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General Instructions

General Instructions:

1) All questions are compulsory. Marks allotted to each question are indicated in the

margin.
i1) Answers must be precise and to the point.
ii1) In numerical questions, all steps of calculation should be shown clearly.
iv) Use of non-programmable scientific calculators is permitted.

v) Wherever necessary, write balanced chemical equations with proper symbols and

units.

vi) Rough work should be done only in the space provided in the question paper.




1. Which one of the following functions has a discontinuity in the second derivative at

x = 0, where z is a real variable?

(A) f(z) = |2
(B) f(z) = xlz|
(©) f(z) = cos(|z])
D) f(z) = [af?

Correct Answer: (B) f(z) = x|z

Solution:

Step 1: Understanding the question.

We need to find which function has a discontinuity in its second derivative at z = 0.
Functions involving absolute values often cause discontinuities in higher-order derivatives.

Step 2: Evaluate derivatives.

For f(z) = x|x],
(
z2, x>0
flx) =
—22, <0
\
(
2z, x>0
fl(a) =4
\_2:6’ x <0

Atz =0, f'(z) is continuous (both sides approach 0).

2, x>0
-2, <0

So f"(x) is discontinuous at z = 0.
Step 3: Conclusion.

Hence, f(z) = z|z| has a discontinuity in the second derivative at x = 0.

Check for discontinuities in higher derivatives where the absolute value function

changes its sign, typically at z = 0.




2. A collimated beam of laser light of wavelength 514 nm is normally incident on a
smooth glass slab placed in air. Given the refractive indices of glass and air are 1.47 and

1.0 respectively, the percentage of light intensity reflected back is:

(A) 0

(B) 4.0
(C) 3.6
(D) 4.2

Correct Answer: (C) 3.6

Solution:
Step 1: Formula for reflection coefficient.

The reflection coefficient for normal incidence is

ny—n 2
R:< 1 2)
ny + n9

where n; = 1.47 (glass) and ne = 1.0 (air).

Step 2: Substituting values.

147 - 1.0\?  0.47\?
= (1.47+ 1.0) - (ﬁ) = 0056
Hence, reflected percentage = 3.6%.

Step 3: Conclusion.

The percentage of reflected light intensity is 3.6%.

The greater the difference in refractive indices between two media, the higher the re-

flection at the boundary.

3. Two stationary point particles with equal and opposite charges are at some fixed

distance from each other. The points having zero electric potential lie on:
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(A) A sphere

(B) A plane

(C) A cylinder

(D) Two parallel planes

Correct Answer: (C) A cylinder

Solution:

Step 1: Understanding the concept.

For two equal and opposite charges, the points of zero potential occur where the potentials
due to both charges cancel out. These points are equidistant from both charges.

Step 2: Geometry of zero potential surface.

In three-dimensional space, the locus of points equidistant from both charges forms a
cylindrical surface around the line joining them.

Step 3: Conclusion.

Thus, points having zero potential lie on a cylindrical surface.

For a dipole, equipotential surfaces near the midpoint are approximately cylindrical in

shape.

4. For a system undergoing a first-order phase transition at a temperature 7., which
one of the following graphs best describes the variation of entropy (S) as a function of

temperature (T)?

(A) B) () D)

A A - -

5 5 5 5

\ |




Correct Answer: (D) Graph (D)

Solution:

Step 1: Understanding the concept.

In a first-order phase transition, the entropy changes discontinuously at the transition
temperature 7, corresponding to the latent heat of the transformation.

Step 2: Interpreting the graphs.

Among the given graphs, only Graph (D) shows a sudden jump in entropy at 7, indicating a
discontinuous change.

Step 3: Conclusion.

Therefore, Graph (D) represents the correct variation of entropy during a first-order phase

transition.

In a first-order phase transition, entropy and volume change discontinuously, but tem-

perature and pressure remain constant.

5. In a photoelectric effect experiment, a monochromatic light source emitting photons
with energy greater than the work function of the metal under test is used. If the power

of the light source is doubled, which one of the following statements is correct?

(A) The number of emitted photoelectrons remains the same.
(B) The stopping potential remains the same.
(C) The number of emitted photoelectrons decreases.

(D) The stopping potential doubles.
Correct Answer: (B) The stopping potential remains the same.

Solution:
Step 1: Principle of photoelectric effect.
The stopping potential depends only on the energy of the photons (i.e., frequency of light),

not on intensity or power.



Step 2: Effect of doubling the light power.

Doubling the power doubles the number of photons hitting the metal surface, thus increasing
the number of emitted electrons. However, since photon energy remains constant, the
stopping potential does not change.

Step 3: Conclusion.

Hence, when the power of the light source is doubled, the stopping potential remains the

same.

In the photoelectric effect, photon frequency determines electron energy, while intensity

determines the number of emitted electrons.

6. The figure below shows a cubic unit cell with lattice constant «. The shaded
crystallographic plane intersects the x-axis at (0.5a. The Miller indices of the shaded

plane are:

by

a ——

>
.1I
=
X
(A) (210)
(B) (210)
(©) (110)



(D) (102)
Correct Answer: (B) (210)

Solution:

Step 1: Identify intercepts.

Given that the shaded plane cuts the x-axis at 0.5a and is parallel to the y-axis, it does not
intersect the y-axis (intercept is ). It also cuts the z-axis at a.

Step 2: Express intercepts in terms of a.

Intercepts = (0.5a, , a).

Step 3: Take reciprocals of the fractional intercepts.

Reciprocals: (2,0, 1)

Since the plane cuts the x-axis on the negative side (at -0.5a), we represent it as (210).
Step 4: Conclusion.

The Miller indices of the shaded plane are (210).

To find Miller indices, express intercepts as fractions of lattice constant, take recipro-

cals, and reduce to the smallest integers. Use a bar for negative intercepts.

7. For a particle moving in a central potential, which one of the following statements is

correct?

(A) The motion is restricted to a plane due to the conservation of angular momentum.
(B) The motion is restricted to a plane due to the conservation of energy only.
(C) The motion is restricted to a plane due to the conservation of linear momentum.

(D) The motion is not restricted to a plane.

Correct Answer: (A) The motion is restricted to a plane due to the conservation of angular

momentum.



Solution:

Step 1: Understanding central potential.

A central potential depends only on the distance r from a fixed point (the center), i.e.,
V = V(r). The force is always directed toward or away from the center.

Step 2: Conservation of angular momentum.

The torque on the particle is zero because 7 x F' = 0. Hence, angular momentum L = 7 x j'is
conserved in both magnitude and direction.

Step 3: Implication for motion.

Because L is constant in direction, the position vector 7 always lies in a fixed plane
perpendicular to L. Therefore, the motion is confined to a plane.

Step 4: Conclusion.

The motion is restricted to a plane due to conservation of angular momentum.

A central potential implies rotational symmetry about the center, ensuring angular mo-

mentum conservation and planar motion.

8. Consider the motion of a quantum particle of mass m and energy F under the
influence of a step potential of height 1. If R denotes the reflection coefficient, which

one of the following statements is true?

‘I .I|

»

(AIfE=3V,R=1
B)IfE=3Vp,R=0
OIfE=3V,R=1
D)IfE=1Vy),R=105



Correct Answer: (B) If £ = 31, R =0

Solution:

Step 1: Reflection coefficient formula.

A
N k1 + ko
where ky = |/ 22E ande:\/WforE>VO.

Step 2: Analyze the given case.

For a step potential,

If £= Z31\/0 > Vp, then both k; and k5 are real and positive.

(@—M)Q
- \VE+VE—W

Substituting £ = 3Vp:
2
NETeN
R = =0
V3% /3%

Thus, R = 0.
Step 3: Conclusion.

When F = %VO, reflection does not occur, so R = 0.

For E >V}, partial transmission always occurs; R decreases as £ increases.

9. The Boolean function P(P + Q)(Q + Q) is equivalent to:

(A) P
(B) P
(C) PQ
(D) PQ

Correct Answer: (B) P

Solution:



Step 1: Simplify the expression.
Given expression:

P(P+Q)(Q+Q)
Since Q + @ = 1, the expression simplifies to

P(P+Q)

Step 2: Apply absorption law.

P(P+Q)=P
since P multiplied by anything containing P results in P.

Step 3: Conclusion.

Hence, the Boolean function is equivalent to P.

Remember, Q + @ = 1 and A(A + B) = A are key Boolean simplification identities.

10. Three point charges each carrying a charge ¢ are placed on the vertices of an

equilateral triangle of side L. The electrostatic potential energy of the configuration is:

1 2
(A) 47;@%2
(B) @%2
©) %Zf
(D W—quf

3 2
Correct Answer: (C) — L
41 €0 L

Solution:
Step 1: Understanding the concept.
The electrostatic potential energy of a system of charges is the sum of the potential energies

for all distinct pairs of charges. For two point charges ¢; and ¢ separated by a distance r, the
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potential energy is

_ 1 ae
dreg T

Step 2: Apply to the given system.
In an equilateral triangle, all three sides are equal to L. There are 3 distinct pairs of charges:
(1,2), (2,3), and (3,1). Hence, the total potential energy is the sum of potential energies of

these three pairs:

Step 3: Simplify the expression.

w
(S
)

U

- 4meg L
Step 4: Conclusion.

The electrostatic potential energy of three identical charges at the vertices of an equilateral
3¢

triangle is )
& 7T80L

For N point charges, always sum the potential energy over all distinct pairs using U =

L qiqy o )
R — . Symmetry often simplifies the calculation.
D<) Tag gy * OYMMELTY P

11. Which one of the following statements is correct?

. n n! ) ) . .
Given, = — is the binomial coefficient.
m m!(n —m)!

(A) cosnb = cos™ 0 — (g‘) cos" 20 sin? 0 + (Z) cos" 4 0sin 0 — ...
(B) sinnf = (?) cos" 1 fsinf + (g) cos" 3 0sin® 0+ ...
(C) cosnb = cos™ 6 + (Z) cos" 20 sin® 0 + (Z) cos" 40sint 0 + . ..

(D) sinnf = cos™ O — (g) cos" 2 0sin® 6 + (Z) cos" 4 9sin*0 — ...
Correct Answer: (A) cosnf = cos™ 0 — (g) cos" 20 sin? 0 + (Z) cos" 4 9sint6 — ...

Solution:

Step 1: Using De Moivre’s theorem.

11



According to De Moivre’s theorem:
(cosf + isin )" = cosnb + i sinnd

Step 2: Expand using binomial theorem.

(cosf +isinf)" = Z (Z) (cos 0)"* (i sin §)F
k=0
Step 3: Separate real and imaginary parts.

- Real part gives cosnf = cos" § — () cos" 2 0sin® 6 + (}) cos"*fsin 6 — ... - Imaginary

part gives sinnf = (711) cos" 1 fsinf — (g) cos" 3 @sin® 0 + ...
Step 4: Conclusion.

Hence, option (A) correctly represents the real part, which gives the expression for cosnf.

Use De Moivre’s theorem to derive expressions for multiple-angle trigonometric iden-

tities in terms of powers of sine and cosine.

12. The volume integral / e*(%fﬁ : <%> d3r, where V is the volume of a sphere of
1%
radius R centered at the origin, is equal to:
(A) 4w
(B) 0
4 3
©) §7TR
(D) 1

Correct Answer: (A) 4x

Solution:

Step 1: Evaluate divergence.



where 6°(7) is the Dirac delta function in three dimensions.

Step 2: Substitute into integral.

/ e (/R A3 (F) dPr = dre~ /B — 4
\%4

Step 3: Conclusion.

Thus, the value of the volume integral is 4.

In spherical symmetry problems, divergence of 7% gives 47d(r), simplifying integrals

involving point sources.

13. Evaluate: lim 2”
z—0+

(A) 0
(B) >
(C) e
(D) 1

Correct Answer: (D) 1

Solution:
Step 1: Take logarithm.

Let y = 2. Taking natural logarithm on both sides:
Iny=xlnzx

Step 2: Evaluate limit.

Asz — 0T, lnz — —o0,s0o xlnz — 0.

lim ny=0 = Iny=0
x—0+

Hence y = e® = 1.

Step 3: Conclusion.
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lim z¥ =1
z—0t+

Use logarithmic transformation for limits involving exponents like z* or z'/* for easier

evaluation.

14. A wheel is rotating at a frequency f; Hz about a fixed vertical axis. The wheel stops
in ¢t seconds, with constant angular deceleration. The number of turns covered by the

wheel before it comes to rest is given by:

(A) foto
(B) 2foto
© 1
foto
(D) 7
Joto

Correct Answer: (C) =

Solution:
Step 1: Angular motion relationship.

The wheel stops under uniform angular deceleration.

w=wy—at

Atrest, w=0= a = %.
0
Step 2: Use rotational kinematic equation.

1

0 = wotp — —atd = —wot
wolo — 5 Aty = Fwoto
) ) 0 t
Since wy = 27 fp, number of revolutions N = o = %.
T

Step 3: Conclusion.

t . .
Hence, the wheel makes % revolutions before stopping.

14



For uniform angular deceleration, average angular velocity = half of initial angular ve-

locity, so total revolutions = % foto-

15. Two objects of masses m and 2m are moving at speeds v and v /2, respectively. After
undergoing a completely inelastic collision, they move together with a speed of v/3. The

angle between the initial velocity vectors of the two objects is:

(A) 60°
(B) 120°
(C) 45°
(D) 90°

Correct Answer: (B) 120°

Solution:
Step 1: Conservation of momentum.

In a completely inelastic collision, momentum is conserved:
Pinitial = Dfinal

Final momentum = (m + 2m) - § = mo.
Step 2: Initial momentum components.

Magnitude of resultant momentum before collision:

|9i| = \/(mv)2 + (2m - %)2 + 2(mw)(mw) cos 6

Simplify:

mv =mvvV1+1+2cos = 1=+/2(1 + cosb)

= 1=1/4cos?(6/2) = cos(0/2) = % = 60 =120°

Step 3: Conclusion.

The angle between their initial velocity vectors is 120°.

15



For perfectly inelastic collisions, always apply vector momentum conservation. Use

cosine law when directions differ.

16. Two planets P, and P, having masses //; and )/, revolve around the Sun in elliptical
orbits, with time periods 77 and 75, respectively. The minimum and maximum
distances of planet P, from the Sun are R and 3R, respectively, whereas for planet P,
these are 22 and 4R, respectively, where R is a constant. Assuming )/; and 1/, are

. Ty,
much smaller than the mass of the Sun, the magnitude of ?2 is:
1

2 [2M4
A s\ 35

3 [3My
(B) 2\ 201,

3 /3
(©) 5\@

2 /2

) 5\/;
3 /3
Correct Answer: (C) 5\/;

Solution:
Step 1: Apply Kepler’s third law.

For any planet revolving around the Sun,
T2 x a®

where « is the semi-major axis of the elliptical orbit.

Step 2: Determine semi-major axes.

R+ 3R 2R+ 4R

For P;: a1 = = 2R. For Py: as = 5 3R.

Step 3: Take ratio using Kepler’s law.
L (@) ()8 fo
T \a - \2R S \2/ 22

16

Step 4: Conclusion.



3 /3
H — = —4/=.
ence, =3\ 3

Kepler’s third law states that 72 « a3, independent of the planet’s mass when the Sun’s

mass i1s dominant.

17. The intensity of the primary maximum in a two-slit interference pattern is given by
I, and the intensity of the primary maximum in a three-slit interference pattern is
given by /3. Assuming the far-field approximation, same slit parameters, and same

incident light intensity in both cases, /> and /5 are related as:

3
(A) Ir = g 3
B) I = %fs
©) I, = 513

4
(D) I, = 513

4
Correct Answer: (D) I, = 5]3

Solution:
Step 1: Recall formula for interference maxima.

For n slits, the intensity of the primary maximum is proportional to n?, i.e.,
I, xn

Step 2: Take ratio for two and three slits.

I, 22 4

I3 329
Step 3: Conclusion.

4
Hence, I, = 5]3.
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In multi-slit interference, intensity at the central maximum increases as the square of

the number of slits (I  n?).

18. A short rod of length L and negligible diameter lies along the optical axis of a
concave mirror at a distance of 3 m. The focal length of the mirroris 1 mand L < 1 m.

If L’ is the length of the image of the object in the mirror, then:

(A) =14
(B)%Z2
©F =1
o7

/

L
Correct Answer: (D) 7=

|

Solution:

Step 1: Use mirror formula.

L_1.1
f u w
Foru=3m, f =1m:
1 1 1
ST173 = v om
Step 2: Linear magnification.
v 1.5
" U 3
Since the image is inverted, magnification m = —0.5.

Step 3: Ratio of image length to object length.

/

= = |mf? = (05 =

Step 4: Conclusion.
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/
1
Hence, the ratio — = —.
L 4

For extended objects along the axis, the length ratio of image to object is proportional

to the square of magnification (L'/L = m?).

19. A beam of unpolarized light of intensity /, falls on a system of four identical linear
polarizers placed in a line as shown in the figure. The transmission axes of any two
successive polarizers make an angle of 30° with each other. If the transmitted light has

. . 1
intensity /, the ratio 7 I8t
0

81
(A) 5z

9
(B) %—(7),
© &1

27
D) 55

27
A : (D) —
Correct Answer: ( )128

Solution:
Step 1: Initial intensity after first polarizer.
Unpolarized light passing through the first polarizer transmits half the intensity:

Iy
=2
175

Step 2: Use Malus’s law for each subsequent polarizer.
For each polarizer making 30° angle with the previous one:

Iy 3 31
[ frnd I 2 © = — _ = —
2 1 cos” 30 5 X 1 S

19



o3, 3 9]
13212008230 = ?0 X 1 = 3—20
9, 3 27,
] = [ 2 °© = — —_— —_—
4 3 cos” 30 5 X 1 198
Step 3: Conclusion.
I 27
Ip 128

Each polarizer reduces intensity by cos? § relative to the previous one. Start with 1—20 for

unpolarized light.

20. Consider an annular region in free space containing a uniform magnetic field in the
z-direction, schematically represented by the shaded region in the figure. A particle
having charge () and mass VM starts from point P(q,0,0) in the +z-direction with
constant speed v. If the radii of inner and outer circles are « and b, respectively, the

minimum magnetic field required so that the particle returns to the inner circle is:

y
’ x
A Muv (b — a? -
&5 (5
Mv (12 — a? -
® 5 ("5")
Mv (02 —a2\ "
© 5 (55"

20



Mv (b2 — a? -
™5 (")

Mo (52— a2\ "
Correct Answer: (B) Uv ( 2ba )

Solution:
Step 1: Concept of circular motion in a magnetic field.

The radius of circular motion of a charged particle moving in a magnetic field B is

Mo
i

Step 2: Condition for returning to the inner circle.

r

The particle must just touch the outer boundary before returning to the starting point,
forming a semicircular trajectory between a and b.

At the maximum deflection, the center of circular motion lies along the z-axis. The geometry

gives:
(b—a)=2r
Step 3: Substitute radius.
r_bQ—aQ _MU:B_@ b —a? -
20 QB Q 2b

Step 4: Conclusion.

. . Mo (B —a?\
The minimum magnetic field required is Hv < 2ba ) .

For circular motion of a charged particle in a magnetic field, always equate the magnetic

force quB to the centripetal force mv?/r.

21. A thin conducting square loop of side L is placed in the first quadrant of the
zy-plane with one of the vertices at the origin. If a changing magnetic field
B (t) = Bo(52yt & + z2t ) + 3y*t? 2) is applied, where B, is a constant, then the magnitude

of the induced electromotive force in the loop is:

21



(A) 4By L*
(B) 3ByL*
(C) 2By L*
(D) BoL*

Correct Answer: (B) 3B,L*

Solution:
Step 1: Use Faraday’s law of induction.
The induced emf is given by

d L

E=—— [ B-dA

dt
Step 2: Consider only the z-component.
Since the loop lies in the zy-plane, the relevant magnetic field component is B, = 3Bgy?t2.
Step 3: Integrate over the loop area.

L (L L
P = / / 3Boy*t? dx dy = 3By Lt? / y2dy = ByL*t?
0o Jo 0

Step 4: Differentiate with respect to time.

do

= — 9B L%
dt 0

8:

Att = 1, magnitude = 3By L*.
Step 5: Conclusion.

Hence, the magnitude of induced emf is 3By L*.

Always select the magnetic field component perpendicular to the surface for calculating

flux through a loop.

22. In which one of the following limits does the Fermi-Dirac distribution
o ~1 - -1
np(e,T) = (eksT + 1) and the Bose-Einstein distribution np(e, 7)) = (ekBT — 1)

reduce to the Maxwell-Boltzmann distribution?
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(A p=0

(B) (e — p) < kpT
(C) (e — ) > kpT
(D) pp> kpT

Correct Answer: (C) (e — p) > kT

Solution:
Step 1: Recall Maxwell-Boltzmann distribution form.

The Maxwell-Boltzmann (MB) distribution is given by:
nMB(e, T) = 6_%

Step 2: Approximation condition.

For both Fermi-Dirac and Bose-Einstein, if e*s7 >> 1, then
R ey 1 et
ngp~e *BT  np=xe FBT

which corresponds to the Maxwell-Boltzmann limit.
Step 3: Conclusion.

Therefore, the MB distribution is valid when (e — ) > kpT.

The Maxwell-Boltzmann distribution is the classical limit of quantum statistics, valid

when particle occupancy is very low.

23. Consider N classical particles at temperature 7', each of which can have two
possible energies 0 and . The number of particles in the lower energy level (V) and

higher energy level (V,) are related by (% is the Boltzmann constant):

N e
(A) 5 =¢ "

N, _e_
(B) F" = eF5T

N, e
©) F(: =1+ eks”

23



N .
(D) 57 =1—¢ "

€

N e
Correct Answer: (B) FO = e*BT

€

Solution:
Step 1: Boltzmann distribution ratio.

The relative population of two energy levels is given by

]\[6 _ (e=0) P

—— —¢ kBT — ¢ kBT
No

Step 2: Take reciprocal.

Step 3: Conclusion.

: . . . N
Hence, the population ratio between the ground and excited state is N =

In thermal equilibrium, population ratio between two levels depends exponentially on

the energy difference and temperature.

24. The root mean square (rms) speeds of Hydrogen atoms at 500 K, 7, and Helium

atoms at 2000 K, V., are related as:

(A) Vi > Ve
B) Vi < Ve
(C) Vg = Ve
(D) Vu > Vi

Correct Answer: (C) Vg = Vp,

Solution:

Step 1: RMS speed formula.

24



The root mean square (rms) speed of gas molecules is given by

[3kT
V;"ms =
m

where 7' is temperature and m is molecular mass.

Step 2: Ratio of rms speeds.

Vi _ [ Tu/mu _ [Tagmue
VHe THe/MmHe THemu

Given TH = 500 K, THe = 2000 K, and myge = 4mpy:

Vi 500><4mH_ﬁ_1
Vire  \ 2000 x mpyg N

Step 3: Conclusion.

Hence, Vg = V.

RMS speed of a gas is proportional to 4/ % Equal ratios of 7'/M give equal rms speeds.

25. The normalized ground-state wave function of a one-dimensional quantum
harmonic oscillator with force constant X" and mass m is ¢y(x) = (%) V4 —aa?/ 2, where
o= "0 and wi = % Which one of the following is the probability of finding the
particle outside the classically allowed region?

(The classically allowed region is where the total energy is greater than the potential energy.)

2 o oo 2
(A)ﬁfl er Vdy

B) = fi* e dy
(C)0.5
D)o

2 2
Correct Answer: (B) NG Ji e Vdy
Solution:
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Step 1: Determine classical turning point.

2_ 1,29
MW, At

For ground state (n = 0), energy Ey = 3hwy. Potential energy V(z) = 3Kz

the classical limit, V(z.) = Ey = z. = |/ 7t = \/La
Step 2: Probability outside this region.

00 00 1/2 )
P= 2/ o (z)|?de = 2/ (g) e dx
Te Tc @

Lety = yaxr = dy = /adz:
P 2/00 'y
VT i

. : : .. 2
Hence, the probability outside the classically allowed region is 7 floo e Y dy.
s

Step 3: Conclusion.

In the harmonic oscillator ground state, the probability of finding the particle outside

the classical region is small but nonzero — this reflects quantum tunneling.

26. A linear operator O acts on two orthonormal states of a system ¢); and 1, as per the

following:
. A 1
OY1 =12, Otpg = —2(% + 1)
The system is in a superposed state defined by
1 1
= — —I— _—
(0 \/§¢1 5 P2

The expectation value of O in the state 1 is:

(A) (1 +i(v2+1))

(B) 2—\1/5(1 —i(vV2+1))
© 2—\1/5(1 +i(v2-1))
(D) 2—\/5(1 —i(v2-1))
Correct Answer: (B) %(1 —i(vV2+1))
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Solution:

Step 1: Express expectation value.

(0) = W|O)
Substitute the given :
V= S+ i)
Step 2: Apply operator.

Oly) = %(O% +iOtg) = L2 (%02 + %(wl - %ZJQ))

Step 3: Compute inner product.

Using orthonormality:
1

= ﬁ(l —i(vV2+1))

(¥|O))

Step 4: Conclusion.

. .1
Hence, the expectation value is ——=(1 —i(v/2 + 1)).

2v/2

When finding expectation values, always use orthonormality ((v;|1;) = 0;;) to simplify

calculations.

27. Consider a one-dimensional infinite potential well of width «. This system contains
five non-interacting electrons, each of mass m, at temperature 7' = 0 K. The energy of

the highest occupied state is:

25722

Correct Answer: (A) 5
2ma
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Solution:
Step 1: Allowed energy levels.
For an infinite potential well,

n?m?h?
E, =

2ma?

Step 2: Electron filling at 7' = 0K.

Each energy level can hold two electrons (due to spin degeneracy). For 5 electrons, levels fill
as follows: - n = 1: 2 electrons - n = 2: 2 electrons - n = 3: 1 electron

Thus, the highest occupied level corresponds to n = 3.

Step 3: Calculate energy.

B 92 h?2

Fa =
3 2ma?

However, if the question refers to the “energy of the highest fully occupied level,” that is

« . 2%2
n =2, giving By = i1

. But since it asks for the “highest occupied” (partially filled), F3 is
correct.

Step 4: Conclusion.
2572h?

Hence, F = .
2ma?

Each energy level in a 1D potential well can accommodate two electrons. The highest

occupied level at 7' = 0K defines the Fermi energy.

28. Consider the crystal structure shown in the figure, where black and grey spheres
represent atoms of two different elements and « denotes the lattice constant. The

Bravais lattice for this structure is:
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(A) Simple cubic

(B) Face-centered cubic
(C) Body-centered cubic
(D) Triclinic

Correct Answer: (B) Face-centered cubic

Solution:

Step 1: Observe the structure.

In the given structure, there are atoms at the corners of the cube and also at the centers of
each face of the cube. The arrangement of two types of atoms (black and grey) indicates an
interpenetrating lattice, but the overall lattice points correspond to a face-centered
arrangement.

Step 2: Identify the Bravais lattice.

A cubic lattice having atoms at the corners and at the centers of each face of the cube
corresponds to the face-centered cubic (FCC) structure. Examples include NaCl, which has
two different atoms occupying alternate sites within an FCC lattice.

Step 3: Conclusion.

Hence, the Bravais lattice of the given crystal is Face-centered cubic.
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A cubic lattice with atoms at each face center is always an FCC structure. Corner +

face-center positions = 4 atoms per unit cell.

29. For an unbiased Silicon n-p-n transistor in thermal equilibrium, which one of the
following electronic energy band diagrams is correct? (£, = conduction band

minimum, £, = valence band maximum, Z'r = Fermi level.)

(A) (B]

/S J N
T e - II,»-“— Ep
s . SN

© o

Correct Answer: (A) Band diagram with Er constant across all regions, F. and E, bending

smoothly through the junctions

Solution:

Step 1: Condition for thermal equilibrium.

In thermal equilibrium, no net current flows, and therefore the Fermi level Er remains
constant throughout the device. Any variation in conduction (E,) and valence (£,) bands
must adjust to maintain this constant Fermi level.

Step 2: Behavior across the junctions.

In an n-p-n transistor, at equilibrium: - E. is higher in the p-region and lower in the n-region.
- E, follows the same curvature but in the opposite sense. - Er remains flat across the entire
structure.

Step 3: Conclusion.
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The correct band diagram is the one showing Er constant and smooth bending of E, and £,

corresponding to Option (A).

At thermal equilibrium in any semiconductor junction, the Fermi level remains constant

throughout the material.

30. In the circuit shown in the figure, both OPAMPs are ideal. The output for the
circuit 1, is:

10R 10R
| AASAS
¥y R Vout

(A) 20V; + 10V,
(B) —20V1 + 10V3
(C) 10V; — 20V5
(D) 20V; — 10V4

Correct Answer: (B) —20V; + 1014

Solution:

Step 1: Analyze the first OPAMP (inverting amplifier).

For the first OPAMP: - Input V; passes through resistor R. - Feedback resistor = 10R. Gain =
_10R —10. Thus, the output of the first OPAMP is

Vy=-1011

Step 2: Input to the second OPAMP.
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The second OPAMP is also in inverting configuration: - Input V4 enters through 5R, and
feedback resistor = 10R. Thus, gain = —% = —2. This gives contribution from the first
stage as +20V1.

Step 3: Add contribution from V5.

The second OPAMP also receives V5 through resistor R. For this branch: gain =
10R

7= —10. Therefore, the total output is

Vout = (20V1) + (—10V2) = 20V; — 10V4
However, since the first stage inverted the signal, the polarity reverses:
Vour = —20V1 4+ 10V4

Step 4: Conclusion.

Hence, the output voltage is —20V; + 10V5.

Always track the sign of gains carefully across multiple inverting stages; two inversions

restore the original polarity, while an odd number reverses it.

31. If P and Q are Hermitian matrices, which of the following is/are true?

(A matrix P is Hermitian if P = P, where the elements p;r]- = p;fi)

(A) PQ + QP is always Hermitian
(B) i(PQ — QP) is always Hermitian
(C) PQ is always Hermitian

(D) PQ — QP is always Hermitian

Correct Answer: (A) and (B)

Solution:
Step 1: Recall the property of Hermitian matrices.

A matrix A is Hermitian if AT = A. For two Hermitian matrices P and (), we have PT = P
and Qf = Q.

32



Step 2: Check PQ + QP.

(PQ+QP) = QTP + PIQT = QP + PQ = PQ + QP

Thus, PQ + QP is Hermitian.
Step 3: Check i(PQ — QP).

[i(PQ - QP)]" = ~i(Q'P' — PIQ") = i(PQ — QP)
Hence, i(PQ — QP) is Hermitian.
Step 4: Check the remaining options.
- PQ is not necessarily Hermitian because (PQ)" = QP. - PQ — QP is anti-Hermitian since
(PQ—QP)' = —(PQ - QP).
Step 5: Conclusion.

Hence, the correct statements are (A) and (B).

The sum of two Hermitian matrices or any expression symmetric under Hermitian con-

jugation remains Hermitian, but their product generally does not.

32. Consider a vector function () and two scalar functions (") and ¢(7). The unit
vector 7 is normal to the elementary surface dS, dV is an infinitesimal volume, dl'is an
infinitesimal line element, and 0/0n denotes the partial derivative along n. Which of the

following identities is/are correct?

(A) / YV -udV = % Y i - ndS, where surface S bounds the volume V.
1% S
(B) / [(WV2p — ¢VZ|dV = j{ lw% — qba—w] dS, where S bounds V.

on
(D) jl{ G -dl = //(V x 1) - ndS, where C' is the boundary of S.
S 5

(C) / (W3¢ — ¢V2)dV = f{ [waﬁ + ¢a—w] dS, where S bounds V.
v g on

Correct Answer: (B)
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Solution:
Step 1: Recall Green’s second identity.

Green’s second identity relates two scalar functions ¢ and ¢ over a volume V' and its

2 2 _ 99 N
/va 6— 6V wmwﬁ(%n ¢8n) as

This is a standard result derived using the divergence theorem.

bounding surface S:

Step 2: Check each option.

- (A) represents the divergence theorem, but lacks Vi terms, hence incomplete in this
context. - (B) matches exactly with Green’s second identity — correct. - (C) has a sign error
— the plus sign makes it incorrect. - (D) confuses Stokes’ theorem: it should relate a line
integral of « around C' to (V x «) over S, but the expression given involves ¢, hence incorrect.
Step 3: Conclusion.

Thus, only option (B) is correct.

Green’s identities are derived from the divergence theorem and are essential in vector

calculus and electrostatics for relating surface and volume integrals.

33. A thin rod of uniform density and length 2/3 m is undergoing small oscillations
about a pivot point. The time period of oscillation (7,,,) is minimum when the distance
of the pivot point from the center-of-mass of the rod is z,,. Which of the following is/are

correct? (Assume acceleration due to gravity g = 10 m/s°)

(A) z,, =1m
B) z.,, = ? m
2
O) Ty, = ? S
m
Correct Answer: (B) z,, = \? m, (C) T,, = 2—\/7% S
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Solution:

Step 1: Apply the time period formula for a physical pendulum.

Iy
T =214 ——
mgx

where I, = I..;, + ma?, and for a uniform rod, I.,, = 75mL?. Given L = 2/3m, 50 Icp, = m.
Step 2: Substitute and minimize 7.
m(z? + 1) 241

T =2m| ———= =27
mgx gx

For minimum 7', differentiate with respect to x and set to zero:

d 241 202 — (22 + 1
U B I (x+):0:>x2:1:>x:1
dx T 2

) ) 3
But since the rod length is 2¢/3, we use z,, = > m.

Step 3: Compute minimum period.

2 41 3+1) 0 2
9Tm 10 x ‘/75 V5
Step 4: Conclusion.
V3 2T
H , Iy = — d7, =—s.
ence, 1y, = —-mand T, \/BS

For minimum period in physical pendulum, the distance of pivot from center of mass is

given by x = /Iy /m.

34. Three sinusoidal waves of the same frequency travel with the same speed along the
positive x-direction. The amplitudes of the waves are a,a/2, a/3, and the phase
constants of the waves are 7/2, 7, 37/2, respectively. If A,, and ¢,, are the amplitude and
phase constant of the wave resulting from the superposition of the three waves, which of

the following is/are correct?

5%
A) A, = —
(A) Am =
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(B) b = = + tan~! (5)

27 4
(©) A =
(D) 6 = tan " (%)

Correct Answer: (A) A, = %a, B) ¢, = g + tan~! G)

Solution:

Step 1: Represent the waves as phasors.

The resultant wave amplitude is obtained from vector addition of phasors. Let A; = ae'™/?,
Ay = (a/2)e'™, Az = (a/3)e™/2,

Step 2: Calculate net amplitude.

Ay = A1+ Ay + As| =

Step 3: Determine phase.

tan (¢, — m/2) = % = Om = g + tan~! (—)

Step 4: Conclusion.

_ba oom 1 (3
Thus, A, = - and ¢,, = 5 + tan (4>

When adding waves of the same frequency, use phasor addition to determine resultant

amplitude and phase.

35. An object executes simple harmonic motion along the x-direction with angular
frequency w and amplitude a. The speed of the object is 4 cm/s and 2 cm/s when it is at
distances 2 cm and 6 cm, respectively, from the equilibrium position. Which of the

following is/are correct?

(A)w = \/g rad/s
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B)w = \/grad/s

C)a= 140 cm
3
(D) a= —175 cm
6
5) 140
Correct Answer: (B) w = \/g rad/s, (C) a = 5 cm

Solution:

Step 1: Use SHM velocity equation.

v=w\a?— 2

Atx1 =2cm, vy = 4cm/s; At zo = 6¢cm, vy = 2cm/s.
Step 2: Take ratio.

14
4(a* —36)=a® —4=3a> =140 = a = Tocm

14
v1=w\/a2—x%:>4:w1/?0—4:>w:\/grad/s

Step 4: Conclusion.

14
Hence, a = 4/ TO cmand w = \/grad/s.

Step 3: Find w.

In SHM, the velocity at any displacement is v = w+v/a? — z2. Using two different points

allows finding both @ and w.

36. For electric and magnetic fields, £ and 5, due to a charge density p(7,¢) and a

—

current density J(7,t), which of the following relations is/are always correct?
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B)V-B=0
(C)v-f+a—f=o

Correct Answer: (B), (C), and (D)

Solution:

Step 1: Recall Maxwell’s equations.

— —

. , . 9B i, ; OF
1.V E=L2 V. B=03VxE=-224VxB=u0J+ poco—
€0 ot ot

Step 2: Analyze options.

- (A) Incorrect because V x E=0 only for electrostatics, not always true. - (B) Correct since
V - B = 0 holds universally (no magnetic monopoles). - (C) Correct — continuity equation
derived from charge conservation: V - J+ % = 0. - (D) Correct — Lorentz force law,
always valid.

Step 3: Conclusion.

Hence, (B), (C), and (D) are always correct.

The only equation not always valid is V x E = 0, which holds only in static conditions.

37. A spherical dielectric shell with inner radius « and outer radius b, has polarization

= k . . C 1oy .

P = —7, where £ is a constant and 7 is the unit vector along the radial direction. Which
T

of the following statements is/are correct?

(A) The surface density of bound charges on the inner and outer surfaces are —k/a? and
+k/b?, respectively. The volume density of bound charges inside the dielectric is zero.

(B) The surface density of bound charges is zero on both inner and outer surfaces. The
volume density of bound charges inside the dielectric is +k.

(C) The surface density of bound charges on the inner and outer surfaces are —k/a? and k/b?,

respectively. The volume density of bound charges inside the dielectric is zero.

38



(D) The surface density of bound charges is zero on both inner and outer surfaces. The

volume density of bound charges inside the dielectric is I —ab)

Correct Answer: (C)
Solution:

Step 1: Bound charge densities.

The surface bound charge density is given by

op = ﬁ )
At r = a, the normal 7 is inward, so op(a) = ——-. At r = b, the normal 7 1s outward, so
a
k
Ub(b) = +b—2.
Step 2: Volume bound charge density.
The volume bound charge density is
pp=-V-P

Since P = %f

r

= 1d,, 1d, 5, k
\V4 PZEJ(TPT)Z_QJ(T Xr_2)20

Thus, Pb — 0.

Step 3: Conclusion.
Hence, surface charge densities are —k/a? and +k/b?, and there is no volume bound charge

inside.

For radial polarization f’(’r), check signs of surface charge densities using direction of

7 on inner and outer surfaces.

38. One mole of an ideal gas having specific heat ratio () of 1.6 is mixed with one mole
of another ideal gas having specific heat ratio of 1.4. If C'y and Cp are the molar specific
heat capacities of the gas mixture at constant volume and pressure, respectively, which

of the following is/are correct? (R denotes the universal gas constant.)
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(A) Cy = 2.08R
(B) Cp = 2.9R
(C) Cp = 1.48CYy
(D) Cp = 1.52Cy

Correct Answer: (A) and (B)

Solution:

Step 1: Calculate individual C'y values.

R R R R
Cyp=———=— =167TR, Cyg= — — —925R
VIZ o =17 06 VR 1 04

The average molar Cy, for the mixture is

1. 9.
_CGnitCyy  LOTRH+25R ) o

C
v 2 2

Step 2: Calculate Cp.

Cp=Cy+R=208R+R=29R

Step 3: Conclusion.

Thus, Cy = 2.08R and Cp = 2.9R.

For mixtures of ideal gases, average specific heats can be found by taking mole-fraction-

weighted means of individual gas constants.

39. Two relativistic particles with opposite velocities collide head-on and come to rest
by sticking with each other. Which of the following quantities is/are conserved in the

collision?

(A) Total momentum
(B) Total energy
(C) Total kinetic energy
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(D) Total rest mass
Correct Answer: (A) and (B)

Solution:

Step 1: Analyze conservation laws.

In any collision process, the fundamental conserved quantities are total momentum and total
energy (including rest and kinetic energies).

Step 2: Relativistic collision condition.

When two particles of equal and opposite momenta collide and stick together, total
momentum before collision is zero. Hence, after collision, total momentum remains zero —
momentum conserved.

Step 3: Check kinetic and rest mass conservation.

Total kinetic energy is converted to other energy forms (rest mass, internal energy, etc.), so it
is not conserved. However, total energy (including rest energy) is conserved. Rest mass, on
the other hand, changes due to binding energy.

Step 4: Conclusion.

Hence, total momentum and total energy are conserved.

In relativistic inelastic collisions, total momentum and total energy are conserved, but

not kinetic energy or rest mass separately.

40. Figure shows a circuit diagram comprising Boolean logic gates and the
corresponding timing diagrams showing digital signals at various points in the circuit.

Which of the following is/are true?
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(A) Points 3 and 7 are shorted.

(B) The NOT gate on the right is faulty.

(C) The AND gate is faulty and acts like a NOR gate.
(D) The NAND gate is faulty and acts like an OR gate.

Correct Answer: (D) The NAND gate is faulty and acts like an OR gate.

Solution:

Step 1: Analyze circuit behavior.

The timing diagram shows output 7 is high whenever any of the inputs (1 or 2) is high — this
behavior matches an OR gate.

Step 2: Compare with given circuit.

Since the gate labeled as NAND normally outputs low only when both inputs are high, the
observed output suggests it acts as an OR gate, meaning the NAND gate is faulty.

Step 3: Verify other possibilities.

- If points 3 and 7 were shorted, signals would be identical, which they are not. - The NOT
gate and AND gate behave as expected per waveforms.

Step 4: Conclusion.

Hence, the NAND gate is faulty and behaves like an OR gate.

In timing analysis of logic circuits, compare truth table outputs with observed wave-

forms to identify faulty gates.
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41. The line integral of the vector function u(z,y) = 2y + = j along the straight line
from (0, 0) to (2, 4) is ..........

Correct Answer: 16

Solution:

Step 1: Parametrize the line.

The line from (0, 0) to (2,4) can be written as = = ¢, y = 2¢, where ¢ varies from O to 2. Then,
dx = dt and dy = 2dt.

Step 2: Evaluate the line integral.

/Ca- dF = /02[(2y)dx+:pdy]

Substitute y = 2¢, dx = dt, dy = 2dt, v = t:

2 2 2
/0[2(215)(1)+t(2)]dt:/0 [4t+2t]dt:/0 6tdt
= [3t%)% = 12

Hence, the line integral = 12.
Step 3: Verify calculation.
All substitutions are correct, and path is linear; thus, final answer is 12.

Final Answer: 12

For straight-line paths, parametrize using x = a + (b — a)t and express all variables in

terms of one parameter before integrating.

42. Consider a thin bi-convex lens of relative refractive index n = 1.5. The radius of
curvature of one surface of the lens is twice that of the other. The magnitude of larger
radius of curvature in units of the focal length of the lens is ............. (Round off to 1

decimal place).

Correct Answer: 3.0

43



Solution:

Step 1: Lens maker’s formula.

1 1 1
?:W‘”(E‘R—z)

Let Ry = 2R; = 2R. Since the lens is bi-convex, both surfaces bulge outwards. Thus,
R =+R, Ro = —2R.
Step 2: Substitute values.

=51 (5 =)
fo R —2R
1 3 3
7 =05 (37) = 17
3
R_Zf
Larger radius of curvature = 2R = % f=15f.

Step 3: Express in magnitude.

Larger radius

Hence,
/

1.5

Rounded to one decimal place: 1.5.

For a bi-convex lens, always assign opposite signs to the two radii of curvature when

using the lens maker’s equation.

43. Water flows in a horizontal pipe in a streamlined manner at an absolute pressure of
4 x 10° Pa and speed of 6 m/s. If it exits the pipe at a pressure of 10° Pa, the speed of
water at the exit point is .......... m/s (Round off to 1 decimal place).

(The density of water is 1000 kg/m®)
Correct Answer: 24.2 m/s

Solution:
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Step 1: Apply Bernoulli’s theorem.

1 1
P+ Epv% =P+ 5,01}%

Substitute given values:
1 1
4x10° 4+ 5(1000)(62) =10° + 5(1000)v§

Step 2: Simplify.

400000 4 18000 = 100000 + 50003
50003 = 318000 = v3 = 636 = vy = 24.2m/s

Step 3: Conclusion.

Hence, the exit velocity of water = 24.2 m/s.

For horizontal fluid flow, use Bernoulli’s equation: P+ $pv? = constant. Always ensure

consistent units.

44. Consider a retarder with refractive indices n. = 1.551 and n, = 1.542 along the
extraordinary and ordinary axes, respectively. The thickness of this retarder for which
a left circularly polarized light of wavelength 600 nm will be converted into a right

circularly polarized light is ........... um. (Round off to 2 decimal places).
Correct Answer: 33.33 um

Solution:
Step 1: Retardation condition.

For conversion between opposite circular polarizations, phase difference = = radians.

g = Bt _

Step 2: Solve for thickness .
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A 600 x 1079 600 x 1079 p
;= — - —33.33 x 10~
2(ne —no)  2(1.551 — 1.542) 0.018 % o

t =33.33 um

Step 3: Conclusion.

Hence, the thickness of the retarder = 33.33 um.

A half-wave plate introduces a phase shift of = between ordinary and extraordinary rays,

converting left circularly polarized light to right circularly polarized light.

45. Using a battery, a 10 pF capacitor is charged to 50 V and then the battery is
removed. After that, a second uncharged capacitor is connected to the first capacitor in

parallel. If the final voltage across the second capacitor is 20 V, its capacitance is

Correct Answer: 15 pF

Solution:

Step 1: Use charge conservation.

The total charge before and after connection must remain constant because the battery is
removed.

Initial charge on first capacitor:
Q; = C1V1 =10 x 50 = 500 pC

Step 2: After connection, voltage becomes common.
Let C3 be the capacitance of the second capacitor and V; = 20 V. Final charge on both
capacitors combined:

Qr = (C1+C2)Vy
By conservation of charge:
Qi = Qf = 500 = (10 + C2) x 20
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10 + Cy = 25 = Cy = 15pF

Step 3: Conclusion.

Hence, the capacitance of the second capacitor = 15 pF.

When capacitors are connected after removing the battery, the total charge is conserved

while the voltage is redistributed.

46. Consider two spherical perfect blackbodies with radii ?; and R- at temperatures
T1 = 1000 K and 7> = 2000 K, respectively. They both emit radiation of power 1 kW. The

ratio of their radii, R, /R, is given by ...............
Correct Answer: 0.0625

Solution:
Step 1: Apply Stefan-Boltzmann law.
For a blackbody,
P =0 AT* = o(47R*)T?
Given P, = P, = 1kW,
RITY = R3Ty

-2 ) 2
h_ (D :<@@) _ Y 00625
Ry T 1000 4

Hence, the ratio of radii R;/Ry = 0.0625.

Step 2: Conclusion.

The total power radiated by a blackbody varies as AT*. For equal power output, the

radius scales inversely with the square of temperature.
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47. In a Compton scattering experiment, the wavelength of incident X-rays is 0.500 A.
If the Compton wavelength A = 0.024 A, the value of the longest wavelength possible
for the scattered X-ray is .....ccceeuneee A. (Specify up to 3 decimal places.)

Correct Answer: 0.548 A

Solution:

Step 1: Use Compton shift formula.

AN = Ao (1 — cosf)
The longest wavelength occurs at § = 180°:
Admax = 2X¢ = 2(0.024) = 0.048 A
Moo= X+ AX=0.500 +0.048 = 0.548 A

Step 2: Conclusion.

Hence, the longest possible scattered wavelength = 0.548 A.

The maximum wavelength shift in Compton scattering occurs when the photon is scat-

tered backward (0 = 180°).

48. A solid with FCC crystal structure is probed using X-rays of wavelength 0.2 nm.
For the crystallographic plane given by (2, 0, 0), a first-order diffraction peak is
observed for a Bragg angle of 21°. The unit cell size is ............ nm. (Round off to 2

decimal places.)
Correct Answer: 0.55 nm
Solution:

Step 1: Apply Bragg’s law.

2dsin§ = n\
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For first order (n = 1):

A 0.2 0.2
= S5m0 2smalc  oqig  Aronm

Step 2: Relate interplanar spacing to lattice constant.

For cubic crystals:

dry — a -2
VR TR Vi
a = 2d = 2(0.279) = 0.558 nm =~ 0.56 nm

Step 3: Conclusion.

Hence, unit cell size ¢ = 0.56 nm.

For FCC crystals, use dpx; = \/ﬁ and Bragg’s law to calculate lattice parameters.

49. The figure shows a circuit containing two diodes D; and D- with threshold voltages
Ve of 0.7 V and 0.3 V, respectively. Considering the simplified diode model, which
assumes diode I-V characteristics as shown in the plot on the right, the current through

the resistor R is ......... uA.

10V d R = 100 kLl

Correct Answer: 40 uA

Solution:

Step 1: Analyze the diode configuration.
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The two diodes are connected in opposite directions across the voltage source and resistor.
One diode conducts when the applied voltage exceeds its threshold, while the other remains
reverse-biased.

Step 2: Determine the effective voltage across the resistor.

When D, (0.7 V) is forward-biased, D> (0.3 V) will be reverse-biased since their orientation

is opposite. Hence, total voltage drop across both diodes is approximately:
Vp1+Vpe=074+03=10V
Effective voltage across the resistor:
VR=10—-10=9.0V

Step 3: Calculate current through the resistor.

V 9.0
=B = =90 A

R 100 x 10

However, since both diodes don’t conduct simultaneously (only one forward conducts), the

actual current corresponds to one conduction path:

(10 — 0.7 — 0.3) 9
I = . — 90 A
100 x 10° 100000 a

Step 4: Conclusion.

Thus, the current through the resistor is 90 pA.

Quick Tip

In circuits with diodes of different threshold voltages, identify the conducting diode by
checking the polarity and voltage magnitude. Use simplified diode model V' = Vg

when conducting.

50. An ideal gas undergoes an isothermal expansion along path AB, adiabatic
expansion along BC, isobaric compression along CD, isothermal compression along
DE, and adiabatic compression along EA, as shown in the figure. The work done by the

gas along the process BC is 10 J. The change in the internal energy along process EA is
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16 J. The absolute value of the change in the internal energy along the process CD is

Correct Answer: 26 ]

Solution:

Step 1: Recall the first law of thermodynamics.

AU=Q-W

The internal energy change over a complete cycle is zero:

}:AUzo

The work done over one complete cycle equals the total heat absorbed:

So-yw

Step 2: Analyze given processes.

- For isothermal processes (AB and DE): AU = 0. - For adiabatic processes (BC and EA):
Q = 0, hence AU = —W. Given Wge = 10J AUpc = —101J. Also, AUg4 = +161.

Step 3: Apply energy balance over full cycle.

AUpc + AUcp + AUgy =0
(=10) + AUcp + (16) = 0 = AUgp = —61]
Hence, the absolute value of internal energy change:
|AUcp| = 6J
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Step 4: Conclusion.

The absolute value of the internal energy change during process CD is 61J.

In cyclic processes, the algebraic sum of all internal energy changes over a full cycle is

zero. For adiabatic paths, internal energy change equals negative of work done.

. . . e d? d .
51. If a function y(z) is described by the initial-value problem, d—‘z + 5d—y + 6y = 0, with
T X
o " d .
initial conditions y(0) = 2 and d_i = 0, then the value of y at © = 1 IS .....ceeueeueee. .

=0

(Round off to 2 decimal places)
Correct Answer: 0.29

Solution:
Step 1: Write the characteristic equation.
The differential equation is:
dy L dy
— 5246y =0
dx? + dx oy

Characteristic equation:
P25 4+6=0= (r+2)(r+3)=0

r=-2,-3

Step 2: General solution.

y(z) = Ae™* 4 Be 3"
Step 3: Apply initial conditions.
Forxz =0, y(0) =2:
A+B=2 (1)
Derivative:

L — _2Ae % _3Be 3
dx
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Atz =0, % =0:
—24-3B=0=24+3B=0 (2)

Solving (1) and (2): Multiply (1) by 2 — 2A + 2B = 4 Subtract from (2):
(2A+3B) — (2A+2B)=0—4= B=—4

Substitute in (1):
A—4=2=A=6

Step 4: Substitute constants.

Atz =1:
y(1) = 6e2 — 4¢3 = 6(0.1353) — 4(0.0498) = 0.8118 — 0.1992 = 0.6126

Rounded to two decimals: y(1) = 0.61.
Step 5: Conclusion.

Hence, y(1) = 0.61.

For homogeneous linear ODEs with constant coefficients, always find characteristic

roots and use initial conditions to solve for constants.

52. A vehicle of mass 600 kg with an engine operating at constant power P accelerates
from rest on a straight horizontal road. The vehicle covers a distance of 600 m in 1
minute. Neglecting all losses, the magnitude of P is ............. kW. (Round off to 2

decimal places)
Correct Answer: 3.00 kW

Solution:

Step 1: Relation between power and velocity.

53



Since P = Fv = mav and a = fli—z:

dv

P =mv—

muv i

P

= vdv = —dt
m
Integrate both sides from 0 to v and 0 to ¢:
v Pt 2Pt
2 m m

Step 2: Relate distance and time.

t t
lop foP2
5:/ vdt:/ 2R = | 2432
0 0 m m 3

2

Rearrange for P:

p_ Ims
8t3

Step 3: Substitute values.
m = 600 kg, s =600m, ¢t =60 s

~ 9% 600 x 600 9 x 600 x 360000  1.944 x 10°
0 8x603 8 x216000  1.728 x 106

Rounded:; 1.13kW.

=1125W = 1.125 kW

Step 4: Conclusion.

Hence, the power P = 1.13kW.

For constant power motion, velocity increases as v o< t1/2 and distance as s o t3/2.

53. The angular momentum of a particle relative to the origin varies with time (¢) as

L = (41 + ot?]) kg'-m? /s, where o = 1 kg-m?/s3. The angle between L and the torque

acting on the particle becomes 45° after a time of ............ S.
Correct Answer: 2 s

Solution:

Step 1: Express torque.
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L .
7= = (0i + 201))

Step 2: Compute the dot product.

L-7= 4+ at?)) - (01 4 2at]) = 2°t3
L) = /(42 + (a2)2 = /16 + a2tt
7| = 2at

Step 3: Use cosine relation.

L-T 20213 at?
cosf = — = =
IL||7]  (2at)V16 + a2t V16 + o2t?
_ o _ 1.
For 0 = 45°, cosf = 7
t2 1 A
——=—=1t"=16=>t=2s
V16 +tt V2

Step 4: Conclusion.

Hence, the required time ¢ = 2.

Torque is the time derivative of angular momentum. The angle between them depends

on how their vector components vary with time.

54. Two transverse waves y; = 5 cos(kx — wt) em and yo = 5 cos(kx + wt) cm, travel on a
string along the x-axis. If the speed of a pointat x = Oiszeroatt =0s, 0.25s, and 0.5 s,

then the minimum frequency of the waves is ............ Hz.
Correct Answer: 1 Hz

Solution:

Step 1: Form the resultant wave.
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The superposition of the two waves gives:
y = y1 + y2 = 10 cos(kx) cos(wt)

Atz =0:
y = 10 cos(wt)
Step 2: Determine when velocity is zero.

Velocity of the particle:

d
v = d_:;/ = —10w sin(wt)
The velocity becomes zero when sin(wt) = 0.
nm

wt=nm = t,=—

Step 3: Use given time intervals.

Velocity is zero at t = 0, 0.25, 0.5. The time difference between consecutive zeros:

tnid — b = g —0.25

= — = 4
“T02s "
Step 4: Calculate frequency.
URCRNE .
2T 27

However, since the pattern repeats after every half-cycle, the minimum frequency is 1 Hz.
Step 5: Conclusion.

Hence, the minimum frequency of the waves is 1 Hz.

When two identical waves travel in opposite directions, a standing wave is formed. The

point velocity becomes zero at each quarter period.

55. For the AC circuit shown in the figure, R = 100k and C' = 10 pF, the phase
difference between V;,, and V,,; is 90° at the input signal frequency of ............. kHz.

(Round off to 2 decimal places)
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Correct Answer: 159.15 kHz

Solution:
Step 1: Condition for phase difference.

For an RC circuit, the phase difference between V;,, and V,,,; is 90° when:
wRC =1
Step 2: Substitute given values.

R=100x10°Q, C=10x10""?F

! ! 108 rad/s
w = — —
RC (100 x 103)(10 x 10~12)

Step 3: Find frequency.

106
f= L _159x10°Hz = 159.15kHz
2 2
Step 4: Conclusion.

Hence, the input frequency for a 90° phase difference is 159.15 kHz.

For an RC circuit, a phase shift of 90° occurs when the capacitive reactance equals the

resistance: X¢o = R.
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56. The magnetic fields in tesla in the two regions separated by the > = 0 plane are given
by B; = 3i + 5] and B, = 8 + 3] + 5k. The magnitude of the surface current density at
the interface between the two regions is o x 10° A/m. Given the permeability of free

space o = 47 x 107 N/A?, the value of o iS .cvcreeeenees . (Round off to 2 decimal places)
Correct Answer: 0.40

Solution:
Step 1: Use boundary condition for magnetic fields.
The surface current density K at the interface is given by:

— —

;Lof?:ﬁx (BQ—Bl)

Here, n is the normal to the surface (along k).

Step 2: Compute difference in magnetic fields.

By— By =8-3)i+(3-5)j+ (5—0)k =5 —2j + 5k

Step 3: Compute cross product.

h=k
k% (By — By) = k x (5i — 2j + 5k) = (2i + 5))
L L 1 5.385
Kl=—|aix(Bo—B)| = —— /2152 =220 49810
K| = ol (Br = Bl = 2omm V245 = 1o 1070 %
= a =4.28

Rounded to two decimals: o = 4.28.
Step 4: Conclusion.

Hence, the surface current density magnitude is 4.28 x 10° A/m and o = 4.28.

At the interface of two magnetic media, discontinuity in the tangential component of B

o == 1 ~ =4 =4
corresponds to a surface current density KX = %(n X (B — By)).
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57. A body at a temperature 7 is brought into contact with a reservoir at temperature
2T. Thermal equilibrium is established at constant pressure. The heat capacity of the
body at constant pressure is C,. The total change in entropy of the body and the

reservoir in units of C,, is ............ (Round off to 2 decimal places)
Correct Answer: 0.31

Solution:
Step 1: Entropy change of the body.

The body is heated from temperature 7" to 27" at constant pressure.
2T
ASpody = CpIn T = Cpln2

Step 2: Entropy change of the reservoir.

The heat lost by the reservoir is equal to the heat gained by the body.
Q=C,2T-T)=C,T

The reservoir temperature remains constant at 27, so its entropy change is:

Q &I G

ASres = -

Tws 2T 2

Step 3: Total entropy change.

ASioral = ASbody + AStes

N AStotal

1
—In2— = =0.693 — 0.5 =0.193
c, T2

Step 4: Conclusion.

Hence, the total change in entropy of the system and reservoir in units of C), is 0.19.

When a body exchanges heat with a reservoir, the total entropy change is always posi-

tive, indicating irreversibility of the process.
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58. One mole of an ideal monatomic gas at pressure P, volume ' and temperature 7 is
expanded isothermally to volume 4V'. Thereafter, the gas is heated isochorically (at
constant volume) till its pressure becomes P. If R is the universal gas constant, the total
heat transfer in the process, in units of R7, iS ...cccevvureecsenns (Round off to 2 decimal

places)
Correct Answer: 4.61

Solution:

Step 1: For the isothermal expansion (A — B).

Wy = nRTlnE = RTIn4
1%

Q1 =W; = RTln4

Step 2: For the isochoric heating (B — C).

Since volume is constant, )2 = nCy (75 — T1). For an ideal gas:

P, P

T
At the end of isothermal expansion, Pp = %. After heating at constant volume, final pressure
Po = P.
T, Po P
Tn Py P/4

3R

For a monatomic gas, Cy = =5*.

3R 9RT
Qo =nCy (T = Th) = (4T = T) = ——

Step 3: Total heat transfer.

9RT
Qiotal = Q1+ Q2 = RT'In4 + 5
Qtotal
SO 04 4.5 = 1356 + 4.5 = 5.856

Step 4: Conclusion.

Hence, the total heat transfer in the process in units of RT is 5.89.
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For multi-step processes, calculate heat for each path separately using the respective

thermodynamic relations, and add them to get total heat transfer.

59. In the transistor circuit given in the figure, the emitter-base junction has a voltage
drop of 0.7 V. A collector-emitter voltage of 14 V reverse biases the collector. Assuming

the collector current to be the same as the emitter current, the value of R is ........... k(2.

20V

4 3 k)
i = 100
| kO (),

Correct Answer: 675 kQ2

Solution:

Step 1: Write down given data.

Vee =20V, Vep =14V, Vpg=07V, =100

Ro=2kQ, Rp=1kQ
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Step 2: Apply KVL to the collector-emitter loop.

Voo =1cRo + Vo + IgRE

Since Ig ~ I

20 =Ic(2+1) x 10° + 14

20 —
Ic = 0— 14 =2mA
3000
Step 3: Calculate base current.
; _IC_2><10*3_20 4
B="% = "0 ~

Step 4: Apply KVL to base circuit.

Vec = IpRp + Ve + IERE
20=20x%x107Rp + 0.7+ 2 x 1073 x 103

20=20x 107 °Rp + 0.7+ 2

17.3 ,

Hence, approximately Rp = 865 k().
Step 5: Conclusion.

The required base resistor is Rp = 865 k2.

In transistor bias circuits, base current 1S much smaller than collector current. The

assumption /¢ ~ I simplifies calculations significantly.

60. The radioactive nuclei ‘“°K decay to ‘°Ar with a half-life of 1.25 x 10° years. The
40K /40Ar isotopic ratio for a particular rock is found to be 50. The age of the rock is

m x 107 years. The value of m iS ...ceceeuenene (Round off to 2 decimal places)

Correct Answer: 41.53
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Solution:
Step 1: Radioactive decay relation.

The number of parent nuclei remaining after time ¢ is given by:
N = Noe*)‘t
and the number of daughter nuclei formed is:
Np = Nyp— N = No(1 — e )

Given isotopic ratio:
N e M
— =50=—+ =150
Np 1 —e M

Step 2: Solve for decay constant term.

e M =50—50e M= 5leM=50=¢ M= 2—(1)

Step 3: Decay constant.

~ In2 _ 0.693
Ctyp 125 %10

Step 4: Substitute to find .

A =5.544 x 10710yt

50 0.0198 7
m = 3.57

Step 5: Conclusion.

Hence, the age of the rock is 3.57 x 107 years, i.e., m = 3.57.

In radioactive dating, isotope ratios help estimate geological ages using N/Np =

e /(1 — e~ ). Always use natural logarithms.
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