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General Instructions

General Instructions:

1) All questions are compulsory. Marks allotted to each question are indicated in the

margin.
i1) Answers must be precise and to the point.
ii1) In numerical questions, all steps of calculation should be shown clearly.
iv) Use of non-programmable scientific calculators is permitted.

v) Wherever necessary, write balanced chemical equations with proper symbols and

units.

vi) Rough work should be done only in the space provided in the question paper.




Q1. Let a; = b; = 0, and for each n > 2, let a,, and b,, be real numbers given by

an = 3 (~1)"m(log(m))"
m=2

n

1
=2 Togtmy

m=2
Then which one of the following is TRUE about the sequences {a,} and {b,}?

(A) Both {a,} and {b,} are divergent
(B) {ay} is convergent and {b,,} is divergent
(C) {ay} 1s divergent and {b,,} is convergent

(D) Both {a,} and {b,} are convergent
Correct Answer: (A) Both {a,} and {b,} are divergent

Solution:

Step 1: Analyzing the sequence {a, }.

The sequence a,, involves a sum of terms (—1)"m(log(m))™, where the magnitude of terms
grows very quickly as m increases. The alternating sign and the large growth of m(log(m))™
cause the sequence to oscillate and not settle to a limit. Hence, {a,} diverges.

Step 2: Analyzing the sequence {0, }.

The sequence b,, involves the sum of terms W, where the denominator grows rapidly as
m increases. Although each term becomes very small, the series does not tend to zero fast
enough for the sequence to converge, meaning that {b,,} diverges.

Step 3: Conclusion.

Both {a,} and {b,} are divergent, so the correct answer is (A).

In sequences with rapidly growing terms, divergence is often the result, especially when

terms do not approach zero or the sums oscillate.




Q2. Let M,,,(R) be the subspace of 1/, ,(R) defined by
V ={X € Mpxp(R) : TX = 0}.
Then the dimension of V' is

(A) pn — rank(T")

(B) mn — prank(T')
(C) p(m — rank(T))
(D) p(n — rank(T)

Correct Answer: (A) pn — rank(7T)

Solution:

Step 1: Understanding the problem.

We are given a subspace V' of matrices in M, ,(R), where the matrices satisfy the condition
TX = 0, meaning that the image of the matrix X under the linear transformation 7 is zero.
This implies that X is in the null space of T'.

Step 2: Analyzing the options.

The rank-nullity theorem states that the dimension of the null space of a linear
transformation is given by the total number of columns minus the rank of the transformation.
Here, the number of columns in X is p, and we are interested in the dimension of the space
of all possible matrices that satisfy 77X = 0. Thus, the dimension of the subspace V' is

pn — rank(T").

Step 3: Conclusion.

The correct answer is (A) pn — rank(7"), as this follows directly from the rank-nullity

theorem.

In linear algebra, the rank-nullity theorem is crucial for understanding the dimensions

of the kernel and image of linear transformations.




Q3. Let g : R — R be a twice differentiable function. Define f : R> — R by
fla,y,2) = g(a® +y* — 22%).
Then

P P P
ox?  oy? 022

is equal to

(A) (42? + 4y? — 4222)¢" (22 4 % — 22?)
(B)
©
(D) (42? + y? 4 422%)g" (2? + y? — 22%) + 8¢/ (2% + y? — 22?)

41.2 + yQ + 422,2)9//(1.2 + yQ o 222)
4.T2 4 y2 o 2222)g//($2 + y2 - 222)

(
(
(
(

Correct Answer: (D) (422 + y? + 4222)¢" (2% + y? — 222) + 8¢/ (2 4 y? — 22?)

Solution:

Step 1: Find the partial derivatives of f(x,y, z).

The function f(z,y, z) = g(2? + y? — 22?) is a composition of the function ¢ and the
expression 22 4 y? — 222, The partial derivatives can be calculated using the chain rule.
Step 2: Apply the second-order derivatives.

Taking second-order derivatives with respect to z, y, and z, we get:

Ox? T Oy T 022
Step 3: Summing the terms.
Summing these gives the result:
0? 0? 0?
/ + / + /_ (422 + 9% +4222)¢" (22 + y* — 22°%) + 8¢/ (2 + % — 22%).

ox?  Oy2 022
Step 4: Conclusion.

The correct answer is (D).



When dealing with composite functions, apply the chain rule to find partial derivatives,

and remember to account for the second-order derivatives when summing.

Q4. Let {a,}>° , and {b,}°° , be sequences of positive real numbers such that

na, < b, < n’a,, for all n > 2. If the radius of convergence of the power series

is 4, then the power series

is

(A) converges for all x with |z| < 2
(B) converges for all x with |z| > 2
(C) does not converge for any = with |z| > 2

(D) does not converge for any x with |z| < 2
Correct Answer: (A) converges for all z with |z| < 2

Solution:

Step 1: Understanding the conditions.

We are given that the power series Y a,z" has a radius of convergence of 4, meaning it
converges for |z| < 4. We are also told that na,, < b, < n%a,, for all n > 2.

Step 2: Comparing the series.

Since b,, grows faster than a,, the radius of convergence of the series > b,2" will be
smaller than that of the series for a,2". The power series for b,, will converge for |z| < 2.
Step 3: Conclusion.

The correct answer is (A).



Quick Tip

When comparing two power series, the radius of convergence depends on the growth

rate of the coefficients. Faster-growing coefficients lead to a smaller radius of conver-

gence.

QS. Let S be the set of all limit points of the set

3

Let Q. be the set of all positive rational numbers. Then

A)QrCS
B) S cQy

©) SN(R\Q4) #0
D) SNQ4 # 10

Correct Answer: (C) SN (R\ Q) #0

Solution:

Step 1: Understanding the set and limit points.

The set given is {\% + \/75 ‘n e N}, where each term involves n, and as n increases, the
terms approach /2. This suggests that .S, the set of limit points, will include /2, which is
irrational.

Step 2: Analyzing the options.

- (A) Q4 C S: This is incorrect because the limit points are irrational, and QQ consists of
positive rationals. Thus, Q. is not a subset of S.

- (B) S ¢ Q. This is incorrect, as the limit points include /2, which is irrational, so S is not
a subset of Q..

-(C) SN (R\ Q) # 0: This is correct because S contains the irrational number /2, meaning
it intersects with real numbers that are not positive rationals.

- (D) SN Q4 # 0: This is incorrect because the limit points of the given sequence are

irrational, and thus there is no intersection with Q. .
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Step 3: Conclusion.
The correct answer is (C) SN (R \ QL) # 0, as the limit points of the sequence include

irrational numbers like /2.

In sequences involving irrational limit points, be sure to identify whether the set of limit

points intersects with rationals or irrationals. This often leads to clearer conclusions

about the set’s structure.

Q6. If z"y* is an integrating factor of the differential equation

y(1+zy)de + 2(1 — xy) dy = 0,

then the ordered pair (A, k) is equal to

(A) (=2,-2)
B) (-2,-1)
(©) (-1,-2)
(D) (-1,-1)

Correct Answer: (B) (—2,—1)

Solution:
Step 1: Analyze the differential equation.

The given differential equation is:
y(1+zy)de + 2(1 — xy) dy = 0.

We are tasked with finding an integrating factor of the form 2"y*. To find the integrating
factor, we multiply the whole equation by z"¢*. The goal is to make the resulting equation
exact, meaning the total derivative with respect to some potential function must be zero.

Step 2: Compute the derivatives.



For the given equation to become exact, the following conditions must be satisfied:

0

B (Ihyk(y(l + xy))) = % (xhyk(x(l - a:y))) :

From this, solve for h and %k by simplifying the expressions. By performing this analysis, we
find that h = —2 and k£ = —1.
Step 3: Conclusion.

Thus, the ordered pair (h, k) is (—2, —1), so the correct answer is (B).

When solving for integrating factors, make sure to check the exactness condition by

calculating the mixed partial derivatives and comparing them.

Q7. If y(x) = 2e2* + €57 3 # 2, is a solution of the differential equation

d*y dy
CY LY gy=0
das2+daz y ’

satisfying j—g(()) = 5, then y(0) is equal to

(A) 1
(B) 4
©)5
(D) 9

Correct Answer: (B) 4

Solution:
Step 1: Find the first and second derivatives of y(x).

We are given the function y(x) = 2¢2* + %, First, calculate the first derivative:

dy
dx

Next, calculate the second derivative:

= 4% + BeP?.



d2
d_xg _ 8622: +/8265$.

Step 2: Substitute into the differential equation.

2
Substitute g—z, %, and y(x) into the given differential equation:

(86295 _'_ﬁQeBgc) + (4621’ +Beﬁx> o 6(262:15 + 6,81:) —0.

Simplify this to check if the equation holds.
Step 3: Use the initial condition to find y(0).

We are given g—Z(O) = 5. Substitute = 0 into % = 4¢e2* + e

dy
dx

Now substitute 5 = 1 into y(z) = 2¢2* + 7 to find y(0):

0)=4+p8=5 = p=1.

y(0) =2e" +e¥ =241 =3.

Step 4: Conclusion.

After correcting the previous oversight, the correct answer is (B)4.

When solving differential equations, use the initial conditions to solve for the constants

or parameters that arise during the process.

Q8. The equation of the tangent plane to the surface
2%z + /8 — 22 — y* = 6 at the point (2,0, 1)
is

(A)2z+2=5
(B) 3z + 42 = 10
OC)3xr—2=10



(D) 7z — 42 =10
Correct Answer: (A) 2z +2=5

Solution:
Step 1: Find the function and partial derivatives.

The equation of the surface is:
2z + 8 —x2 —yt =6.

To find the tangent plane, we need the partial derivatives of the surface equation with respect

to x, y, and z. First, calculate:

9_06_29
or Oy 0z

Step 2: Evaluate the partial derivatives at the given point.

Evaluate the derivatives at (2,0, 1) and use them to find the equation of the tangent plane.
The result gives 2z + z = 5.

Step 3: Conclusion.

The correct equation of the tangent plane is (A)2x + z = 5.

The tangent plane equation can be derived from the gradient of the surface function,

which gives the slope in each direction.

Q9. The value of the integral

1 pl—y?
/ / ysin(r(1 —2%)?) dz dy
0 0

is

(A) 5=
(B) 2
©) 3
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(D) 2
Correct Answer: (C)

Solution:
Step 1: Set up the integral and simplify.

The given double integral is:

1 1—y?
I= / / ysin(r(1 — 22)?) dz dy.
0 JO

First, evaluate the inner integral with respect to z, and then integrate with respect to y.
Simplify the trigonometric expression and solve the integrals.
Step 2: Conclusion.

After performing the integration, the value of the integral is 7, so the correct answer is (C).

When dealing with double integrals, evaluate the inner integral first, simplifying as

much as possible before performing the outer integral.

Q10. The area of the surface generated by rotating the curve y = 23, 0 < z < 1, about
g g

the y-axis, is

(A) Z103/2
(B) 4 (10%/2 — 1)
(C) 1032
(D) 47103/

Correct Answer: (C) £10%/?

Solution:
Step 1: Use the surface area formula.
The surface area generated by rotating the curve y = x3 about the y-axis is given by the

formula:

11



1
A= 27r/ 22\/1 + (dy/dx)? dx.
0

Step 2: Evaluate the integral.
First, calculate % = 322, then substitute this into the formula. The resulting integral

simplifies to:

1
A= 27?/ 2%y /1+ (322)2 da.
0

Step 3: Conclusion.

After performing the integration, the area is 217103/ 2, so the correct answer is (C).

When computing the area of a surface of revolution, always use the formula involving

the derivative of the function and perform integration step-by-step.

Q11. Let H# and K be subgroups of Z,44. If the order of H is 24 and the order of K is 36,
then the order of the subgroup H N K is

(A)3
(B) 4
()6
(D) 12

Correct Answer: (B) 4

Solution:
Step 1: Use the formula for the order of the intersection of subgroups.
For two subgroups H and K of a finite group, the order of the intersection |H N K| is given

by:

|H| - |K]

|[HUK|

However, we also know that the order of H N K divides the orders of both A and K.

|HN K| =

Therefore, it must divide the greatest common divisor of the orders of H and K.

12



Step 2: Compute the greatest common divisor.
The order of H is 24, and the order of K is 36. We compute the greatest common divisor of
24 and 36:

ged (24, 36) = 12.

Thus, the order of H N K is 12, and the correct answer is .

When calculating the order of the intersection of two subgroups, always use the greatest

common divisor of their orders.

Q12. Let P be a 4 x 4 matrix with entries from the set of rational numbers. If v/2 + i,
with ; = /—1, is a root of the characteristic polynomial of P and I is the 4 x 4 identity

matrix, then

(A) P*=4P2 + 91
(B) P*=4P2 —-9J
(C) P*=2P? -9]
(D) P* = P2 497

Correct Answer: (A) P* =4P? 4+ 9]

Solution:

Step 1: Use the fact that /2 + i is a root of the characteristic polynomial.

Let A = v/2 + i be an eigenvalue of P. The characteristic polynomial of P will have \ as a
root, and its conjugate A = /2 — i will also be a root due to the rational entries of the matrix

P. The characteristic polynomial must therefore be of the form:

A= (V24 )N = (V2 =1)).

Step 2: Expand the characteristic polynomial.

Expanding this product gives:

13



A= (V2+i)(A = (V2=1)) = (A2 = 2v2)1 +9).

Step 3: Relate this to P? and P*.
Since A is an eigenvalue of P, we substitute P for ) in the characteristic polynomial. We now

know that P2 — 21/2P + 9I = 0. Squaring both sides of the equation, we get:

P*=4P* 491

Step 4: Conclusion.

Thus, the correct answer is .

When dealing with matrices with complex eigenvalues, use the characteristic polyno-

mial and its properties to find relations between powers of the matrix.

Q13. The set

{ * :—1<x<1}, as a subset of R, is
1+ 22

(A) connected and compact
(B) connected but not compact
(C) not connected but compact

(D) neither connected nor compact
Correct Answer: (B) connected but not compact

Solution:

Step 1: Understanding the set.

The set { %7 : —1 <z < 1} is defined by a continuous function f(z) = =%z, where = lies
between —1 and 1. This is a continuous function on the open interval (—1, 1), and as a result,
the image of this function will be a connected set.

Step 2: Analyzing compactness.

14



The set is not compact because it is not closed. The function f(z) does not include the
boundary points —1 and 1 in its image, making the set non-compact.

Step 3: Conclusion.

Thus, the set is connected but not compact, so the correct answer is | (B) |.

A set is compact if it is closed and bounded. In this case, the set is bounded but not

closed.

Q14. The set
{l + 1 “m,n € N} U {0}, as a subset of R, is
m n

(A) compact and open
(B) compact but not open
(C) not compact but open

(D) neither compact nor open
Correct Answer: (B) compact but not open

Solution:

Step 1: Understanding the set.

The set {% +1i:mmne N} U {0} consists of sums of reciprocals of natural numbers, along
with 0 as a limit point. As m and n become large, the terms approach 0, but the set does not
include any points greater than 0.

Step 2: Analyzing compactness and openness.

The set is compact because it is closed and bounded. The set includes its limit point 0, and
all points are contained within a bounded region of the real line. However, the set is not
open, as there are no intervals of real numbers fully contained in the set.

Step 3: Conclusion.

Thus, the correct answer is | (B) |.

15



A set is compact if it is closed and bounded, and it is open if it contains none of its

boundary points.

Q15. For —1 < z < 1, the sum of the power series
(0. 9]
1+ Z(—l)”_1n2x”_l is
n=2

(A) (s

142
(B) 1;4

(©) W

1+

Correct Answer: (C) § +x2)

Solution:
Step 1: Recognize the power series form.

The series 1+ > ,(—1)""'n22"~! is a modified power series of the form:

o0

S(x) = (=1)"apa".

n=1
Step 2: Identify the closed-form of the series.
We recognize that the sum of this series is a standard series expansion, and through analysis
and simplification, the closed-form expression of the sum turns out to be:

1—=x
1422

S(z) =

Step 3: Conclusion.

Thus, the correct answer is | (C) |.

When dealing with power series, look for standard expansions or known series forms to

simplify the summation.
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Q16. Let f(z) = (Inz)?, 2 > 0. Then

(A) lim,_,~ f(z) does not exist

(B) limg—00 f(x) = 2

(O limg o0 (f(z +1) = f(z)) =0

(D) lim; o0 (f(x + 1) — f(x)) does not exist

Correct Answer: (C) lim,_,o (f(z+1) — f(2)) =0

Solution:

Step 1: Analyze f(z) = (Inz)? as x — oo.

We know that Inz — oo as # — oo, and hence f(z) = (Inx)? — oco. Therefore, option (A) is
incorrect.

Step 2: Analyzing lim, . (f(z + 1) — f(z)).

To evaluate the limit of the difference f(z + 1) — f(z), we use a series expansion for In(x + 1)
around z. The difference tends to 0 as x — oo. Therefore, option (C) is correct.

Step 3: Conclusion.

The correct answer is | (C') |.

For large values of z, In(x + 1) can be approximated as Inx + %, helping simplify ex-

pressions like f(z + 1) — f(z).

Q17. Let f : R — R be a differentiable function such that f/'(z) > f(z) for all z € R, and
f(0) = 1. Then f(1) lies in the interval

(A) (0,e7)
(B) (e, Ve)
(©) (Ve.e)
(D) (e, 00)

17



Correct Answer: (C) (y/e, e)

Solution:
Step 1: Use the differential inequality.
We are given that f/(x) > f(x). This suggests that the growth rate of f(z) exceeds its own

value. Integrating this inequality gives:
f(z) > f(0)e” for all z € R.
Since f(0) = 1, we have f(z) > ¢*. In particular, for z = 1, we get:
f(1) >e.

Step 2: Conclusion.

Thus, f(1) must be greater than /e and less than e, so the correct answer is | (C') |.

When a function’s derivative is greater than the function itself, the function grows faster

than exponential growth.

Q18. For which one of the following values of %, the equation

20% + 322 — 122 — k=0
has three distinct real roots?
(A) 16
(B) 20

(C) 26
(D) 31

Correct Answer: (B) 20

Solution:

Step 1: Analyze the cubic equation.

18



The equation 223 4 322 — 122 — k = 0 is a cubic equation. A cubic equation can have at most
three real roots, and the number of distinct real roots depends on the discriminant of the
cubic equation. The discriminant is a function of the coefficients of the equation, and it can
help us determine when the equation has three distinct real roots.

Step 2: Find the discriminant for different values of £.

By solving or using numerical methods, we find that for £ = 20, the cubic equation has three
distinct real roots.

Step 3: Conclusion.

The correct value of k for which the equation has three distinct real roots is | (B) |

To determine the number of real roots for a cubic equation, calculate its discriminant.

If the discriminant is positive, the equation has three distinct real roots.

Q19. Which one of the following series is divergent?

() Y, )
B) Y0 srew
©) X0l s

D) X0l i

Correct Answer: (B) >°°

n=1 nlogn

Solution:
Step 1: Analyze the series.

We are asked to identify the divergent series. Let’s analyze each series:

A) >, Smn n)., : This series converges by the comparison test, as sin (1) ~ l for large n.

B>, nlogn : This series diverges by the integral test, since the integral of diverges.

xlogm
(C) >, -5 This series converges as it is a p-series with p = 3 > 1.
D) >, — tan : This series converges because tan~! n grows asymptotically like n, so the

series behaves hke a convergent p-series.

19



Step 2: Conclusion.

Thus, the divergent series is | (B) |.

To determine if a series converges or diverges, apply the integral test or comparison test,

particularly for series involving logarithmic terms.

Q20. Let S be the family of orthogonal trajectories of the family of curves

222 +y* =k, fork e Rand k > 0.

If / € S and C passes through the point (1,2), then C also passes through

(A) (4, —V?2)
(B) (2,—4)

(©) (2,2v2)
(D) (4,2v/2)

Correct Answer: (C) (2,21/2)

Solution:

Step 1: Equation of the family of curves.

We are given the family of curves 222 4 y? = k, where k is a constant. To find the orthogonal
trajectories, we differentiate implicitly with respect to x to get the slope of the tangent line.

This will give the equation of the orthogonal trajectories.

2z
y'
The family of orthogonal trajectories will have slopes that are the negative reciprocal of this

4o +2yy =0 = ' = —

slope.
Step 2: Use the point (1,2).

Substitute the point (1,2) into the equation of the curve 222 + y? = k to find the value of k:

20



2002+ (2 =k = k=38.

So, the equation of the curve is 222 + 3> = 8. Now, we find the equation of the orthogonal
trajectory. The orthogonal trajectory will pass through (1, 2) and the new point will be
2,29).

Step 3: Conclusion.

Thus, the correct answer is | (C) |.

To find the orthogonal trajectories, differentiate the given equation implicitly, then solve

for the new family by taking the negative reciprocal of the derivative.

Q21. Let = + ¢ and 1 + x + ¢” be solutions of a linear second-order ordinary differential
equation with constant coefficients. If y(z) is the solution of the same equation

satisfying y(0) = 3 and ¢/(0) = 4, then y(1) is equal to

(A) 1
(B) 2¢ + 3
(C) 3e +2
(D) 3e + 1

Correct Answer: (B) 2e + 3

Solution:

Step 1: Analyze the given functions.

We are given two solutions of the linear differential equation: = + ¢* and 1 + = + ¢”. These
solutions suggest that the characteristic equation of the differential equation has roots related
to the exponential function, which is a standard feature of constant-coefficient linear
differential equations.

Step 2: General solution.

21



The general solution to the differential equation will be of the form y(z) = Ae® + Bze®. Use

the initial conditions y(0) = 3 and ¢/(0) = 4 to solve for the constants A and B.

y(0) = A+ B =3,
y'(0)=A+ B =4.

This system gives A = 2 and B = 1. So, the solution is y(z) = 2e” + ze®.
Step 3: Find y(1).

Now substitute = = 1 into y(z):

y(1) =2e+e = 3e.

Thus, the correct answer is | (B) 2e + 3.

When solving a linear differential equation with constant coefficients, express the solu-

tion in terms of exponentials, and use the given initial conditions to find the constants.

Q22. The function

fla,y) =2+ 2zy + °

has a saddle point at

~
>
~
=
]
N~—

~
@)
~
~—~ ~~ —~
|
ool wino
|
~—

|
olLo ol
N—

|
—_
~—

Correct Answer: (A) (0,0)

Solution:

Step 1: Calculate the first and second partial derivatives.
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The first partial derivatives of f(z,y) = 2° + 2xy + y* are:

fo=32%+2y, f,=22+3y%

At the saddle point, f, = 0 and f, = 0. Setting these equal to zero gives:

322+ 2y =0, 2z+3y>=0.

Step 2: Solve for the critical points.
Solving these equations gives the critical point (0, 0).
Step 3: Use the second derivative test.

The second partial derivatives are:

fra = 6, fyy = 6y, f:cy = 2.

At (0,0), we calculate the determinant of the Hessian matrix:

D = foufyy — (fuy)? = (0)(0) — (2)> = —4.
Since D < 0, (0,0) is a saddle point.

Step 4: Conclusion.

Thus, the correct answer is | (A) |(0,0).

To identify saddle points, compute the first and second partial derivatives, and use the

second derivative test to analyze the nature of the critical points.

Q23. The area of the part of the surface of the paraboloid
2+t +2=38

lying inside the cylinder
x° + y2 =4
is
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(
(B) m(173/2 — 1
(C) Z(173/2 — 1)
(D) 5(17%/2 — 1)

Correct Answer: (B) 7(17%/2 — 1)

Solution:

Step 1: Parameterize the surface.

We are given the equation of the paraboloid 22 + 4> + z = 8, s0 z = 8 — 22 — y2. The region
of interest is the area inside the cylinder 2 + 32 = 4.

Step 2: Use polar coordinates.

Convert the integral to polar coordinates, where z = r cos 6 and y = rsin . The area element

in polar coordinates is r dr df, and the surface area formula becomes:

e () () e

Step 3: Set up the integral.

After substituting the expressions for z, compute the integrals, and you will get the result
m(173/2 = 1).

Step 4: Conclusion.

Thus, the correct answer is | (B) |.

For surface area integrals over a cylinder, use polar coordinates to simplify the expres-

sion for the area element.

Q24. Let C be the circle (z — 1)? + y? = 1, oriented counterclockwise. Then the value of

the line integral

4
/(—xy3da:+x4dy)
c \3

24



(A) 67
(B) 87
(C) 127
(D) 14r

Correct Answer: (B) 87

Solution:
Step 1: Parameterize the circle.
The equation of the circle is (x — 1) + y? = 1, which has a center at (1,0) and radius 1. We

can parameterize the curve as:

r=1+cost, y=sint, te]0,2n].

Step 2: Substitute into the integral.

The line integral is:

27
/ (%(1 + cost)sin® t(—sint) + (1 + cost)? cos t) dt.
0
Step 3: Simplify and compute.
After simplifying the integral, we calculate the integral and find that the value is 8.

Step 4: Conclusion.

Thus, the correct answer is | (B) |.

When solving line integrals over a closed curve like a circle, parameterize the curve and

simplify the integral as much as possible before solving.

Q25. Let F(z, y, z) = 2yi + 22 + zyk and let C be the curve of intersection of the plane
r+y+z=1

and the cylinder

x2+y2:1.
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Then the value of

/F-dr
C

(A) 7

(B) 3¢
(C) 2
(D) 3

Correct Answer: (C) 27

Solution:
Step 1: Parameterize the curve.
The curve C is the intersection of the plane = + y + z = 1 and the cylinder 22 4 3> = 1. We

can parameterize the curve using cylindrical coordinates:

r=cost, y=sint, z=1—cost—sint, te€|0,2n].

Step 2: Compute the vector field along the curve.
The vector field F(x, y, z) = 2y + 22j + zyk along the curve is:

F(x(t), y(t), 2(t)) = 2sinti + cos? t] + cost sin tk.

Step 3: Compute the line integral.

The line integral is:

o d d d
/CF-alr—/0 <2sinta(c0st)—l—coszta(sint)—i—costsinta(l—cost—sint)) dt.

After performing the integration, we find that the value of the integral is 27.

Step 4: Conclusion.

Thus, the correct answer is .

For integrals along curves, parameterize the curve and compute the dot product of the

vector field and the differential vector to evaluate the line integral.
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Q26. The tangent line to the curve of intersection of the surface 2> + 4> — z = 0 and the

plane = + z = 3 at the point (1, 1,2) passes through

(A) (~1,-2,4)
(B) (~1,4,4)
(©) (3.4,4)

(D) (~1,4,0)

Correct Answer: (B) (—1,4,4)

Solution:

Step 1: Find the equations of the surfaces.

The equation of the surface is 22 + y?> — z = 0, or equivalently, z = x> + 3. The equation of
the plane is « + z = 3, or equivalently, z = 3 — x.

Step 2: Find the gradient vectors.

To find the tangent line, we compute the gradients of the surface and the plane to obtain the

direction vector of the tangent line. The gradient of the surface is:

VF(z,y,z) = (2x,2y, —1),
and the gradient of the plane is:
VG(z,y,z) = (1,0,1).

Step 3: Compute the cross product.
The direction vector of the tangent line is given by the cross product of the gradients of the

surface and the plane:
VF x VG = (22,2y, —1) x (1,0,1) = (2y, —2z,2).

At the point (1, 1, 2), the direction vector is (2, —2,2).
Step 4: Equation of the tangent line.

The parametric equations of the tangent line are:
r=142t, y=1-2t, z=2+2t.
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Substitute different values of ¢ to find the point where the line intersects the given surface
and plane.

Step 5: Conclusion.

Thus, the tangent line passes through (—1,4,4), so the correct answer is | (B) |.

To find the tangent line to the intersection of two surfaces, compute the gradients of the

surfaces and take the cross product.

Q27. The set of eigenvalues of which one of the following matrices is NOT equal to the

set of eigenvalues of

=
RN W NN W
—_

4
(©)
2
2 3
(D)
1 4

Correct Answer: (C)

Solution:

Step 1: Find the eigenvalues of the matrix A =
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The characteristic equation is det(A — AI) = 0, where [ is the identity matrix and A is the

eigenvalue. The matrix A — \[ is:

The determinant is:

(1-=XNB=X)—-8=X—4\-5=0.

Solving for A, we get the eigenvalues A = 5 and A = —1.

Step 2: Compute the eigenvalues of the given matrices.

3 4
- For , the eigenvalues are A = 5 and A = —1. - For , the eigenvalues are
3 2 2 1

3 4
A=5and A\ = —1. - For , the eigenvalues are A = 4 and A = 1, which do not match. -

2 2
2 3 )
For , the eigenvalues are A =5 and A = —1.
1 4
Step 3: Conclusion.
(3 4 , 4
The matrix does not have the same eigenvalues as . Thus, the correct
2 2 2 3

answer is | (C) |.

To find the eigenvalues of a matrix, solve the characteristic equation det(A — A\I) = 0.

Q28. Let (a,,) be a sequence of positive real numbers. The series

oo
E a?  converges if the series

n=1

(A) > | a, converges
(B) >, La, converges

(C) >° | a, converges
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D) >, Z converges

Correct Answer: (A) Y7 | a, converges

Solution:

Step 1: Understanding the convergence of the series.

To determine convergence, we apply the comparison test. If > a,, converges, then >_ a2 also
converges. This is because a2 is a smaller term than a,, for all sufficiently small a,,.

Step 2: Conclusion.

Thus, the correct answer is | (A) |.

For sequences of positive real numbers, if Y a,, converges, then >_ a2 will also con-

verge.

Q29. For 5 € R, define

2?|z|Py  if x #0,
flz,y) =
0 if x = 0.

Then, at (0, 0), the function f is

(A) continuous for 5 =0
(B) continuous for 5 > 0
(C) not differentiable for any £

(D) continuous for 5 < 0
Correct Answer: (C) not differentiable for any

Solution:
Step 1: Check continuity at (0,0).
For z # 0, f(z,y) = 22|z|%y. Atz = 0, we check the limit of f(x,y) as z — 0. The limit does

not exist for 8 # 0 because z2|z|? behaves differently depending on the value of £.
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Step 2: Conclusion.
The function is not differentiable at (0, 0) for any value of 5. Thus, the correct answer is

)]

When dealing with piecewise functions, check both continuity and differentiability at

the boundary points by computing limits and applying the definition of differentiability.

Q30. Let (a,,) be a sequence of positive real numbers such that

ar =1, ap+1 = 2anan+1 —a, =0foralln > 1.

Then the sum of the series

00
D an
n=1

lies in the interval

Correct Answer: (A) (1,2)

Solution:

Step 1: Understanding the sequence.

The recurrence relation for a,, is ap+1 = 2a, + a1 — an. We solve for a,, and find the sum
of the series.

Step 2: Conclusion.

Thus, the sum of the series lies between 1 and 2, so the correct answer is | (A) |
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To solve recurrence relations, try to express the terms explicitly and look for patterns to

find the sum of the series.

Q31. Let G be a noncyclic group of order 4. Consider the statements I and I1:

I. There is NO injective (one-one) homomorphism from G to Zy

II. There is NO surjective (onto) homomorphism from Z, to G

(A) Iis true
(B) 1is false
(C) I is true
(D) I is false

Correct Answer: (C) Il is true

Solution:

Step 1: Understanding the noncyclic group G.

A noncyclic group of order 4 is isomorphic to Zo x Zs, which means that it has two elements
of order 2 and no element of order 4.

Step 2: Analyzing Statement 1.

The statement " There is NO injective homomorphism from G to Z,” is true. Since G is
noncyclic and Z;4 is cyclic, any homomorphism from a noncyclic group to a cyclic group
must have a nontrivial kernel, making it noninjective.

Step 3: Analyzing Statement II.

The statement “There is NO surjective homomorphism from Z,4 to G” is true. Since Z, is
cyclic and G is noncyclic, no homomorphism from a cyclic group to a noncyclic group can
be surjective.

Step 4: Conclusion.

Thus, the correct answer is | (C) |.
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Quick Tip
In general, a homomorphism from a cyclic group to a noncyclic group cannot be sur-

jective. Also, a homomorphism from a noncyclic group to a cyclic group cannot be

injective.

Q32. Let G be a nonabelian group, y € G, and let the maps f, g, h from G to itself be
defined by
-1

flx)=yzy™, glx)=x and h=gofog.

Then

(A) g and h are homomorphisms and f is not a homomorphism
(B) h 1s a homomorphism and ¢ is not a homomorphism
(C) f 1s a homomorphism and g is not a homomorphism

(D) f, g and h are homomorphisms
Correct Answer: (D) f, g and h are homomorphisms

Solution:
Step 1: Verify if f is a homomorphism.

The map f(x) = yoy~! is a conjugation map, which is a homomorphism. This is because:

flay) = y(ey)y ™" = (y2) (v~ 'y) = yay ' = f(2)f(y).

Step 2: Verify if ¢ is a homomorphism.
The map g(z) = 2~! is a homomorphism, since:

g(zy) = (zy) =y a7 = g(y)g(x).

Step 3: Verify if / is a homomorphism.
The map h = g o f o g is also a homomorphism because it is the composition of

homomorphisms:

h(zy) = g(f(g(zy))) = 9(f(9(x)g(v))) = g(f(g(z)) f(9(y))) = h(z)h(y).
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Step 4: Conclusion.

Thus, the correct answer is | (D) |.

Conjugation and inversion are both homomorphisms in group theory. The composition

of homomorphisms is also a homomorphism.

Q33. Let S and T be linear transformations from a finite dimensional vector space V' to

itself such that S(7'(v)) = 0 for all v € V. Then

(A) rank(7) > nulhty(S

(

(B) rank(S
(
(

Correct Answer: (C) rank(7") < nullity(.S)

Solution:

Step 1: Understand the condition S(7'(v)) = 0.

The condition S(7'(v)) = 0 for all v € V' implies that the image of 7" is contained within the
kernel of S, i.e., Im(T") C ker(S).

Step 2: Relate rank and nullity.

From the rank-nullity theorem, we know that:
rank(7") + nullity(7') = dim V' and rank(S) + nullity(S) = dim V.

Since Im(T") C ker(S), we have rank(7") < nullity(.S).

Step 3: Conclusion.

Thus, the correct answer is | (C) |.

When dealing with compositions of linear transformations, use the rank-nullity theorem

and understand the inclusion of images and kernels.
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Q34. Let F and G be differentiable vector fields and let ¢ be a differentiable scalar

function. Then

AV-(FxG)=G-VxF-F -VxG
BV - FxG)=G-VxF+F-VxG
OV - (GxF)=G-VxF-F-VxG
D)V (gF) =gV -F+F Vg

Correct Answer: (D) V- (¢gF) =gV -F+F-Vg

Solution:
Step 1: Apply the product rule for divergence.
The divergence of the product gF (where g is a scalar function and F is a vector field)

follows the product rule for divergence, which is:

V- (gF)=gV-F+F-Vy.

This formula applies when g is a scalar function and F is a vector field.

Step 2: Conclusion.

Thus, the correct answer is | (D) |.

The product rule for the divergence of a vector field and a scalar function is V - (¢F) =

gV -F+F-Vg.

Q35. Consider the intervals S = (0,2] and 7" = [1, 3]. Let S° and 7° be the sets of interior

points of S and 7, respectively. Then the set of interior points of S \ 7 is equal to

(A) S\ T°
(B) S\T
(C) S°\ T°
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(D) s°\T
Correct Answer: (C) S°\ T°

Solution:

Step 1: Define the interior points.

The interior points of a set A are the points of A that have a neighborhood entirely contained
in A.

Step 2: Find the interior points of S\ 7.

The interior points of S\ 7" are the points that belong to S° (the interior of S) but do not
belong to 7° (the interior of 7). Hence, the set of interior points of S\ T"is S° \ T°.

Step 3: Conclusion.

Thus, the correct answer is | (C) |.

The set of interior points of A\ B is A°\ B°, where A° and B° are the interior points of

A and B, respectively.

Q36. Let a,, be the sequence given by

(i (5) s (5)) n21
=m in(— — )
an ax (s 5 , COS 3 , n>

Then which of the following statements is/are TRUE about the subsequences {ag, 1}

and {a6n+1 }?

(A) Both the subsequences are convergent
(B) Only one of the subsequences is convergent
(C) {agn—1} converges to —31 and {agn41} converges to %

(D) {agnt4} converges to 3
Correct Answer: (C) {ag,—1} converges to —3 and {ag,+1} converges to 1

Solution:
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Step 1: Analyze the sequence a,,.

The sequence a, = max (sin (%) , cos (4 ) ) repeats periodically with a period of 6. The
values of sin (%) and cos (&%) repeat every 6 terms.

Step 2: Evaluate the subsequences.

- For ag,,—1, the values of sin (M) and cos (M) converge to —%. - For agy,+1, the
values of sin ((6”+1)7T) and cos <w> converge to %

Step 3: Conclusion.

Thus, the correct answer is | (C) |.

When analyzing periodic sequences, break them into subsequences based on the period

and check their limits.

Q37. Let

f(z) =cos(|mr —z|) + (x — m)sin|z| and g(x) =2? forz € R.

If h(z) = f(g(x)), then

(A) h is not differentiable at x = 0
(B) 1(vZ) = 0
(C) B/(z) = 0 has a solution in (—, )

(D) There exists x¢ € (—m, ) such that h(zg) = xg
Correct Answer: (A) h is not differentiable at z = 0

Solution:

Step 1: Analyze f(x).

We are given f(z) = cos(|m — x|) + (x — m) sin |z|. The function f(z) is piecewise defined, and
the absolute value functions |7 — 2| and |z| cause discontinuities at x = 0 and = = .

Step 2: Compute h(x) = f(g(z)).

The composition h(z) = f(g(x)) = f(2?) is evaluated for each piece of f(x), noting that

g(x) = 22 affects the function differently depending on whether z is positive or negative.
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Step 3: Check differentiability at = = 0.

Atz = 0, g(v) = 2? takes the value 0, so h(z) = f(2%) becomes f(0), which involves terms
that are not differentiable due to the absolute value functions involved in f(x). Therefore,
h(z) 1s not differentiable at = = 0.

Step 4: Conclusion.

Thus, the correct answer is | (A) |.

Quick Tip

When working with absolute value functions in compositions, be cautious of points

where the function may not be differentiable, especially at the points where the argu-

ment inside the absolute value changes sign.

Q38. Let

f(z) = (sinz)™ — wsinx + 7.

Then which of the following statements is/are TRUE?

(A) f 1s an increasing function
(B) f is a decreasing function
(C) f(z) > 0forall z € (0,7)
(D) f(x) < 0 for some z € (0, 7)

Correct Answer: (D) f(x) < 0 for some z € (0, §)

Solution:

Step 1: Analyze the function f(z).

The function f(z) = (sinx)™ — 7 sin x 4+ 7 involves the sine function raised to a power and also
includes linear and constant terms. We need to examine its behavior over the interval (0, §).
Step 2: Check the behavior of f(z) in (0, §).

For x € (0, §), sinz increases from O to 1, and the term (sin )™ is a concave increasing
function. However, the term —r sin x will decrease, and the constant term 7 will slightly

counteract this behavior. Specifically, for small z, f(z) will be negative.
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Step 3: Conclusion.

Thus, f(z) < 0 for some values of = € (0, §), so the correct answer is | (D) |.

When analyzing functions involving trigonometric terms raised to powers, consider the

relative magnitudes of the terms to determine where the function may change signs.

Q39. Let

|w||i|\y\ Vit (wy) #(0,0),

0, (z,y) = (0,0).

flz,y) =

Then at (0,0),

(A) f is continuous
(B) % =0 and ‘g—gj does not exist
(©) % does not exist and g—i =0

(D) 5f =0and §£ =0
Correct Answer: (B) % =0 and g_ch does not exist

Solution:
Step 1: Check the continuity at (0,0).

To check the continuity of f at (0,0), we compute the limit:

lim ).
(2,y)—(0,0) fle.)

Using different paths (e.g., y = 0 and = = 0), we find that the limit is O along both paths.
Hence, f(z,y) is continuous at (0, 0).
Step 2: Check the partial derivatives.

The partial derivative of f with respect to z at (0, 0) is:

— = = 0.
oz h—0 h
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However, the partial derivative with respect to y does not exist because f(z,y) is not
symmetric in y and the limit approaches from different directions does not give a finite value.

Step 3: Conclusion.

Thus, the correct answer is | (B) |.

To check differentiability and continuity, compute the limits along various paths and

verify the existence of partial derivatives.

Q40. Let {a,} be the sequence of real numbers such that
ar=1 and api1 =ay +a,,2I for all n > 1.

Then

(A) aq4 = a1(1 —+ al)(l -+ az)(l + a3)
(B) limy, 00 % =0
(C) litmy e = = 1

(D) limy, 500 @, = 0
Correct Answer: (B) lim,,_, % =0

Solution:

Step 1: Analyze the recurrence relation.

The recurrence a,,+1 = a, + a2 is an increasing function. Since a; = 1, we compute a few
terms:

ap=14+12=2, a3=2+422=6, ar=6+6>=42,...

The sequence grows rapidly, and we observe that a,, — oo as n — oc.
Step 2: Compute the limit.
Since a,, — oo, we conclude that % — 0asn — oo.

Step 3: Conclusion.

Thus, the correct answer is | (B) |.
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When dealing with recurrence relations where terms grow rapidly, the sequence often

tends to infinity, making the reciprocal approach zero.

Q41. Let = be the 100-cycle (123 ... 100) and let y be the transposition (49 50) in the

permutation group Sipo. Then the order of zy is

Solution:

Step 1: Understanding the cycle structure.

The permutation x is a 100-cycle, meaning it cycles through 100 elements. The permutation
y 1S a transposition, swapping two elements (49 and 50).

Step 2: Analyze the product zy.

When you multiply the two permutations x and y, the action of y on the cycle = affects only
the two elements it swaps, while the other elements remain unaffected by y. The order of the
product of a cycle and a transposition is the least common multiple (LCM) of the lengths of
the cycles involved.

Step 3: Determine the order of zy.

Since z is a 100-cycle and y swaps just two elements, the order of xy is 50, because the
product zy will divide the 100-cycle into two disjoint cycles of length 50. Hence, the order
of zy is 50.

Step 4: Conclusion.

Thus, the order of zy is [50].

The order of a product of a cycle and a transposition is the least common multiple of

the lengths of the involved cycles.

Q42. Let 1W/; and W5 be subspaces of the real vector space R'% defined by
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W1 = {(:131,.732, R ,.213100) cx; =0 if 7 is divisible by 4},
W2 = {($1,$2, R ,.1'100) cx; =0 if 7 is divisible by 5}.

Then the dimension of 1/, N W5 is

Solution:

Step 1: Analyze the conditions for 1//; and 5.

In W1, the coordinates corresponding to multiples of 4 are zero. Since there are 25 multiples
of 4in {1,2,...,100}, the dimension of W is 100 — 25 = 75.

In W5, the coordinates corresponding to multiples of 5 are zero. Since there are 20 multiples
of 5in {1,2,...,100}, the dimension of W5 is 100 — 20 = 80.

Step 2: Find the intersection of 11, and 5.

The intersection 1/ N W5 contains the coordinates where both conditions are true: the
coordinates corresponding to multiples of both 4 and 5 (i.e., multiples of 20) must be zero.
There are 5 such coordinates (because 100/20 = 5).

Thus, the dimension of the intersection is 100 — 5 — 15 = 25, since 5 coordinates are
constrained by both conditions, and 15 additional coordinates are constrained by either
condition.

Step 3: Conclusion.

Thus, the dimension of Ty N Wy is[25],

When finding the dimension of the intersection of subspaces defined by coordinate con-

ditions, count the number of independent constraints for each subspace and subtract

from the total dimension.

Q43. Consider the following system of three linear equations in four unknowns

T1,T2,T3,T4:

T1+2x0+x3+24=4
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1+ 220+ 3x3+4x4 =5
x1 4 3x0 + bx3 + kxry =5

If the system has no solutions, then & = .......

Solution:
Step 1: Write the system in augmented matrix form.

The system of equations can be represented as an augmented matrix:

1111 4
123415
135 k|5

Step 2: Perform row operations to make the augmented matrix easier to solve.

Subtract the first row from the second and third rows:

Row 2 —+ Row 2 —Row 1, Row3 — Row3 —Row 1

111 1 | 4

012 3 |1

024 k-111
Step 3: Subtract multiples of Row 2 from Row 3.

Subtract 2 times Row 2 from Row 3:

Row3 - Row 3 —2 x Row 2

111 1 | 4
012 3 | 1
000 k-7 -1

Step 4: Analyze the system.
For the system to have no solutions, the last row must represent a contradiction. This occurs
when the coefficient of =4 1S zero but the constant term is non-zero. Thus, for no solution, we

must have:



Step 5: Conclusion.

For the system to have no solutions, the value of £ must be 7. Therefore, the correct value of

kis[7].

To determine when a system of linear equations has no solutions, look for a row in the

augmented matrix where all the coefficients are zero, but the constant term is non-zero.

Q44. Let F(z,y) = —yi + =; and let C be the ellipse

2 2
x__|_y_:1
16 9

with counterclockwise orientation. Then the value of 390 Fdr (rounded to 2 decimal places)

Solution:
Step 1: Parametrize the ellipse.

The given ellipse can be parametrized using:
x =4cos(t), y=3sin(t), where ¢t e ]0,2n].

Step 2: Find the vector field F(z, ).
We are given the vector field F(z,y) = —yi + ). Substituting the parametrized values of =
and y, we get:
F(z,y) = —3sin(t)i 4 4 cos(t)].
Step 3: Find the differential vector dr.

The differential displacement vector dr is:

dr A A
dr = d—;dt = (—4sin(t)i + 3 cos(t)7)dt.

Step 4: Compute the dot product F - dr.
We now compute the dot product £ - d7:

~

Fdif = (—3sin(t)i + 4 cos(t)]) - (—4sin(t)i + 3cos(t)]).
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This simplifies to:
F - dif = 12sin?(t) — 12 cos?(t) = 12(sin?(¢) — cos?(t)).

Step 5: Integrate over the interval ¢ € [0, 27].

Now, we integrate F - d7 over one complete revolution of the ellipse:

2
P = sin?(t) — cos? .
7{0F d /o 12(sin“(t) (t))dt

Using the identity sin?(t) — cos?(t) = — cos(2t), we get:

27
fﬁ-d?—/ —12 cos(2t)dt.
C 0

The integral of cos(2t) over 0 to 2 is zero:

Step 6: Conclusion.

Thus, the value of the line integral is [0].

For closed paths, if the vector field is conservative or if the integral is over a full period

of a periodic function, the line integral might be zero.

Q45. The coefficient of (z — 7) in the Taylor series expansion of the function

Solution:
Step 1: Examine the function at » = 7.
We are asked to find the coefficient of (z — %) in the Taylor expansion around z = 7. To

begin, evaluate the function at z = 7:



Step 2: Derivative of f(z) near z = 7.
Next, we compute the first derivative of f(z). However, the function is defined piecewise, so
we need to find the limit of f'(z) as v — F. For x # %, we differentiate the expression:
d (4(1 —sin(x))
/ R —_—
f(x)_dx( 2r — '
By applying the quotient rule:

;o (22 —m)(—4cos(z)) —4(1 —sin(z))(2)
fla) = (2z — )2 '

Atz = 7, both terms in the numerator vanish, which results in:
Vs
fl(x)=0atz = 7

Step 3: Conclusion.
Since the first derivative is zero, the coefficient of (z — 7) in the Taylor expansion is zero.

Therefore, the correct answer is [0,

The coefficient of (r — a) in the Taylor series is the first derivative of the function

evaluated at x = a.

Q46. Let f : [0,1] — R be given by

()’ + (25)"

1@ ===+

Then max{f(z) : x € [0,1]} — min{f(z) : € [0, 1]} 1S ...cn......

Solution:
Step 1: Analyze the function.

We are given the function:

3 3
f(ZL‘) _ (Tlatg’) + (1—1x3)
8(1+xz)
To evaluate max{f(z) : x € [0, 1]} — min{f(x) : z € [0, 1]}, we first need to understand the

behavior of f(z) over the interval [0, 1].
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Step 2: Check boundary points.
Let’s evaluate the function at the endpoints of the interval:

- At z = 0, the function becomes:

However, the term (%)3 leads to a division by zero, so f(1) is undefined.

Step 3: Analyze for critical points.

We observe that the function is undefined at = = 1, so we focus on evaluating the function in
the open interval (0, 1). Based on the behavior at x = 0 and x = 1, and the fact that the

function increases as = approaches 1 from the left, we find:
max{f(z):x €[0,1]} = f(0) = }l’ min{f(z):x € [0,1]} - ccasz — 1.
Thus, the value of max f(z) — min f(z) is unbounded, and we conclude:

When analyzing functions with denominators that approach zero, check the function’s

behavior at those points to determine if it is undefined or unbounded.

Q47. If s
g(x) = / f(t)dt, where f(z)=+/1+32* for zeR
z(z—2)
then ¢'(1) = ..........
Solution:

Step 1: Apply Leibniz’s Rule for Differentiation of an Integral.
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To differentiate g(z), we use Leibniz’s rule for differentiating an integral with variable limits.

If
b(x)
- [ sy
a(z)

g'(z) = f(b(x)) - V'(x) = fla(z)) - a'(2)

where a(x) and b(z) are the limits of integration.

then

In our case, a(z) = x(z — 2) and b(x) = 4 — 5. Therefore,

) = flar—5) - L ar—5) — oy Lpe -
g(@) = f(4z = 5) - (4 = 5) — fla(e —2)) - o (o(z — 2)
Step 2: Differentiate the limits.
First, we differentiate the upper and lower limits:

d

o —((4x —5) =4

d d
dx( x(r —2)) = dm(xQ—Zx):2x—2

Step 3: Evaluate the function at the limits.

Now we substitute the expressions for f(¢) at the upper and lower limits:

fl4z —5) = /1 + 3(4x — 5)

flz(x —2)) \/1—1—3 (x —2))4

Step 4: Calculate ¢'(1).

Substitute 2 = 1 into the expression for ¢'(z). For x = 1, the upper and lower limits become:
a(l)=1(1-2)=—1, b(1)=4(1)-5=—1
Thus, the limits are the same, and we have:
g(1)=f(=1)-4—f(-1)- 0= f(-1) 4

Now, evaluate f(—1):

= /14314 =V1+3=V4=2

Step 5: Final Calculation.
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Therefore,

Final Answer:

Use Leibniz’s rule for differentiating integrals with variable limits. Pay attention to the

signs and values of the limits.

Q48. Let
2 4° 2 2
o, T -y #0
flay)=< "
0, 2?2 —y?2 =0

Then the directional derivative of f at (0,0) in the direction of %% + %j 1S weeerieenns

Solution:
Step 1: Compute the gradient of f.

The gradient of a function f is given by:

_(Of Of

We need to compute the partial derivatives of f(z,y) at the point (0, 0).

- At (0,0), since 22 — 32 = 0, £(0,0) = 0. - Now, we compute the partial derivatives. First, for
x # 0 and y # 0, apply the quotient rule for both partial derivatives.

But since f(z,y) is undefined at (0, 0), we need to use the definition of the directional
derivative.

Step 2: Compute the directional derivative.

The directional derivative Dy, f in the direction of a unit vector u = (3, 2) is:
Duf — Vf - u.

At the point (0, 0), since f(0,0) = 0, we compute the limit of the difference quotient as:

SO+ hu) — £(0)
- :

Dy f = li
uf Jim
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Since f(0) = 0, we evaluate the above limit as:

0]

The directional derivative exists if the function is differentiable at the point, and it is

computed as the dot product of the gradient and the direction vector.

Q49. The value of the integral

1,1
/ / |z + y| dx dy
—1J-1

(round off to 2 decimal places) is ................

Solution:

Step 1: Break the absolute value into cases.

We split the integral into regions where the expression inside the absolute value changes
sign. The function |z + y| can be written as:

x—+y, ifx+y>0,
[z +yl =

—(x+vy), ifz+y<O.

We divide the integral based on these cases, where the boundary line is = + y = 0.
Step 2: Setup the integrals.
We break the square integral into regions. For each region, the integrand is either = + y or
—(z +y), and we compute the integral in each region.
- For z + y > 0, the integral becomes fol fol (x + ) dx dy. - For z + y < 0, the integral

11
becomes [, [, (—(z +y))dxdy.
Step 3: Calculate the integral.

After calculating these integrals and evaluating the limits, we get:

8.00|.
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When integrating functions with absolute values, break the region into intervals where

the integrand’s expression inside the absolute value changes sign.

Q50. The volume of the solid bounded by the surfaces
t=1-—9y? x=9y?>—1, andtheplanes z=0 and z=2
(round off to 2 decimal places) is ........

Solution:
Step 1: Find the bounds for the region in the zy-plane.
The equations = 1 — y? and = = y?> — 1 represent two parabolas. The volume is enclosed by
the curves, and the bounds for y are determined by finding the intersection points of the
curves:
1—y?=9y>—-1 = 2°=2 = y=-=£I1.
Thus, the region in the zy-plane is bounded by —1 <y < 1.
Step 2: Set up the double integral.

The volume is given by the double integral:

Step 3: Compute the integral.

We compute the integral to get the volume:
V' = 2 x (area of the region).

After evaluating the integral, we find:

When calculating the volume of a solid, use double integrals to compute the area of the

base and multiply by the height.
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QS51. The volume of the solid of revolution of the loop of the curve

y* =2tz +2)
about the x-axis (round off to 2 decimal places) is .............
Solution:
Step 1: Equation of the curve.
The given equation of the curve is:
y? = at(z +2).

We need to find the volume of the solid of revolution formed by rotating the curve about the

x-axis. This is done using the disk method, where the volume of the solid is given by:

b
V= 77/ (y(z))* dz.

We are given the curve in terms of y?, so the volume integral becomes:

b b
V:ﬂ'/ yzdiB:ﬂ'/ otz + 2)da.

Step 2: Find the limits of integration.

The loop of the curve exists for values of = between —1 and 1, which is where the curve
intersects the x-axis. Therefore, the limits of integration are from z = —1 to z = 1.

Step 3: Compute the integral.

We now compute the integral:
1
V= 7T/ otz + 2)da.

Expanding the integrand:

Now, we integrate:

6 2 5
dr = x—, 2xtdr = i
6 )

Evaluating the integrals at the limits x = —1 and « = 1, we get:

B 16 2(1%) (—1)8  2(-1)°
v (|52 - [ 25H)
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Simplifying this:

The final value is approximately:

V ~ 2.51 (rounded to 2 decimal places).

For volumes of solids of revolution, use the disk method where the volume is computed

as 7 [(f(x))2dz.

Q52. The greatest lower bound of the set
{(e"—{—?”)i ‘n € N},
(round off to 2 decimal places) is .............

Solution:

Step 1: Analyze the sequence.

3=

The given setis S = {(e" +2")n in € N}. We need to find the greatest lower bound (GLB)

of this set.
We begin by considering the asymptotic behavior of the sequence (e” + 2")% for large n.
Step 2: Simplify the expression.

As n — oo, " grows much faster than 2", so we approximate:
e"+2" ~e" forlargen.
Thus, the sequence behaves like:
1 1
(e +2")n ~ (") =e.

Step 3: Find the limit of the sequence.



To find the GLB, consider the limit of the sequence as n — oo:

lim (" + 2”)% =e.

n—oo

Step 4: Conclusion.

Thus, the greatest lower bound of the set is e, which is approximately:

2.72|.

When evaluating limits for sequences involving exponential growth, compare the dom-

inant terms (in this case, ¢ dominates 2" for large n).

QS53. Let
G ={n e N:n <55, ged(n,55) = 1}

be the group under multiplication modulo 55. Let = € G be such that 22 = 26 and

x > 30. Then z is equal to ................

Solution:

Step 1: List elements of G.

The group G consists of integers less than or equal to 55 that are coprime with 55. The prime
factorization of 55 is:

55 =5 x 11.

Thus, we need to find numbers less than or equal to 55 that are not divisible by 5 or 11.

Step 2: Solve 22 = 26 mod 55.

We are given that 22 = 26 (mod 55), and we need to find z. First, check numbers greater than
30 that satisfy this condition:

-z = 31, then 312 = 961 = 26 (mod 55).

Thus, x = 31 is a solution.

Step 3: Conclusion.
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Therefore, the value of x is:

When solving quadratic congruences, try checking potential solutions directly by squar-

ing numbers modulo the modulus.

Q54. The number of critical points of the function

fla,y) = (2% 4 3y%)2e” @+

Solution:

Step 1: Find the partial derivatives.

The critical points of the function occur where the gradient V f(z,y) = (%, 2—5) 1S zero.
First, compute the partial derivatives.

- The partial derivative with respect to z is:

of

or 2(a% +3y°) - 2pe~ (T H) _ 2x(x% + 33/2)26_(f52+y2).
x

- The partial derivative with respect to y is:

af
0y

= 2(x% 4 3%) - Gye () _ 2y (z* + 3y2)26_(w2+y2).

Step 2: Set the partial derivatives equal to zero.

Set both partial derivatives to zero to find the critical points. From the equations, we solve
for = and y. This leads to solutions at (0, 0).

Step 3: Check for the number of critical points.

Since both derivatives are zero at the origin, we conclude there is one critical point.

Step 4: Conclusion.

The number of critical points is:
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To find critical points, compute the partial derivatives, set them equal to zero, and solve

for the values of = and y.

QS55. The number of elements in the set

{z € S3:2'=¢}, where eis the identity element of the permutation group S, is...............

Solution:
Step 1: Understand the elements of Ss.

The group S5 consists of all permutations of 3 elements, and has 6 elements:
Sy = {e,(12), (13), (23), (123), (132)}.

We are looking for elements = € S5 such that 2* = ¢. This means the order of = must divide 4.
Step 2: Analyze the orders of the elements in Ss.

- The identity element e has order 1. - The transpositions (12), (13), (23) have order 2. - The
3-cycles (123), (132) have order 3.

None of the elements in S5 have order 4, but the identity element satisfies ¢* = ¢, and each
transposition satisfies 4 = e.

Step 3: Conclusion.

Thus, the elements that satisfy 2% = ¢ are e, and the transpositions (12), (13), (23), giving a
total of 4 elements.

The number of elements is:

To find the elements of a group that satisfy a condition like z* = e, consider the order

of each element.
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Q56. If

z

Y

is an eigenvector corresponding to a real eigenvalue of the matrix

00 2
1 0 —4
01 3

then > — yisequal to .................

Solution:

Step 1: Set up the eigenvalue equation.

z
We are given the matrix A and the eigenvector . The eigenvalue equation is:

Step 2: Solve for > and y.

Substituting the matrix A and the eigenvector, we get the system of equations:

00 2

z z
1 0 —4 = A

Y Y
01 3

By solving this system, we find that z — y = 0.
Step 3: Conclusion.

Therefore, z — y is:

When solving eigenvalue problems, express the system of equations and solve for the

unknowns corresponding to the eigenvector components.
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Q57. Let M and N be any two 4
1 001

x4 matrices with integer entries satisfyingMN = |0 1 0 0| =2

0010
Then the maximum value of det(M) + det(NV) is...............

Solution:
Step 1: Understand the problem.

We are given that M and N are 4 x 4 matrices such that their product equals the matrix

1 001
MN=10 1100

0010

We are asked to find the maximum value of det(M) + det(V).
Step 2: Use properties of determinants.

From the properties of determinants, we know that:
det(MN) = det(M) - det(N).
We can calculate det(M N). Since the given matrix is a square matrix, we compute:

1 001
det(MN)=det {0 1 0 0| =1
0010

Thus, we have:

det(M) - det(N) = 1.

This means that the product of the determinants of A/ and N is 1.

Step 3: Maximize det(M) + det(N).

Since det(M) - det(N) = 1, the two determinants must be multiplicative inverses of each
other. Let det(M) = x, so det(N) = 1. We want to maximize:

1
T+ —.
x

To find the maximum, we differentiate = + % and set it equal to zero:

d 1 1

ety
T X
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Setting this equal to zero:
1-==0 = 22=1 = z==I.
Thus, the maximum value of = + % occurs when x = 1, and we get:
1

1+-=2.
+1

Step 4: Conclusion.

Therefore, the maximum value of det(M) + det(N) is:

2]

When multiplying matrices, the determinant of the product is the product of the deter-

minants. Use this property to simplify the problem.

Q58. Let M be a 3 x3 matrix with real entries such that}/? =
M +2I, where I denotesthe 3 x 3 identity matrix. If o, 5,~ are eigenvalues of M
such that a8y = —4, thena + 5+ yisequal to .............

Solution:
Step 1: Use the given condition M? = M + 21.

The matrix equation M? = M + 21 suggests that the eigenvalues of M satisfy the equation:

A2 =\ +2,
where ) represents the eigenvalue of M.
Step 2: Solve for the eigenvalues.
Rearranging the equation:
M —A-2=0.

Factoring the quadratic equation:
(A=2)(A+1)=0.
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Thus, the eigenvalues of M are A =2 and A = —1.
Step 3: Use the relationship between the eigenvalues.

We are given that a5y = —4, and since there are three eigenvalues for M, we conclude that:

Step 4: Compute the sum of the eigenvalues.

Thus, the sum of the eigenvalues is:
a+fB+v=2+(-1)+(-2)=-1

Step 5: Conclusion.

Therefore, o + 3 + 7 is:

To find the sum or product of eigenvalues, use the fact that the eigenvalues of a matrix

satisfy the characteristic equation.

Q59. Let y(x) = zv(x) be a solution of the differential equation

d*y dy

9

— —3r— + 3y = 0.
xde xd:v+y

If v(0) =0 and v(1) =1, then v(—2) isequal to .................

Solution:
Step 1: Substitute y(z) = zv(z) into the given differential equation.
We begin by substituting y(x) = zv(x) into the equation:

2
x2%(mv(x)) - 31‘%(1‘1}(1‘)) + 3zv(x) = 0.

‘We calculate the derivatives:

d dv d? dv d*v
%(xv(x)) =uv(x) + T w(mv(m)) = 2% o
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Substituting these into the differential equation and simplifying, we get:

dv d?v dv
2 E— — —_ — pu—
x (de + xdxz) 3z(v(x) + xdx) + 3zv(x) = 0.

Step 2: Simplify and solve for v(z).

After simplifying and solving the equation, we find that the solution for v(x) satisfies:

1
v(z) = -
Step 3: Compute v(—2).
Since v(z) = 1, we have:
(9= =5
(% = 9 = 2
Step 4: Conclusion.
Therefore, v(—2) is:
!
5

When solving differential equations, always look for substitutions or transformations

that simplify the equation, such as y(z) = zv(z) in this case.

Q60. If y(x) is the solution of the initial value problem

>y dy dy
— +4-"2+4y=0 0)=2, —=(0)=0
T A Ay =0, y(0)=2 —=(0)=0,

then y(In 2) is (round off to 2 decimal places) equal to ...............

Solution:
Step 1: Solve the characteristic equation.
We start by writing the characteristic equation for the given second-order linear

homogeneous differential equation:
r? 4+ 4r +4=0.

Factoring the quadratic equation:

(r42)?=0.
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Thus, the repeated root is r = —2.
Step 2: General solution to the differential equation.

For a second-order differential equation with repeated roots, the general solution is:
y(z) = (Cy + Cox)e 2,

Step 3: Apply the initial conditions.

We are given the initial conditions y(0) = 2 and j—g(O) = 0. Substituting these into the general

solution:
-Atz=0,y(0)=C1+Cy-0=Cp = 2.
SO, Cl = 2.

Now, we compute the derivative of y(z):

d
% = (CQ - 2C7 — 202$)€_2m.

Atz =0, %(0) = Cy — 207 = 0, so:
Cr—2-2=0 = Cy=4.

Thus, the solution is:
y(z) = (2 +4z)e 2.
Step 4: Evaluate y(In 2).

Now, substitute z = In 2 into the solution:
y(In2) = (24 4In2)e 202,

Using the property e = a, we simplify:

1 2+4In2
4 4

y(ln2)=(2+4In2)-

Using the approximate value In 2 ~ 0.6931, we get:

244-0.6931 2427724 4.7724
4 N 4 4

y(In2) = = 1.1931.

Step 5: Conclusion.

Thus, y(In 2) is approximately:



Quick Tip
When solving second-order linear differential equations with constant coefficients, use

the characteristic equation to find the general solution and apply initial conditions to

find the specific solution.
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