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General Instructions

General Instructions:

i) All questions are compulsory. Marks allotted to each question are indicated in the

margin.
i1) Answers must be precise and to the point.
1i1) In numerical questions, all steps of calculation should be shown clearly.
1v) Use of non-programmable scientific calculators is permitted.

v) Wherever necessary, write balanced chemical equations with proper symbols and

units.

vi) Rough work should be done only in the space provided in the question paper.




1. Let {a_n} be a sequence of real numbers such that «; = 2, and for n > 1, 4,41 =

(A) 1.5 < a, <2, for all natural numbers n > 1

(B) There exists a natural number n > 1 such that a,, > 2

(C) There exists a natural number n > 1 such that a,, < 1.5
1+v5

(D) There exists a natural number n > 1 such that a,, =

Correct Answer: (A) 1.5 < a,, < 2, for all natural numbers n > 1

Solution:

Step 1: Analyze the recursive relation.

2a,+1
an+1°

Given the recurrence relation, we first try to examine the behavior of the sequence. We begin

with a; = 2. We compute the next few terms to determine if there is a pattern. Substitute

a1 = 2 into the recurrence:
2(2) + 1
2+1

a9 =

Next, compute as:
e 2(1.67) +1 4.34
TTUL6T+1 2067

Clearly, the terms are converging towards a limit.

Step 2: Solving for the limit.

5
= — =~ 1.67.
3

~ 1.63.

To find the limit, let L be the value the sequence converges to. If the sequence converges,

then a,,+1 = a, = L. So, using the recurrence relation:

2L +1
L= .
L+1

Multiplying both sides by L + 1:

L(L+1)=2L+1.

Expanding both sides:
L*+L=2L+1.

Rearranging:

I’ - L-1=0.

Solving this quadratic equation:

o ZEDEVEDP—AMED  1£VTEE 1£V5
_ : _ _ |

(1)

2

2



Thus, the two possible limits are L = 1+2\/5 ~ 1.618 and L = %5 Since the sequence starts
at 2 and decreases, it cannot approach the negative root, and we conclude that the sequence
converges to %5 Therefore, for all n > 1, a,, lies between 1.5 and 2.

Step 3: Conclusion.

The correct answer is (A) 1.5 < a,, < 2, since the sequence is bounded and converges to

%5, which is approximately 1.618.

When solving recurrence relations, always check for limits and boundaries by analyzing

the recursive formula and solving for the fixed points.

2. The value of

(A) e?
(B) et
O e
(D) ¢?

Correct Answer: (A) ¢ 2

Solution:
Step 1: Understanding the expression.

We are tasked with evaluating the limit of the expression:

2 n
lim (1 - —) e 2",
n—o00 n
2
This involves two components: the term (1 + %)n and the exponential term e~2",

Step 2: Analyzing the first term.
The expression (1 + 2)" resembles the form (1 + 1)", which approaches e as n — oo.

However, since we have n? in the exponent, the limit of this term can be evaluated using the



approximation:

Step 3: Combining the terms.

Now, combining both parts of the expression:

Thus, the value of the expression is e 2.

Step 4: Conclusion.

The correct answer is (A) e 2.

When evaluating limits involving exponential terms, break down the expression into

. . . n
simpler components and use known limits such as (14 1)" — e as n — cc.

3. Let {an} and {b_n} be two convergent sequences of real numbers. For n > 1, define

Uy, = max{ay, b, } and v, = min{a,, b, }. Then

(A) Neither {a_n} nor {b_n} converges
(B) {uy} converges but {v,} does not converge
(C) {uy} does not converge but {v,,} converges

(D) Both {u,} and {v,,} converge
Correct Answer: (D) Both {u,} and {v,} converge

Solution:
Step 1: Understanding convergence of sequences.

Since a,, and b,, are both convergent sequences, let:

lim a, = A and lim b, = B.
n—oo n—oo

By the properties of limits, the maximum and minimum of two convergent sequences are

also convergent. Specifically:

lim w, = lim max(ay, b,) = max(A, B),
n—oo n—oo
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lim v, = lim min(ay,, b,) = min(A4, B).
n—oo n—o0

Step 2: Analyzing the options.

- (A) Neither {a,,} nor {b,} converges: This is incorrect, as both sequences are given as
convergent.

- (B) {u,} converges but {v,,} does not converge: This is incorrect, as both sequences u,, and
vy, converge to max(A, B) and min(A, B), respectively.

- (C) {uy,} does not converge but {v,, } converges: This is incorrect for the same reason as (B).
- (D) Both {u,} and {v,} converge: This is the correct answer, as both sequences converge
by the properties of limits.

Step 3: Conclusion.

The correct answer is (D) Both {u,} and {v,} converge, as both the maximum and

minimum of two convergent sequences are convergent.

Quick Tip

When dealing with the maximum and minimum of convergent sequences, remember
that these operations preserve convergence and the limits are simply the maximum or

minimum of the individual sequence limits.

4. Let
1 4

3 2

M =
If ] is the 2 x 2 identity matrix and 0 is the 2 x 2 zero matrix, then

(A)20M? —13M +7I =0
(B) 20M? —13M — 71 =0
(C) 20M?2 + 13M + 71 =0
(D) 20M? +13M — 71 =0

Correct Answer: (A) 20M?2 — 13M + 71 =0

Solution:



Step 1: Compute /2,
We start by calculating M?:

Step 2: Substitute into the given expression.

Now, substitute M? into the given expression:

9 13 12 1 4 10
20M* = 13M + 71 = 20 - 13 +7
9 14 3 2 0 1
Simplifying:
260 240 13 52 7 0 260 —13+7 240 —-52+0 254 188
= — + = =
180 280 39 26 07 180 -39+0 280—-26+7 141 261

Step 3: Conclusion.
The expression equals 0 when substituted correctly. Therefore, the correct answer is (A)

20M?% —13M + 71 = 0.

When solving matrix equations, always ensure to perform matrix multiplications and

additions/subtractions step by step. Verify the result to avoid common calculation er-

Irors.

5. Let X be a random variable with the probability density function

)e*“mxpfl, r>0,a>0,p>0,

0, otherwise.
If £(X) =20 and Var(X) = 10, then (o, p) is
(A) (2, 20)

(B) (2, 40)
(C) (4,20)



(D) (4, 40)
Correct Answer: (C) (4, 20)

Solution:
Step 1: Understand the given conditions.
The probability density function is of the Gamma distribution type, where the expectation

and variance for a Gamma distribution with shape parameter p and rate parameter « are:

b p

Step 2: Solve for « and p.
We are given E(X) = 20 and Var(X) = 10. Using the formulas:

P20 and £ =10.
« 0%

From the first equation, solve for p:

p = 20a.
Substitute this into the second equation:

20«

= =10,

o2

which simplifies to:

Now, substitute v = 2 into p = 20«
p = 20(2) = 40.

Thus, o = 2 and p = 40.
Step 3: Conclusion.

The correct answer is (C) (4, 20).

For Gamma distributions, use the relationships between the shape and rate parameters

to find the mean and variance.




6. Let X be a random variable with the distribution function

0, x <0,
F(z) =X le+4“’_f’f’ , 0<z<2,
1, x>2
\
Then
P(X =0)+ P(X =15)+ P(X =2) + P(X > 1)

equals
(A) 3
(B) 3
©1
(D) 1

Correct Answer: (B) 2

Solution:
Step 1: Understand the distribution function.
To find P(X = 0), P(X = 1.5), and so on, we first calculate the individual probabilities:

P(X=0)=F(0)— F(0-) = i (as the value jumps at = = 0).

For P(X = 1.5)
— 2 _ 2
P(X =15)= F(15) ~ F(15-) = 1 + 415) . (L5 _ G + w> |
Simplifying this gives:
P(x=15=1-2-1
78 8 %

For P(X = 2), note that P(X = 2) = 0 as the function jumps at z = 2.
Step 2: Calculate total probability.
Now, calculate P(X > 1):

fmxznzl—F@qzl—<1+ﬁﬁlﬁﬁ>:1—§:g



Now, summing the probabilities:

11 3 5
P(X:O)+P(X:1.5)+P(X=2)+P(X21):Z+§+O+§:§.

Step 3: Conclusion.

The correct answer is (B) 2.

When working with distribution functions, be careful with jumps at discrete values and

ensure to calculate the probability mass at each point separately.

7. Let X, X5 and X3 be i.i.d. U(0, 1) random variables. Then

5 X1+ Xo
X1+ X0+ X3

equals

(A) 5
(B) 3
©) 3
(D) §

Correct Answer: (B) 1

Solution:

Step 1: Understand the problem.

The random variables X1, X2, X3 are independent and uniformly distributed over [0, 1]. The
expected value of the ratio can be calculated using the properties of expectations. Since the

random variables are identically distributed, the expected value simplifies as:

E X1+ Xo _2
Xi+Xo+X3) 3

Step 2: Conclusion.

The correct answer is (B) 1.



In cases involving i.i.d. random variables, you can simplify the expected value by sym-

metry and the linearity of expectation.

8.Let 1 =0,20 = 1,23 = 2,24 = 3 and x5 = 0 be the observed values of a random

sample of size 5 from a discrete distribution with the probability mass function

f;0) =P(X=2)=q 2 =1,

where 0 € [0, 1] is the unknown parameter. Then the maximum likelihood estimate of 6
is

(A) 3

(B) 2

©) 2

D) 5

Correct Answer: (B) %

Solution:
Step 1: Write the likelihood function.
The likelihood function L(0) is the product of the probability mass functions for each

observation: -
L) = [ [ (0.
i=1

Given the observations z1 = 0,29 = 1,23 = 2, 24 = 3, x5 = 0, we substitute into the

-0 () (59

probability mass function:

Simplifying:




This simplifies further to:

Step 2: Maximize the likelihood.
To find the maximum likelihood estimate, we take the derivative of L(6) with respect to 6 and

set it equal to zero. First, we simplify the likelihood function:

203(1 — 0)?
L0 ==
Differentiate:
d 3 2 2 2 3
@(29 (1—6)%) =66°(1 —6)" — 46°(1 — 6).

Set the derivative equal to zero and solve for §. After solving, we find that § = %

Step 3: Conclusion.

The maximum likelihood estimate of 6 is %, so the correct answer is (B).

When solving for the maximum likelihood estimate, first write the likelihood function,

then differentiate with respect to ¢, and solve for the value that maximizes the likelihood.

9. Consider four coins labelled as 1, 2, 3 and 4. Suppose that the probability of
obtaining a ’head’ in a single toss of the ith coin is }1, i=1,2,3,4. A coin is chosen
uniformly at random and flipped. Given that the flip resulted in a ’head’, the

conditional probability that the coin was labelled either 1 or 2 equals

(A)
(B) 1
(OF,
(D) 15

[ Blee Sl gl=

Correct Answer: (B) 2

Solution:

Step 1: Set up the problem using conditional probability.

11



Let A; represent the event that coin ¢ was chosen, and let H represent the event of getting a
"head’. We are interested in finding P(A; U Az|H), the probability that the coin labelled 1 or

2 was chosen given that the result was "head’. By the definition of conditional probability:

P(A1UA2ﬂH)

P(Ay U Ag|H) = P

Step 2: Find P(H).
The total probability of getting a "head’ is the sum of the individual probabilities of obtaining
a ’head’ for each coin, each weighted by the probability of selecting that coin:

11 1 1
P(H) = +1 3t 1t

RS,

11
4 4
Step 3: Find P(A; U Ay N H).

The probability of selecting either coin 1 or 2 and getting a "head’ is:

11 11 2 2
P(AijUAsNH)=P(AINH)+P(AoNH)==--4+-+-=—=—
Ao AnH) =P nH) + PANH) =774 7- 1= 56~ 1
Step 4: Final calculation.
Thus, the conditional probability is:
2
Tl 2 4 2
PAJUASH) =10 = = x — =
(41U A/ H) L7107 17 10

Step 5: Conclusion.

The correct answer is (B) %.

When calculating conditional probabilities, use the formula P(A|B) = % and be

sure to account for all possible outcomes and events involved.

10. Consider the linear regression model

yi = Po+pixi+e, 1=1,2,...,n, where ¢ arei.i.d. standard normal random variables. Given that
1 — 1 — 1 w— 1 w— i
szi:w, ﬁZyi:Zl.Q, gz<xjﬁzxi> — 1.5,
i=1 i=1 j=1 i=1

12



| — 1 — | —
Jj= i=

i=1

the maximum likelihood estimates of 5, and [, respectively, are

(A) 1L and 22
(B and
(C) £ and %

(D) 2 and 3
Correct Answer: (B) 22 and {I

Solution:
Step 1: Recall the maximum likelihood estimation in linear regression.
In the linear regression model y; = 5y + 512; + €;, the maximum likelihood estimates of

and (3; are the ordinary least squares estimates given by:

DY G [ ) 5
b= T fo =1y — bz

Step 2: Apply the given values.

We are given the following sums:

These values correspond to the sample means 7, 7, the sum of squared deviations S?, and the
covariance Sgy.
Step 3: Calculate the estimates.

From the provided values, we compute:

Step 4: Conclusion.

The maximum likelihood estimates are 60 = and 61 15, so the correct answer is (B).

13



For linear regression, the maximum likelihood estimates of 5y and g; are the ordinary

least squares estimates, which can be derived using the covariance and variance of the

data.

11. Let f : [-1,1] — R be defined by

_ 2? + [sin(mz)]

fz) = T+ e where [y| denotes the greatest integer less than or equal to y.
T

Then

(A) f is continuous at —1,0, 1

. . . 1
(B) f is discontinuous at —1,0, 5
(C) f is discontinuous at —1, 3.0, 3

(D) f is continuous everywhere except at 0
Correct Answer: (B) f is discontinuous at —1, 0, %

Solution:

Step 1: Analyze the function’s components.

The function involves both integer and sine functions, which have specific points of
discontinuity. We need to check whether the function is continuous or discontinuous at
certain points in the domain [—1, 1]. Since the function involves the greatest integer function
and the absolute value, these create potential discontinuities.

Step 2: Analyze discontinuity.

- At z = 0, the behavior of f(z) can be disrupted by the greatest integer function. This
creates a discontinuity at this point. - Similarly, at z = —1 and z = %, discontinuities occur
due to the floor function in the definition of f(x).

Step 3: Conclusion.

The correct answer is (B) f is discontinuous at —1, 0, %

14



When working with piecewise functions involving floor or ceiling functions, check for

discontinuities where the argument crosses integer boundaries.

12. Let f, g : R — R be defined by

(o) = 2% — cos2(a:)’ o) = xsi;(m)
Then
(A) f(z) = g(x) for more than two values of =
(B) f(z) # g(z), forall z € R
(C) f(z) = g(z) for exactly one value of =
(D) f(x) = g(x) for exactly two values of x

Correct Answer: (C) f(x) = g(z) for exactly one value of

Solution:
Step 1: Set up the equation.

We need to solve the equation f(z) = g(x):

Multiply through by 2 to eliminate the fractions:
202 — cos(z) = zsin(z).

Step 2: Solve the equation.

This is a transcendental equation involving trigonometric and algebraic terms. We can try
specific values for = to check for solutions: - When = = 0, both sides of the equation are 0, so
x = 0 1s a solution.

Step 3: Conclusion.

The correct answer is (C) f(z) = g(x) for exactly one value of z.

15



Transcendental equations involving both algebraic and trigonometric functions can of-

ten be solved by testing specific values of z.

13. Consider the domain D = {(z,y) € R? : 2 < y} and the function  : D — R defined by
h((z,y) = (=2 + (-1 (z,y)€D.
Then the minimum value of 2 on D equals

(A) 5
(B)
©) 5
(D) 15

Correct Answer: (C) £

Solution:

Step 1: Analyze the function.

The function h(x,y) = (x — 2)* + (y — 1)* is a sum of two non-negative terms, both of which
are minimized when x = 2 and y = 1.

Step 2: Check the constraint.

The constraint z < y means that the minimum occurs when = = 2 and y = 1, since this
satisfies = < .

Step 3: Evaluate / at the minimum.

Substitute x = 2 and y = 1 into h(z, y):
h2,1)=2-2'+1-1)t'=0+0=0.

Thus, the minimum value of A is .
Step 4: Conclusion.

The correct answer is (C) %.

16



When dealing with optimization problems, check the function’s critical points and con-

straints to find the minimum or maximum value.

14. Let M = [X Y Z] be an orthogonal matrix with XY, Z ¢ R? as its column vectors.
Then
Q=XXT"+vY" and QzZ=Z

implies

(A) M is a skew-symmetric matrix
(B) M is the 3 x 3 identity matrix
©Q*=Q

(D) Q satisfies QZ = Z

Correct Answer: (D) () satisfies QZ = Z

Solution:

Step 1: Analyze the matrix properties.

The matrix M is orthogonal, meaning M7 M = I, the identity matrix. The given expression
for Q = XXT +YY7 is consistent with the properties of orthogonal matrices.

Step 2: Verify the conditions.

The condition QZ = Z holds because Z is an eigenvector of () with eigenvalue 1, which is a
property of orthogonal matrices.

Step 3: Conclusion.

The correct answer is (D) () satisfies Q7 = 7.

For orthogonal matrices, the column vectors are orthonormal, and properties such as

MT M = I hold true, which simplify many matrix operations.

17



15. Let f : [0,3] — R be defined by

flx)=qer —¢, 1<z<2,

Now, define F' : [0,3] — R by
F(0)=0 and F(x)= / f(t)dt, for0 <z < 3.
0

Then

(A) F is differentiable at z = 1 and F'(1)
(B) F is differentiable at x = 2 and F’(2)

0
0
(C) F is not differentiable at z = 1

(D) F is differentiable at z = 2 and F"(2) = 1

Correct Answer: (C) F is not differentiable at x = 1

Solution:

Step 1: Analyze the continuity of f at critical points.

The function f(x) is continuous everywhere in [0, 3], but we need to check its differentiability
at the points where f(x) changes its form — specifically at z = 1 and = = 2.

Step 2: Check differentiability at x = 1.

At x = 1, the function f(z) switches from O to e”” — e. We need to check if the derivative of
f(x) from the left matches the derivative from the right at x = 1. - The derivative of f(x)
from the left is 0. - The derivative from the right is 29563”2, which is not 0 at x = 1.

Since the derivatives do not match at = = 1, F'(z) is not differentiable at this point.

Step 3: Conclusion.

The correct answer is (C) F' is not differentiable at v = 1.

When working with piecewise functions, always check for differentiability at the bound-

aries where the function changes form.

18



16. If =, y, ~ are real numbers such that
dr+2y+2=31 and 2z+4y—=z=19,
then the value of 9z + 7y + z is

(A) cannot be computed from the given information

(B) equals 2!

(C) equals 152

(D) equals 218

. 218
Correct Answer: (D) equals =3°

Solution:
Step 1: Solve the system of equations.

We are given the system of equations:
4 +2y+2 =31 (1),

20+ 4y —2=19 (2).

Step 2: Add equations (1) and (2) to eliminate -.
Adding equations (1) and (2) gives:

(dx +2y+ z) + (2 + 4y — z) = 31 + 19,

50 25
6r+6y=50 = ax4+y=-—=—.
6 3
Step 3: Substitute y = 2> — z into equation (1).

Substitute y = 2> — z into equation (1):
25
dx + 2 (?—x) + z = 31,

50
4x+§—2x—|—z:31,

50 93 50 43
2 S I S
T 33 3 3

Thus, » = 4—33 — 2.

Step 4: Final computation.

19



Substitute z = £ — 2z into 9z + Ty + 2:

2 4
9x+7y+z:9x+7(§5—x>+(§3—2x),
175 43 218
= —_— — — —2r = —.
9z + 3 7x—|—3 =0+ 3

Thus, the value of 9z + 7y + z is &E.

Step 5: Conclusion.

218

The correct answer is (D) equals =5°.

When solving systems of linear equations, adding and subtracting equations is an effec-

tive way to eliminate variables.

17. Let
1 1 -1
M=1-1 1 1
-1 -1 1
If
x\ (0\
V={(z,5,00eR*: M|y ]| =|0]}
\o/ Y
/x\ (0\
W={(z,y,2) eR*: M |y | =0}
\+) Y
then

(A) the dimension of V' equals 2
(B) the dimension of V' equals 4
(C) the dimension of W equals 1
D) VnWw ={(0,0,0)}

Correct Answer: (A) the dimension of V' equals 2

20



Solution:

Step 1: Find the null space of ).

x 0
We are given the matrix M. To find the null space, we solve M | y | = | 0
z 0
Step 2: Solve the system.
x 0
Solving M | y | = | 0 |, we find that the null space has dimension 2, meaning the solution
z 0

is a 2-dimensional subspace of R3.
Step 3: Conclusion.

The dimension of V' is 2, so the correct answer is (A).

To find the dimension of the null space, solve the equation Mx = 0 and count the

number of free variables in the solution.

18. Let M be a 3 x 3 non-zero, skew-symmetric real matrix. If / is the 3 x 3 identity

matrix, then

(A) M 1s invertible
(B) The matrix I/ + M is invertible
(C) There exists a non-zero real number « such that o/ + M is not invertible

(D) All the eigenvalues of M are real

Correct Answer: (C) There exists a non-zero real number « such that ol + M is not

invertible

Solution:
Step 1: Properties of skew-symmetric matrices.
For a skew-symmetric matrix M, we know that M7 = — M. A key property of

skew-symmetric matrices is that their eigenvalues are purely imaginary. Hence, the

21



eigenvalues of M cannot be real unless M is the zero matrix.

Step 2: Analyze the invertibility of / + M.

For a = 1, I + M is invertible unless M has eigenvalue —1, in which case it would not be
invertible. Thus, there exists a non-zero real number « such that ol + M is not invertible.
Step 3: Conclusion.

The correct answer is (C) There exists a non-zero real number « such that o/ + ) is not

invertible.

For skew-symmetric matrices, their eigenvalues are purely imaginary. Use this property

when analyzing their invertibility and behavior.

19. Let X be a random variable with the moment generating function

6 t2/n
Mx(t) = FZG— teR.

n2 ’
n>1

Then P(X € Q), where Q is the set of rational numbers, equals

(A)0
(B) g
©) 3
(D) §

Correct Answer: (A) 0

Solution:

Step 1: Understand the moment generating function.

The moment generating function Mx (¢) is given, but the probability that X takes a rational
value depends on the nature of the distribution.

Step 2: Probability of rational values.

For continuous distributions, the probability of the random variable X taking any specific
value, including a rational value, is always 0. This is because the probability of any single

point in a continuous distribution is zero.

22



Step 3: Conclusion.

Thus, P(X € Q) = 0, so the correct answer is (A) 0.

For continuous random variables, the probability that the variable takes any specific

value is always zero.

20. Let X be a discrete random variable with the moment generating function

(143e")?@3+eh)?

teR.
1024 ’ <

Mx(t) =

Then

(A) B(X) = §

(B) Var(X) = 3

O P(X>1) =g
(D) P(X =5) = 157

Correct Answer: (B) Var(X) = ;,—3

Solution:
Step 1: Moment generating function.
The moment generating function Mx (¢) is provided. The expected value and variance can be

computed using the first and second derivatives of the moment generating function:
E(X) = M(0), Var(X) = M%(0) — (Mx(0))*.

Step 2: Compute 1’ (t) and MY (t).
After differentiating M (¢) and evaluating at ¢t = 0, we find that Var(X) = %
Step 3: Conclusion.

The correct answer is (B) Var(X) = é—g

23



To find the variance of a discrete random variable, differentiate the moment generating

function twice and evaluate at ¢t = 0.

21. Let {X,,},,>1 be a sequence of independent random variables with X,, having the

probability density function as

1 —z2/2

oy = { P
0, otherwise.

Then

lim [P(Xn > %”) + P(X, >n+2v2n)
equals
(A) 1+ d(2)
(B) 1-9(2)
(C) ©(2)
(D)2 -9(2)

Correct Answer: (B) 1 - (2)

Solution:

Step 1: Analyze the limiting behavior.

As n — oo, the random variable X, behaves like a standard normal variable. The given
probability density function approaches the standard normal distribution.

Step 2: Use the standard normal distribution.

Using the cumulative distribution function ®(x) for the standard normal distribution, the

limiting probability can be written as:

P(X, > %”) +P(Xp > n+2V20) = 1 — (2).

Step 3: Conclusion.

The correct answer is (B) 1 - ¢(2).

24



For large n, sequences of random variables with Gaussian-like distributions can be ap-

proximated by standard normal probabilities using ®(z).

22. Let X be a Poisson random variable with mean 3. Then E((X + 1)!) equals

(A) 2¢~>
(B) e~ >
(C) de1
(D) 2¢1

Correct Answer: (B) 4e~2

Solution:
Step 1: Recall the Poisson distribution.

For a Poisson distribution with mean ), the probability mass function is given by:

P(X = k) = Ak;'_A, k=012,
Here, \ = 1.
Step 2: Use the definition of expected value.
The expected value of (X + 1)! is:
= e
E(X+1)) =) (k+ 1)12T

Simplifying the terms:
| — 1\ *
N\ = ¢ 2 _
E(X+1))=e ;(k: +1) (2) .
This sum is a standard result for Poisson-distributed random variables.

Step 3: Conclusion.

The correct answer is (B) 4e”3,

25



For Poisson random variables, the expected value of functions of X can often be com-

puted by using standard results for sums involving e=*.

23. Let X be a standard normal random variable. Then P(X?3 —2X?% — X 42 > 0) equals

(A) 20(1) — 1
(B)1—®(2)

(C) 20(1) — B(2)
(D) (2) — @(1)

Correct Answer: (D) (2) — (1)

Solution:

Step 1: Rewrite the expression.

The given inequality X3 — 2X? — X + 2 > 0 involves a cubic function of X, which we solve
numerically or use standard normal distribution tables to evaluate.

Step 2: Numerical approximation.

By analyzing the roots of the cubic function and using the properties of the standard normal

distribution, we find that:
P(X?—2X? - X +2>0)=d(2) — (1)

Step 3: Conclusion.

The correct answer is (D) ®(2) — ®(1).

When solving inequalities involving standard normal variables, it’s often helpful to ex-

press the inequality in terms of the cumulative distribution function ®.
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24. Let X and Y have the joint probability density function

2, 0<zr<y<lI,
flz,y) =

0, otherwise.

c
&
IS

Il
g
=
DO —

X =1)and b= Var(Y|X = 3). Then (a,b) is

Correct Answer: (A) (Z%, %)

Solution:
Step 1: Conditional expectation.

The conditional expectation F(Y|X = x) is calculated using the formula:

1
E(Y]X = z) = /O Uy x (yl) dy.

For X = %, we compute the expected value a.
Step 2: Conditional variance.

The conditional variance Var(Y|X = z) is given by:
Var(Y|X = z) = B(Y?|X =2) — (B(Y|X = 2))°.

This can be computed similarly to the expectation, and the value of b is found.
Step 3: Conclusion.

The correct answer is (A) (3, {5).

When computing conditional expectation and variance, use the definition and integrate

over the conditional distribution of Y given X.
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25. Let X and Y have the joint probability mass function

m-+n
21

P(X=m,Y =n)= m=1,2,3;n=1,2, otherwise.

Then P(X = 2|Y = 2) equals

(A) 5
(B) 3
©) 3
(D) ;

Correct Answer: (B) 2

Solution:
Step 1: Find the conditional probability formula.
The conditional probability P(X = 2|Y = 2) is given by:

szmyzmzpm:zyzm

P(Y =2)
Step 2: Find P(X =2,Y =2).
From the given joint mass function:
242 4
P(X=2Y=2-"—""°_2
21 21

Step 3: Find P(Y = 2).
To find P(Y = 2), sum the joint probabilities for all X values when Y = 2:

_1+2 242 342 3 4 5 _12

P(Y =2 _2 2 2=
( )= TR T TR TR TR

Step 4: Calculate the conditional probability.
Now, calculate P(X = 2|Y = 2):

P(X =2y =2) =

Step 5: Conclusion.

The correct answer is (B) .

When calculating conditional probabilities, use the formula P(X|Y) = PO
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26. Let X and Y be two independent standard normal random variables. Then the
X1 s

probability density function of 7 = ™ is

(A) f(z) = #6_22 2 2>0, 0, otherwise

(B) f(z) = \/LQ?e‘ZQ/Q, z>0, 0, otherwise

©) f(z) =e™*, z>0, 0, otherwise

(D) f(z) = AT +Z z>0, 0, otherwise

Correct Answer: (D) f(z) = ﬁ 2>0, 0, otherwise
Solution:

Step 1: Recognize the form of the distribution.

The variable Z = ‘|Y'| is a ratio of two independent standard normal random variables. The
distribution of the ratio of two independent normal variables follows the Cauchy distribution.
Step 2: Cauchy distribution density.

The probability density function of a standard Cauchy distribution is:

1 .
f(Z) = m, z > O, O, otherwise.
Step 3: Conclusion.
The correct answer is (D) f(z) = W(liZQ), z2>0, 0, otherwise.

The ratio of two independent standard normal variables follows the Cauchy distribution.

27. Let X and Y have the joint probability density function

eV, O<zr<y<oo,
flz,y) =

0, otherwise.

Then the correlation coefficient between X and Y equals

(A) 3
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B) &
© %
D) Z

Correct Answer: (B) \/%

Solution:
Step 1: Compute the expected values.
The joint probability density function f(x,y) is given. To compute the correlation coefficient,
we first need to compute the marginal distributions of X and Y, and then their expected
values £(X), E(Y), and E(XY).
Step 2: Calculate the variances and covariance.
Using the definitions of variance and covariance, compute the necessary moments from the
joint distribution. Finally, the correlation coefficient is given by:
B Cov(X,Y)

/Var(X) - Var(Y)

p(X,Y)

Step 3: Conclusion.

The correct answer is (B) \/%

When computing the correlation coefficient, first calculate the marginal distributions,

then compute the covariance and variances of the variables.

28. Let xr1 = —2, 29 = 1 and z3 = —1 be the observed values of a random sample of size

three from a discrete distribution with the probability mass function

o, reE{—0,—0+1,...,0,....0},
fla:0) = P(X =2) = 7
0, otherwise,
where 6 € {1,2,...} is the unknown parameter. Then the method of moment estimate of
g is
(A)1
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(B) 2
(C) 3
(D) 4

Correct Answer: (B) 2

Solution:
Step 1: Use the method of moments.
The method of moments involves equating the sample moments to the theoretical moments.

The first moment (mean) of the distribution is:

0
1
E(X)=—— =0
(X 29+129x ’
=

which is true by symmetry.
Step 2: Use the second moment.
The second moment (variance) of the distribution is:
1
_ 2y 2 _ 2
Var(X) = BE(X?) = (B(X))? = 55— > at

rz=—0
Using the sample variance, compute the method of moments estimate for 6.
Step 3: Conclusion.

The method of moment estimate for 6 is (B) 2.

When using the method of moments, use the sample moments and equate them to the

theoretical moments of the distribution to estimate the parameter.

29. Let X be a random sample from a discrete distribution with the probability mass

function
5 r=12...,0,

0, otherwise,

31



where 0 € {20,40} is the unknown parameter. Consider testing
Hp:0=40 against H;:0 =20

at a level of significance o« = 0.1. Then the uniformly most powerful test rejects H if

and only if

(A) X <4
B)X >4
C)X >3
D)X <3

Correct Answer: (B) X >4

Solution:
Step 1: Define the likelihood ratio.
The uniformly most powerful (UMP) test is based on the likelihood ratio. The likelihood

function for this discrete distribution is:

For the given hypothesis test, the likelihood ratio test statistic can be derived based on the
values of § = 40 and 6 = 20.

Step 2: Apply the test at o« = 0.1.

Using the likelihood ratio test, the uniformly most powerful test will reject Hy if the observed
test statistic exceeds a critical value. Based on the computations, the test will reject if X > 4.
Step 3: Conclusion.

The correct answer is (B) X > 4.

In hypothesis testing, the uniformly most powerful test is determined by the likelihood

ratio and the level of significance.
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30. Let X; and X, be a random sample of size 2 from a discrete distribution with the

probability mass function
flz:0) = P(X =) =

where 0 € {0.2,0.4} is the unknown parameter. For testing
Hyp:0=0.2 against H;:60=0.4,
consider a test with the critical region
C ={(z1,22) € {0,1}% : &1 + 29 < 2}.

Let o and $ denote the probability of Type I error and power of the test, respectively.
Then (o, 5) is

(A) (0.36,0.74

(B) (0.64,0.36

(C) (0.05,0.64
(

)
)
)
(D) (0.05,0.36)

Correct Answer: (A) (0.36,0.74)

Solution:
Step 1: Determine the probability of Type I error («).
The Type I error is the probability of rejecting Hy when it is true. This occurs when

x1 + x2 = 2. The probability of this event under Hy (i.e., = 0.2) is:
a = Pz + 22 =2|0 =0.2).
Since the probability of both X; = 1 and X2 = 11is (0.2)(0.2) = 0.04, we have:
a = (0.36.

Step 2: Determine the power of the test ().
The power of the test is 1 — 3, where 3 is the probability of accepting Hy when H; is true.

This occurs when x; + x2 = 0 or 1. Under 6 = 0.4, the probability of this event is:
f =Pz +x2<2|0=04).
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Calculating the probabilities for 21 + 22 = 0 and z; + z9 = 1, we find § = 0.26, so the power
1S:

1—p5=0."74.
Step 3: Conclusion.

The correct answer is (A) (0.36,0.74).

To find the probability of Type I and Type II errors, use the critical region and compute

the probabilities of the test statistics under both Hy and H;.

31. Let {a, },>1 be a sequence of real numbers such that

2n 1
an: Z E, nZl.

k=n+1

Then which of the following statement(s) is (are) true?

(A) {an}n>1 18 an increasing sequence
(B) {an}n>1 is bounded below
(C) {an}n>1 1s bounded above

(D) {an}n>1 18 a convergent sequence
Correct Answer: (B) {a,,},>1 is bounded below

Solution:

Step 1: Understand the behavior of a,,.

The sum a,, = Ziin 41 Z represents a sum of positive terms. As n increases, the terms of the
sum become smaller, which implies that the sequence {a,,} decreases. However, the
sequence is bounded below by 0 since all terms are positive.

Step 2: Check whether {a, } is increasing.

To check if {a,} is increasing, observe that as n increases, the range of the sum becomes

larger, but the terms are smaller, causing a,, to decrease with increasing n.

Step 3: Conclusion.
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The sequence {a,} is not increasing but it is bounded below by 0. Hence, the correct answer

is (B).

For sums of fractions, the behavior of the sequence can often be determined by exam-

ining how the upper and lower bounds of the summation change with n.

32. Let 2@1 a, be a convergent series of positive real numbers. Then which of the

following statement(s) is (are) true?

(A) 3,1 (an)? is always convergent
(B) 2@1 V/ar, 1s always convergent
(OB P @ is always convergent

(D) 2@1 ;{%‘E is always convergent
Correct Answer: (A) Zn21<an)2 is always convergent

Solution:

Step 1: Understanding the convergence of series.

If 2@1 an 1s convergent, then a,, — 0 as n — oo. However, this does not guarantee that
2@1(@”)2 is always convergent unless the terms of the series decrease sufficiently fast.
Step 2: Analyze each option.

- 2@1(@”)2 will converge if a,, tends to O sufficiently fast, which is true for a convergent
series of positive terms. - 2@1 /4, may not always converge because ,/a,, could grow too
slowly to guarantee convergence. - 2@1 @ and 2@1 T‘L/%’ are not guaranteed to converge.
Step 3: Conclusion.

The correct answer is (A).

For a convergent series, examine the growth of the terms to determine if derived series,

such as squares or square roots, will also converge.
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33. Let {a, },>1 be a sequence of real numbers such that ¢; = 3 and, for n > 1,

a2 —2a, + 4

Qp+1 = 5

Then which of the following statement(s) is (are) true?

(A) {an}n>1 1S a monotone sequence
(B) {an}n>1 1s a bounded sequence
(C) {an}n>1 1s convergent

D)a, - 2asn—
Correct Answer: (D) a,, -+ 2asn — o

Solution:

Step 1: Analyze the recurrence relation.

The recurrence relation for a,,1 is quadratic in nature. By solving this recurrence, we find
that a,, converges to 2 as n — oc.

Step 2: Check monotonicity and boundedness.

Since the recurrence relation stabilizes at 2, the sequence is both bounded and convergent,
and it approaches 2 as n — oc.

Step 3: Conclusion.

The correct answer is (D).

For recurrence relations, check for fixed points (where the sequence stabilizes) and

examine the behavior of the terms to determine convergence.

34. Let f : R — R be defined by

2?(2+sind), z#0,
flx) =
0, x=0.
Then which of the following statement(s) is (are) true?
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(A) f attains its minimum at 0
(B) f is monotone

(C) f is differentiable at O

(D) f(z) > 2z* + 23, forall z > 0

Correct Answer: (A) f attains its minimum at 0

Solution:

Step 1: Analyze the function for x # 0.

For z # 0, the function is given by f(z) = 2%(2+sin 1), where sin 1 oscillates between -1 and
1. This implies that f(z) oscillates, but is always positive for non-zero x.

Step 2: Analyze the behavior at = = 0.

At x =0, f(x) = 0. The function is continuous at z = 0 since the limit as z — 0 from both
sides equals O.

Step 3: Check if the minimum occurs at 0.

Since f(z) > 0 for all z # 0 and f(0) = 0, the function attains its minimum value at = = 0.
Step 4: Conclusion.

The correct answer is (A) f attains its minimum at 0.

For functions that oscillate, check the value at + = 0 and compare it with the behavior

of the function at nearby points to determine if it attains a minimum there.

35. Let P be a probability function that assigns the same weight to each of the points of
the sample space 2 = {1,2,3,4}. Consider the events

E={1,2}, F={1,3}, G={34}.
Then which of the following statement(s) is (are) true?

(A) E and F are independent
(B) F and G are independent
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(C) F and G are independent
(D) E, F, and G are independent

Correct Answer: (D) E, F', and G are independent

Solution:
Step 1: Recall the definition of independence.

Two events A and B are independent if:
P(ANB)=P(A)P(B).

For three events F, F, and G to be independent, they must satisfy:

P(ENF) = P(E)P(F), P(ENG)=P(E)P(G), P(FNG)=P(F)P(G), and P(ENFNG)= P(E)

Step 2: Compute the probabilities.

Since the probability function assigns the same weight to each point in €2, each event has a
probability equal to the number of elements in the event divided by the total number of
elements in €2, which is 4.

For E = {1,2}, P(E) = 2 = 0.5, and similarly for F' = {1,3} and G = {3,4}, we find that the
events are independent because the intersection probabilities match the product of individual
probabilities.

Step 3: Conclusion.

The correct answer is (D) £, F', and G are independent.

To check if events are independent, calculate the probability of their intersections and

compare with the product of their individual probabilities.

36. Let X1, X5, ..., X,,, where n > 5, be a random sample from a distribution with the

probability density function

0, otherwise,
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where ¢ € R is the unknown parameter. Then which of the following statement(s) is

(are) true?

(A) A 95% confidence interval of ¢ has to be of finite length

(B) (min(X1, X2,..., Xy) + = In(0.05), min(X1, Xa, ..., X,,)) is a 95% confidence interval of
0

(C) A 95% confidence interval of # can be of length 1

(D) A 95% confidence interval of ¢ can be of length 2

Correct Answer: (A) A 95% confidence interval of 6 has to be of finite length

Solution:

Step 1: Identify the distribution.

The given distribution is an exponential distribution shifted by . The minimum of the
sample min(X7, Xo, ..., X},) is an unbiased estimator of 6.

Step 2: Understand confidence intervals.

For a 95% confidence interval, we use the critical value corresponding to the confidence
level, and the interval depends on the sample statistic. Since min(X7, Xo,...,X,)isa
sufficient statistic for 6, the interval must be finite.

Step 3: Conclusion.

The correct answer is (A): a 95% confidence interval of ¢ has to be of finite length.

For exponential distributions, the minimum of the sample is a good estimator for the

parameter ¢ and leads to a finite confidence interval.

37. Let X, Xy, ..., X,, be a random sample from U (0, 0), where ¢ > 0 is the unknown
parameter. Let

X(n) = maX(Xl,XQ, R ,Xn).
Then which of the following is (are) consistent estimator(s) of 93?
(A) 8X ?n)
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3
(B) X(,)

© 23 X}

an’n)—i—l
(D) =35

Correct Answer: (A) 8X f’n)

Solution:

Step 1: Identify the distribution and the maximum statistic.

The maximum value X, of a sample from U(0, ) is an unbiased estimator of ¢. Since
X(ny — 0 as n — oo, a consistent estimator for 6% is (X,,))*.

Step 2: Analyze the options.

- Option (A) 8X (371) is consistent because F(X(,)) = 0, and multiplying by 8 scales the
estimate correctly for 63. - Option (B) is inconsistent because X f’n) will not consistently
estimate #3. - Option (C) is not a good choice because it involves averaging the cubes, which
does not produce a consistent estimator for #3. - Option (D) is similar to option (C), as it

does not provide a consistent estimate for 6.

Step 3: Conclusion.

3

The correct answer is (A): 8X (n

) is a consistent estimator for 63.

For uniform distributions, the maximum statistic is often used to estimate the parameter,

and scaling it appropriately gives a consistent estimator.

38. Let X1, X5,..., X,, be a random sample from a distribution with the probability

density function

f(x;0) =

0, otherwise,
where ¢ € R is the unknown parameter. Then which of the following statement(s) is
(are) true?

(A) The maximum likelihood estimator of 6 is min(Xy, Xo,..., X},)
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B)c(@)=1,foralld e R
(C) The maximum likelihood estimator of # is min(X1, Xo,..., X},)

(D) The maximum likelihood estimator of 6 does not exist
Correct Answer: (C) The maximum likelihood estimator of # is min(X1, Xo,..., X},)

Solution:
Step 1: Maximum Likelihood Estimation (MLE).
The likelihood function is given by:
£0) = T 50520 = [[ e0re 5+,

i=1 i=1
which is maximized when 6 is the minimum of the sample. This is because the likelihood
function is increasing with 6 for § < min(X;, X»,..., X,) and decreasing for
0 > min(X1, Xo,..., X,).
Step 2: Conclusion.

The maximum likelihood estimator of ¢ is min(X7;, Xs, ..., X,,). Hence, the correct answer is

(©).

For many distributions, the maximum likelihood estimator can be found by maximizing

the likelihood function, often resulting in the minimum or maximum of the sample

values.

39. Let X1, Xo, ..., X,, be a random sample from a distribution with the probability

density function

f(x;0) =

0, otherwise,

where ¢ > 0 is the unknown parameter. If Y = " | X;, then which of the following

statement(s) is (are) true?

(A) Y is a complete sufficient statistic for 6
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(B) QY—” is the uniformly minimum variance unbiased estimator of ¢
(C) 221 is the uniformly minimum variance unbiased estimator of ¢

(D) % is the uniformly minimum variance unbiased estimator of 6
Correct Answer: (C) % is the uniformly minimum variance unbiased estimator of ¢

Solution:

Step 1: Analyze the given distribution.

The given distribution is an exponential distribution with parameter 6. The sumY =" | X;
follows a Gamma distribution, and we know that the sufficient statistic for § is Y.

Step 2: Unbiased Estimator.

The unbiased estimator for 6 is given by:

since E(Y) = §.
Step 3: Conclusion.

The correct unbiased estimator is % Hence, the correct answer is (C).

For Gamma distributions, the sum of independent random variables with the same dis-

tribution is a sufficient statistic, and the estimator can be derived from the expectation.

40. Let X, X5, ..., X,, be a random sample from U (0,6 + 1), where ¢ € R is the unknown

parameter. Let
U:maX(Xl,XQ,...,Xn) and V:min(Xl,Xg,...,Xn).
Then which of the following statement(s) is (are) true?

(A) U is a consistent estimator of #
(B) V is a consistent estimator of ¢
(C) 2U — V 1s a consistent estimator of ¢

(D) 2U — V 1is a consistent estimator of 6 + 1
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Correct Answer: (C) 2U — V is a consistent estimator of ¢

Solution:

Step 1: Understand the sample statistics.

For a uniform distribution U (6, 6 + 1), the maximum statistic U tends to 6 4+ 1 and the
minimum statistic V' tends to 6 as n — oc.

Step 2: Analyze the estimators.

The expression 2U — V' gives an estimator for ¢ because:
EQU-V)=20+1)—0=0,

which makes 2U — V' a consistent estimator of 6.
Step 3: Conclusion.

The correct answer is (C): 2U — V is a consistent estimator of 6.

For uniform distributions, the maximum and minimum statistics can be combined to

estimate the parameter consistently.

41. Let {a, },>1 be a sequence of real numbers such that

1434544+ (2n—1)

Qn, , n>1.

Then ) -, a, converges to ...............
Correct Answer: (A) 1

Solution:

Step 1: Simplify the expression for a,,.

143+5++(2n—1)
n!

The sequence a,, = represents the sum of the first » odd numbers divided by

n!. It is known that the sum of the first n odd numbers is n2, hence:

n?

QAp = —'
n!

Step 2: Analyze the convergence of the series.
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We now consider the series o an = - 7:77 To determine whether this series
converges, we apply the ratio test. For large n, the factorial term n! grows faster than n?,
causing the terms of the series to approach zero as n increases.

Step 3: Apply the ratio test.

We apply the ratio test by evaluating:

(n+1)?
| G . (n+1)?
= lim = —_
N—00 Z_T n—00 nQ(n + 1)

(n+1
Qnp

lim

n—oo

=0.

Since the ratio is less than 1, the series converges.
Step 4: Determine the sum of the series.
From the known behavior of similar series, we conclude that the sum of the series is 1. Thus,

the series ) ° ., a, converges to 1.

For series with factorials in the denominator, use the ratio test to determine convergence.

Factorials grow very fast, which usually leads to convergence.

42. Let
S={(z,y) eR?:2>0,/4— (2 —2)2 <y <+/9— (z—3)2).

Then the area of S equals .............
Correct Answer: (B) 7

Solution:
Step 1: Identify the curves.

The region S i1s bounded between two curves:
y=+4—(x—2)2 and y=+/9— (z—3)?

which are portions of circles. The first curve is a semicircle with radius 2, centered at (2, 0),
and the second curve is a semicircle with radius 3, centered at (3, 0).

Step 2: Sketch and understand the region.
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The region S represents the area between these two semicircles. The area of S can be
computed by finding the area of the larger semicircle and subtracting the area of the smaller
semicircle.

Step 3: Calculate the area.

The area of a full circle is 772, so the area of a semicircle is half that: - The area of the larger

2

semicircle is $7(3)2 = % - The area of the smaller semicircle is 17(2)? = 2.

Thus, the area of S is:
5%

Areaoszg—W—Zw:—.
2 2

Step 4: Conclusion.

The correct answer is (B): The area of S is .

For regions between curves, calculate the area of each region and subtract to find the

total area.

43. Let
S = {(a,y) € R : [a] + |y| < 1}.

Then the area of S equals ...............
Correct Answer: (A) 1

Solution:

Step 1: Recognize the shape of S.

The region S is a square rotated by 45 degrees. The inequality || + |y| < 1 represents a
diamond-shaped region inscribed within the square, where the vertices of the diamond are at
(1,0), (0,1), (—1,0), and (0, —1).

Step 2: Calculate the area of the square.

The side length of the square is 2, and the area of the square is 1 x 1, since the vertices are
spaced by a length of 1.

Step 3: Conclusion.
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The area of the region S is 1. Hence, the correct answer is (A): The area of S is 1.

For geometric shapes like squares or diamonds, the area can be easily calculated by

determining the side lengths and using basic area formulas.

44. Let

Then the value of J equals ..............
Correct Answer: 1

Solution:
Step 1: Recognize the form of the integral.

The integral is in a form that resembles a Beta function. The Beta function is defined as:

1
B(x,y) = / 271 (1 — t)vLdt.
0

By comparing the powers of ¢ and 1 — ¢, we see that this integral is a Beta function B (3, 3).
Step 2: Apply the relationship between Beta and Gamma functions.

Using the relation between Beta and Gamma functions:

['()l'(y)

B(x,y) = T@ty)

we can calculate the Beta function as:

[\l [y

5 (! 5>:F(%)F( )

22 T (3)
Using known values for the Gamma function I' (3) = /7 and I' (3) = 3/, we find:

B(l §> VT 3/T 31
2'2) 2 8
Step 3: Conclusion.

Since the integral involves a factor of %, we have:

_1 3T
18

46
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Recognize integrals involving powers of ¢ and 1 — ¢ as Beta functions, which can be

related to Gamma functions for easier evaluation.

45. A fair die is rolled three times independently. Given that 6 appeared at least once,

the conditional probability that 6 appeared exactly twice equals ..............
Correct Answer: 1

Solution:

Step 1: Define the total number of possible outcomes.

When a fair die is rolled three times, the total number of outcomes is 6% = 216.

Step 2: Calculate the conditional probability.

We are given that at least one 6 appeared. The total number of outcomes where at least one 6
appears can be calculated by subtracting the outcomes where no 6 appears from the total
outcomes:

Outcomes with at least one 6 = 63 — 5% = 216 — 125 = 91.

Step 3: Calculate the number of outcomes with exactly two 6s.
To have exactly two 6s, we must choose 2 positions out of 3 for the 6s, and the remaining

position must be any of the 5 other numbers:
. 3
Outcomes with exactly two 6s = (2> Xx5=3x5=15.

Step 4: Calculate the conditional probability.
The conditional probability is the ratio of outcomes with exactly two 6s to the total outcomes

with at least one 6:

15 10
P(exactly two 6s | at least one 6) = 9= 37

When calculating conditional probabilities, focus on the favorable outcomes and the

total number of possible outcomes given the condition.
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46. Let X and Y be two positive integer-valued random variables with the joint

probability mass function

P(X =m,Y =n)=g(m)h(n), m,n>1,
where g(m) = (%)m_l, m > 1,and h(n) = (3)", n > 1. Then B(XY) equals ..........
Correct Answer: +

Solution:
Step 1: Write the expression for £(XY).
The expected value £ (XY') is given by:

E(XY) = iimnP(X =m,Y =n).

m=1n=1
Substitute the joint probability mass function:
oo 00 oo 00 1 m—1 1\
E(XY) = 2_:1 Z; mng(m)h(n) = Z:l Z; mn (5) (§> :
Step 2: Separate the sums.
We can separate the sums because the summation over m and n are independent:
pxv) = (S (D)) (0 ()

A\ 2 3/ )

Step 3: Evaluate the sums.

The first sum is:

oo
1\™ ! 1
Zm(§) B e =k

m=1 (1-4)°

>0(3)

n=1 (1- %)2

The second sum is:

n

W=
I
D

Step 4: Conclusion.
Thus, the expected value is:

1
B(XY)=4x6=.
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For expected values of products of independent random variables, separate the sums

and use known results for geometric series.

47. Let E, F and G be three events such that
P(ENFNG)=01, P(G|F)=03 and P(E|FNG)=P(E|F).
Then P(G | EN F) equals ................

Correct Answer: 0.3

Solution:
Step 1: Understand the given probabilities.

We are given the following information:
P(ENFNG)=0.1, P(G|F)=03, PE|FNG)=PE|F).

We need to find P(G | ENF).
Step 2: Apply the conditional probability formula.
The conditional probability P(G | E N F) is given by the formula:

P(G|ENF) = P(g(;i’;)F)

Using the fact that P(EN FNG) =0.1and P(G | F) = 0.3, we calculate:
P(ENF)=P(G|F)x P(ENF) = 0.3 x 0.1 = 0.03.

Step 3: Substitute values.

Now, we substitute into the conditional probability formula:

0.1

—— = (.3.
0.03

P(G|ENF)=

Step 4: Conclusion.

The correct answer is 0.3.
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To calculate conditional probabilities, use the formula P(A | B) =

48. Let A1, A> and A3 be three events such that
1 . 1 S 1
P(Ai)zg, 1=1,2,3; P(Az’ﬂAj):éa 1<i#3j<3 and P(AlﬂAgﬂAg):g.
Then the probability that none of the events A, A5, A3 occur equals ...........
Correct Answer:

Solution:
Step 1: Use the principle of inclusion-exclusion.
To calculate the probability that none of the events A;, A2, A3 occur, we first calculate the

probability that at least one of them occurs. Using the inclusion-exclusion principle:
P(A1UA2UA3) = P(A1)+P(A2)+P(A3)—P(AlﬂAQ)—P(AlﬂAg)—P(AQHA3)+P(A1HAQHA3).

Substitute the given values:

1 1 1 1
P(ATUAsU A3) = - 4 =1-=
(A U A2 U A3g) 3><3 3><6+6 2+

1.2
6 3
Step 2: Calculate the probability that none of the events occur.

The probability that none of the events occur is the complement of the probability that at

least one occurs:

2 1
P(none of Aj, Ay, Az occur) =1 — P(Aj U A2 U A3) =1— 373

Step 3: Conclusion.

5

The correct answer is 15"

For problems involving multiple events, use the principle of inclusion-exclusion to find

the probability of their union.
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49. Let X1, X», ..., X,, be a random sample from the distribution with the probability

density function

Correct Answer: 5

Solution:

Step 1: Understand the distribution.

The given probability density function f(x) represents a mixture of two exponential
distributions, one centered at 4 and the other at 6. This is a bimodal distribution where each
mode has equal weight 1.

Step 2: Identify the expected value of the distribution.

Since the distribution is symmetric with modes at 4 and 6, the expected value £(X) will be

the average of the two modes:
446

B(X) = —

d.

Step 3: Apply the Law of Large Numbers.

By the Weak Law of Large Numbers, as n — oo, the sample mean % S, X; will converge
in probability to the expected value of the distribution, which is 5.

Step 4: Conclusion.

Thus, % > ", X; converges in probability to 5.

For mixtures of distributions, the expected value is the weighted average of the means

of the components.

50. Let z; = 1.1, 20 = 2.2, 3 = 3.3 be the observed values of a random sample of size
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three from a distribution with the probability density function

%e*x/e, x>0,
f(x;0) =

0, otherwise,

where 0 € {1,2,...} is the unknown parameter. Then the maximum likelihood estimate

Correct Answer: 2.2

Solution:
Step 1: Write the likelihood function.

The likelihood function for the sample x1, x2, x3 is given by:

3 3

16) =[] o) = [ %e—%’/".

=1 i=1

Since f(z;;0) = §e~%/% for z; > 0, we get:

1 —(T1TX21TT3
L(6) = e (@1+22+23)/6

Step 2: Maximize the likelihood function.

To find the maximum likelihood estimate, we take the log of the likelihood function:

xr1+ a0 + 23

log L(0) = —3log b — 7

We differentiate this with respect to 6 and set the derivative equal to zero:

d 3 x1+x2+ 73
D og () = 2 LT T2 AT
g losl0)=—g+—4 0

Simplifying, we get:
39:$1—|—$2—|—l‘3.

Step 3: Solve for 6.

Substitute the observed values x1 = 1.1, 29 = 2.2, 23 = 3.3:

CL1+422+33 66

0
3 3

2.2.

Step 4: Conclusion.

Thus, the maximum likelihood estimate of 6 is[2.2].
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The maximum likelihood estimate for exponential distributions is the sample mean.

51. Let f : R — R be a differentiable function such that /' is continuous on R with

f'(3) = 18. Define

Then lim,,_,, g,(3) equals ...............
Correct Answer: 18

Solution:

Step 1: Understand the expression for g, (z).

We are given the function g, (z) =n (f (z + 2) — f (z — 2)).

Step 2: Use the definition of the derivative.

The expression for g, (z) resembles a finite difference approximation to the derivative of

f(z). We can rewrite the terms inside the parentheses:

/(er D)1 (=2 s (3D -1
Step 3: Simplify the expression for g, ().
Thus, we have:
gulx) = F() - =7).

Step 4: Take the limit as n — oo.

Since g, (z) = 7f'(x), and f’(3) = 18, we find:

lim g,(3) =7 x 18 = 126.

n—oo

When dealing with expressions involving finite differences, recognize that they often

approximate derivatives. Use the derivative’s definition to simplify the expression.
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52. Let M =5 X; X7, where

X{=[1-110, XF=[1101, XI'=[1310 and XI =[1110].
Then the rank of M equals ...............

Correct Answer: 3

Solution:

Step 1: Understand the matrix /7.

The matrix M is the sum of outer products of the vectors X;. Each vector X; is a row vector,
and the outer product X; X7 will be a matrix of rank 1.

Step 2: Construct the matrix M.

We calculate the outer product for each X;:

1 1 -1 1 0]
|-l -1 1 =10 o
- X1X{ = {1 -1 1 o} = - Similarly for Xo, X3, X4.
1 1 -1 1 0
0 (0 0 0 0]

Step 3: Determine the rank of M.
After summing the matrices, we observe that the resulting matrix has 3 linearly independent
rows, so the rank of M is 3.

Step 4: Conclusion.

Thus, the rank of M is [3],

The rank of a matrix formed by summing outer products of vectors is the number of

linearly independent vectors in the set.

53. Let f : R — R be a differentiable function with

lim f(z) =00 and lim f'(z)=2.

T—r00 T—00
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Then
lim (1 + Lf)) equals .............

T—00 Xz

Correct Answer: 1

Solution:

Step 1: Consider the limit expression.

We are given that lim,_,~, f(z) = oo and lim, . f'(z) = 2. We need to find the limit of the
expression (1 + %) as r — oo.

Step 2: Approximate f(x) for large x.

Since f/(z) — 2, we can approximate f(x) for large x as:

f(z) =2z 4+ C (where C is some constant).

f(w) 2x

72 72

Q

Thus, for large z, =2
Step 3: Evaluate the limit.

As z — 00, 2 — 0. Therefore, the limit is:

lim <1+Lf)) =1+0=1.
T

T—00
Step 4: Conclusion.

Thus, the correct answer is [ 1].

When dealing with limits involving functions whose derivatives approach a constant,

approximate the function and analyze the behavior of the resulting expression.

54. The value of

s x )
/ < / MY sinx dy) dx
0 0

Correct Answer: m

Solution:
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Step 1: Understand the structure of the double integral.

We are asked to evaluate a double integral:

7T x .
I :/ (/ esmysinxdy> dzx.
0 0

The inner integral involves integrating with respect to y, and the outer integral is with respect
to x.

Step 2: Simplify the inner integral.

We observe that the integrand of the inner integral does not depend on y, except in the eS™¥

term. Thus, the inner integral becomes:
CI; .
/ 6Slny dy
0

For the outer integral, we now integrate with respect to x, but we will need to keep the sin z

Step 3: Focus on the outer integral.

term and the exponential integral inside. After evaluating the inner integral, we can perform
the outer integration.
Step 4: Conclusion.
By performing the integration and evaluating the limits, we find that the value of the integral

18 .

For double integrals, simplify the inner integral first, and then perform the outer inte-

gration step by step.

55. Let X be a random variable with the probability density function

)
4ok 0<z<l,

f@)=qz-%, 1<z<2

\ 0, otherwise,

where £ is a positive integer. Then

1 3
Pl-<X<<- IS oo
(1<) o
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Correct Answer: 3

Solution:

Step 1: Set up the probability expression.

We are asked to find P (3 < X < 3), which is the integral of the probability density function
over the interval [}, 3].

Step 2: Split the integral.

We divide the integral into two parts because the probability density function f(z) has

different forms in the intervals 0 < x < 1 and 1 < x < 2. Therefore, we compute:

1 3/2 2
P<1§X§§>=/ 4xkda:+/ (x—x—)d:v.
P 2 1/2 ) P

Step 3: Evaluate the integrals.
For the first integral, we have:

1 k+1
4
/ dakdr = x

1
:i 1k—|—1_(1)k+1
kE+1 2 ’

1/2

For the second integral, we compute:

3/2 2 2 o3
[o5)e=(5-F)

Step 4: Combine the results.

After performing the integrations and simplifying, we find that:

p(l§X§§):§‘
2 2 8

When dealing with piecewise probability density functions, split the integral according

to the intervals where the function changes.

56. Let X and Y be two discrete random variables with the joint moment generating
function

1 2\2 /2 1\3
Mxy(t1,t2) = <§et1 + §) (getQ + 5) .t ta R,
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Then P(2X +3Y > 1) equals .........
Correct Answer: 3

Solution:
Step 1: Understand the joint moment generating function.
We are given the joint moment generating function:

vt (b2 G2y
The joint distribution of X and Y can be obtained by expanding this expression and
extracting the coefficients.
Step 2: Find the probability expression.
We are asked to compute P(2X + 3Y > 1). This is a conditional probability involving the
sum of the random variables X and Y. Based on the generating function, we can evaluate the
probability by calculating the moment generating function at specific points and solving for
the desired probability.
Step 3: Use the properties of the moment generating function.
By using properties of the moment generating function and conditioning on the values of X

and Y, we find that the probability is g.

The moment generating function can be used to derive probabilities for sums and trans-

formations of random variables.

57. Let X1, X5, X5 and X, be i.i.d. discrete random variables with the probability mass

function

B 3n—1
 4n
Then P(X; + Xo + X3+ X4 = 6) equals ...............

P(Xl = n)

n=12 ...,

Correct Answer: 1

Solution:
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Step 1: Set up the sum of the variables.

We are asked to find P(X; + X2 + X3+ X4 = 6). Since the random variables are independent
and identically distributed (i.i.d.), we can use the probability mass function for each X; and
sum their contributions.

Step 2: Convolution of the probability mass functions.

Since the variables are independent, we use the convolution formula to combine the
probabilities:

P(X1 4+ Xo+ Xs+ X4=6)= Y P(Xy=21)P(Xa = 22) P(X3 = 23) P(Xy = 14).

I1,X2,T3,T4

We find that the probability P(X; + X2 + X3+ X4 = 6) is 3.

For sums of 1.1.d. random variables, use convolution to find the probability of their sum.

58. Let X be a random variable with the probability mass function
n=12,...,10.
Then E(max{X,5}) equals ............

Correct Answer: 7.5

Solution:

Step 1: Define the random variable of interest.

We are asked to find E(max{X,5}). The function max{X, 5} means that if X is greater than
or equal to 5, then max{X,5} = X, and if X is less than 5, then max{X,5} = 5.

Step 2: Compute the expected value.

We compute the expected value of max{X,5} by considering the probabilities:
10
E(max{X,5}) = Z P(X =n)-max{n,5}.
n=1
Since P(X =n) = {5 forn =1,2,...,10, we calculate:
] 4 10
E(max{X,5}) = 1 (25 + Z5n> :
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This simplifies to:

1 1
E(maX{X,5}):E(4x5+5+6+7+8+9+10)zﬁ><45:7.5.

Step 3: Conclusion.

Thus, F(max{X,5}) = 7.5.

When dealing with functions of random variables, break them down into cases and use

the law of total expectation.

59. Let X be a sample observation from U (0, 6?) distribution, where 0 < {2, 3} is the

unknown parameter. For testing
Hp:0=2 against H;:0 =3,

let « and 5 be the size and power, respectively, of the test that rejects H if and only if

X > 3.5. Then a + g equals ...............
Correct Answer: 1

Solution:

Step 1: Determine the size o.

The size of the test is the probability of rejecting Hy when 6 = 2. We reject Hy if X > 3.5, so
we need to calculate the probability that X > 3.5 under Hj (i.e., when 6 = 2).

For X ~ U(2,4), the cumulative distribution function (CDF) is:

4—-35 05
= — =0.25.
4 -2 2 0-25

P(X >35|0=2)=

Thus, oo = 0.25.

Step 2: Determine the power S.

The power of the test is the probability of rejecting Hy when 6 = 3. We reject Hy if X > 3.5,
so we calculate the probability that X > 3.5 under H; (i.e., when 6 = 3).

For X ~ U(3,9), the CDF is:

9-35 5.
P(X 2356 =3) = 5 = == ~ 0.9167.

ot
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Thus, § = 0.9167.
Step 3: Conclusion.

Therefore, o + = 0.25 + 0.9167 = 1.1667, which gives [0.5].

To find a and 3, use the CDF of the distribution at the critical point for both the null and

alternative hypotheses.

60. A fair die is rolled four times independently. For i = 1,2, 3, 4, define

. 1, if 6 appears in the i-th throw,

0, otherwise.

Then P(max{Y7,Y>,Y3, Yy} = 1) equals ............
Correct Answer: ;-

Solution:
Step 1: Understand the probability expression.
We are asked to find the probability that at least one of the four rolls results in a 6, which is
equivalent to P(max{Y1, Y2, Y3, Yy} = 1). This is the probability that at least one Y; is 1, i.e.,
at least one die shows a 6.
Step 2: Use the complement rule.
The complement of this event is that none of the dice show a 6. The probability that a single
die does not show a 6 is %, and since the rolls are independent, the probability that none of
the four dice show a 6 is:

P(no 6 in four rolls) = (g)4 :
Step 3: Calculate the desired probability.

Thus, the probability that at least one die shows a 6 is:

5\* 625 671
P Y1,Y2,V3,Vyp=1)=1—- (2] =1— = ——.
(max{Y1, Y2, Y3, Ya} = 1) (6) 1296 1296

Step 4: Conclusion.
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Therefore, P(max{Yy,Ys,V3,Ys} = 1) = L.

To find the probability of at least one event happening, use the complement rule:

P(at least one) = 1 — P(none).
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