum likelihood estimates of 3, and f;, respectively, are

(A) 17 and 32
(B) 22 and I
(C) and
(D) 2 and 3

11. Let f : [—1,1] — R be defined by

22 + [sin(7z)]

o)==

, where [y] denotes the greatest integer less than or equal to y.

Then

(A) f is continuous at —1,0, 1

(B) f is discontinuous at —1,0, 3
. . . 1

(C) f is discontinuous at —1, 5, 0

(D) f is continuous everywhere except at 0

12. Let f,g : R — R be defined by

Then

(A) f(x) = g(x) for more than two values of x



(B) f(x) # g(z), forall z € R
(C) f(z) = g(z) for exactly one value of
(D) f(x) = g(x) for exactly two values of x

13. Consider the domain D = {(z,y) € R? : » < y} and the function / : D — R defined by

h(z,y) = (@ =2)" +(y - 1% (z,y) € D.

Then the minimum value of ~» on D equals

(A) 5
(B) §
©) g
(D) 15

14. Let M = [X Y Z] be an orthogonal matrix with XY, Z ¢ R? as its column vectors.
Then
Q=XXT+vY" and Qz=2Z

implies

(A) M is a skew-symmetric matrix

(B) M is the 3 x 3 identity matrix

©)Q*=Q
(D) Q satisfies QZ = Z

15. Let f : [0,3] — R be defined by

f(z) = ¢ e —e, 1<x<?2,




Now, define F' : [0,3] — R by
F(0)=0 and F(z)= / f(t)dt, for0 <z < 3.
0
Then

(A) F is differentiable at z = 1 and F’(1)

0
(B) F is differentiable at x = 2 and F'(2) =0

(C) F is not differentiable at x = 1
(D) F is differentiable at z = 2 and F"(2) = 1

16. If =, y, ~ are real numbers such that
dr+2y+2=31 and 2z+4y—2z=19,

then the value of 9z + 7y + z is

(A) cannot be computed from the given information

(B) equals 2!

(C) equals 152

(D) equals 2

17. Let
1 1 -1
M=1]1-1 1 1
-1 -1 1
If
x 0
Vz{(x,y,O)ERS:M yl=101]}
0
x 0
W:{($,y,z)€R3:M yl=101}
z 0



then

(A) the dimension of V' equals 2
(B) the dimension of V' equals 4
(C) the dimension of W equals 1
D) Vnw ={(0,0,0)}

18. Let )M be a 3 x 3 non-zero, skew-symmetric real matrix. If / is the 3 x 3 identity

matrix, then

(A) M is invertible
(B) The matrix / + M is invertible
(C) There exists a non-zero real number « such that o/ + M is not invertible

(D) All the eigenvalues of M are real

19. Let X be a random variable with the moment generating function
6 et2 /n

Mx(t) = — — teR.

x(t) = — E 5 1€

n>1

Then P(X € Q), where Q is the set of rational numbers, equals

(A)0
(B)
©) 3
(D) §

20. Let X be a discrete random variable with the moment generating function

(1+ 3et)2(3 + et)3
1024

Mx(t) = . teR.
Then

(A) B(X) =9



(B) Var(X) = 22
(©) P(X > 1) = 13

2
(D) P(X =5) = 15

21. Let {X,,},,>1 be a sequence of independent random variables with X,, having the

probability density function as

1 —z2/2

; (1,) _ me , x>0,
0, otherwise.

Then

lim [P(Xn > %") + P(X, > n+2v2n)
equals
(A)1+2(2)
(B) 1 -9(2)
(©) ©(2)
(D)2-9(2)

22. Let X be a Poisson random variable with mean 3. Then E((X + 1)!) equals

(A) 2¢~ 3
(B) 4¢3
(C) 4e~ 1
(D) 2¢~!

23. Let X be a standard normal random variable. Then P(X?3 —2X?% — X 42 > 0) equals

(A) 20(1) — 1
(B)1— ®(2)
(C) 20(1) — 2(2)



(D) ©(2) — (1)

24. Let X and Y have the joint probability density function

2, 0<zx<y<l1,

flay) =13

0, otherwise.

). Then (a,b) is

25. Let X and Y have the joint probability mass function

m-+n

P(X=m,Y =n)= T

m=1,2,3;n=1,2, otherwise.

Then P(X = 2|Y = 2) equals

(A) 3
(B) 3
©) 3
(D) §

26. Let X and Y be two independent standard normal random variables. Then the

probability density function of 7 = Kﬁ" is

(A) f(2) = \/%?e*% 2 2>0, 0, otherwise
(B) f(2) = \/%e_z /2. 2>0, 0, otherwise
©) f(z)=e™*, z>0, 0, otherwise

(D) f(2) = 1+z z2>0, 0, otherwise
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27. Let X and Y have the joint probability density function

eV, O<zr<y<oo,
fla,y) =

0, otherwise.

Then the correlation coefficient between X and Y equals

(A) 4

(B)
©) &
(D) Z

28. Let xr1 = —2, 29 = 1 and z3 = —1 be the observed values of a random sample of size

three from a discrete distribution with the probability mass function

A ze{-0,-0+1,...,0,...,0},
) = X =)= § P 7€

0, otherwise,

where 6 € {1,2,...} is the unknown parameter. Then the method of moment estimate of

0 is

(A)1
(B) 2
(©)3
(D) 4

29. Let X be a random sample from a discrete distribution with the probability mass

function
, r=1,2...,0,

|

flz;:0) = P(X =) =
0, otherwise,

where 0 € {20,40} is the unknown parameter. Consider testing
Hp:0=40 against H;:0 =20

11



at a level of significance o« = 0.1. Then the uniformly most powerful test rejects H if

and only if

(A) X <4
B)X >4
O©)X=>3
D)X <3

30. Let X; and X5 be a random sample of size 2 from a discrete distribution with the

probability mass function
flz;0) = P(X =x) =

where 0 € {0.2,0.4} is the unknown parameter. For testing
Hp:0=0.2 against H;:0=0.4,
consider a test with the critical region
C = {(x1,22) € {0,1}% : x1 + 29 < 2}.

Let o and S denote the probability of Type I error and power of the test, respectively.
Then (o, 5) is

(A) (0.36,0.74)
(B) (0.64,0.36)
(C) (0.05,0.64)
(D) (0.05,0.36)

31. Let {a, },>1 be a sequence of real numbers such that

Then which of the following statement(s) is (are) true?

12



(A) {an}n>1 18 an increasing sequence
(B) {an}n>1 1s bounded below
(C) {an}n>1 1s bounded above

(D) {an}n>1 1s a convergent sequence

32. Let ) ., a, be a convergent series of positive real numbers. Then which of the

following statement(s) is (are) true?

(A) anl(an)2 is always convergent

(B) D_,>1 v/an is always convergent
(OB P Van js always convergent

n

(D) Zn>1 ~o7r 1s always convergent

33. Let {a, },>1 be a sequence of real numbers such that a; = 3 and, for n > 1,

a2 —2a, + 4

an+41 = B

Then which of the following statement(s) is (are) true?

(A) {an}n>1 1S a monotone sequence
(B) {an}n>1 1s a bounded sequence
(C) {an}n>1 1s convergent

D)a, > 2asn—

34. Let f : R — R be defined by

2?(2+sinl), z#0,
0, x=0.
Then which of the following statement(s) is (are) true?
(A) f attains its minimum at 0
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(B) f is monotone
(C) f is differentiable at O
(D) f(z) > 2z* + 23, forallz > 0

35. Let P be a probability function that assigns the same weight to each of the points of
the sample space () = {1,2,3,4}. Consider the events

E={1,2}, F={1,3}, G=1{3,4}.
Then which of the following statement(s) is (are) true?

(A) E and F are independent
(B) £ and G are independent
(C) F and G are independent
(D) E, F, and G are independent

36. Let X1, X»,..., X, where n > 5, be a random sample from a distribution with the

probability density function

0, otherwise,

where 6 € R is the unknown parameter. Then which of the following statement(s) is

(are) true?

(A) A 95% confidence interval of ¢ has to be of finite length

(B) (min(X1, Xa, ..., Xp) + £ 1n(0.05), min(X1, Xs, ..., X)) is a 95% confidence interval of
0

(C) A 95% confidence interval of 6 can be of length 1

(D) A 95% confidence interval of ¢ can be of length 2

14



37. Let X1, Xs,..., X, be a random sample from U (0, 9), where 6 > 0 is the unknown
parameter. Let

X(n) = maX(Xl,XQ, R ,Xn).

Then which of the following is (are) consistent estimator(s) of 93?

(A) 8X§n)
3
(B) X(,)

©) 23 X}

nX3 41
(n)
(D) =57

38. Let X, Xs,..., X,, be a random sample from a distribution with the probability
density function
fla;0) =
0, otherwise,

where ¢ € R is the unknown parameter. Then which of the following statement(s) is

(are) true?

(A) The maximum likelihood estimator of 6 is min(X7, Xo,..., X})
(B)c(#)=1,foralld e R
(C) The maximum likelihood estimator of 6 is min(X7, X», ..., X},)

(D) The maximum likelihood estimator of # does not exist

39. Let X1, Xs,..., X,, be a random sample from a distribution with the probability

density function

flx;0) =

0, otherwise,

where ¢ > 0 is the unknown parameter. If Y = " | X;, then which of the following

statement(s) is (are) true?

(A) Y is a complete sufficient statistic for 6

15



(B) ZY—” is the uniformly minimum variance unbiased estimator of ¢
(C) 221 is the uniformly minimum variance unbiased estimator of ¢

(D) 2"—;1 is the uniformly minimum variance unbiased estimator of 6

40. Let X, X5, ..., X,, be a random sample from U (0,6 + 1), where 6 € R is the unknown

parameter. Let
U=max(X7,Xo,...,X,) and V =min(Xy, Xo,...,X,).
Then which of the following statement(s) is (are) true?

(A) U is a consistent estimator of 6
(B) V is a consistent estimator of ¢
(C) 2U — V is a consistent estimator of ¢

(D) 2U — V' is a consistent estimator of 6 + 1

41. Let {a, },>1 be a sequence of real numbers such that

143454+ (2n—1)
N n!

, n>1.

an

Then ) ., a, converges to ................

42. Let
S={(z,y) eR*:x>0,\/1—(z-2?<y<9-(z-3)%}.
Then the area of S equals .............
43. Let
S={(z.y) eR?: |z + Jy| < 1}.
Then the area of S equals ...............
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44, Let
I 5
J:—/ t72(1—t)2 dt.
0

Then the value of J equals ..............

45. A fair die is rolled three times independently. Given that 6 appeared at least once,

the conditional probability that 6 appeared exactly twice equals ..............

46. Let X and Y be two positive integer-valued random variables with the joint

probability mass function
P(X =m,Y =n)=g(m)h(n), m,n>1,

where g(m) = (%)m_l, m > 1,and h(n) = (3)", n > 1. Then B(XY) equals ..........

47. Let E, F and G be three events such that
P(ENFNG)=0.1, P(G|F)=03 and P(E|FNG)=P(E|F).

Then P(G | EN F) equals ................

48. Let A, A; and A3 be three events such that

1 1 1
P(Ai):—, 1=1,2,3; P(AiﬂAj):—, 1<i#35<3 and P(AlﬂAgﬂAg):—.
3 6 6

Then the probability that none of the events A, A5, A3 occur equals ...........

49. Let X1, Xo, ..., X,, be a random sample from the distribution with the probability
density function

1 1
f(x) = Ze_|z_4‘ + 1_16_|$_6|’ reR.

17



Then % > ¢, Xi converges in probability to ................

50. Let z; = 1.1, 22 = 2.2, 3 = 3.3 be the observed values of a random sample of size
three from a distribution with the probability density function
%e“”/ 0 > 0,
fla;0) =
0, otherwise,
where 0 € {1,2,...} is the unknown parameter. Then the maximum likelihood estimate

of ¢ equals .........

51. Let f : R — R be a differentiable function such that /' is continuous on R with

f'(3) = 18. Define

Then lim,,_, g, (3) equals ...............

52.Let M = 5! | X; X7, where
XT=p —110, xF=0101, XxF=0310 and XT=[1110]

Then the rank of A equals ...............

53. Let f : R — R be a differentiable function with

lim f(r)=o0c and lim f'(z)=2.

T—r00 T—00
Then
. f (=)
wl;ngo (1 + 7 equals ..............
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54. The value of

s x
/ </ e gin dy) dx
0 0

55. Let X be a random variable with the probability density function

(
4xk, 0<z <1,

2

f(x):<a:—‘%, 1<z <2,

\ 0, otherwise,

where £ is a positive integer. Then

1 3
P(=< X< -] equals............
(2 _2) equals

56. Let X and Y be two discrete random variables with the joint moment generating

function

1 2\2 /2 1\3
Mx y(t1,t2) = (getl + g) (geh + §) , ti,ta e R

Then P(2X +3Y > 1) equals .........

57. Let X1, X5, X5 and X, be i.i.d. discrete random variables with the probability mass

function
3n—1
P(X1=n)= n , n=1,2 ...,
4n
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59. Let X be a sample observation from U (6, 6?) distribution, where 6 c {2, 3} is the

unknown parameter. For testing
Hy:0=2 against H;:0 =3,

let « and 5 be the size and power, respectively, of the test that rejects 7 if and only if

X > 3.5. Then o + g equals ...............

60. A fair die is rolled four times independently. For i = 1,2, 3, 4, define

. 1, if 6 appears in the i-th throw,
Z‘ pu—

0, otherwise.

Then P(max{Y7,Y>,Y3, Yy} = 1) equals ............
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