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General Instructions

General Instructions:

1) All questions are compulsory. Marks allotted to each question are indicated in the

margin.
i1) Answers must be precise and to the point.
ii1) In numerical questions, all steps of calculation should be shown clearly.
iv) Use of non-programmable scientific calculators is permitted.

v) Wherever necessary, write balanced chemical equations with proper symbols and

units.

vi) Rough work should be done only in the space provided in the question paper.




1. The value of the limit

is equal to:

(A) e
(B) 1
(©) 2
(D) 2

2. Let f : R — R be defined by f(z) = 27 + 523 + 11z + 15. Then, which of the following
statements is TRUE?

(A) f is both one-one and onto
(B) f is neither one-one nor onto
(C) f is one-one but NOT onto
(D) f is onto but NOT one-one

3. The value of the limit
e3T _ T 4 4y

iii% 5(1 — cos z)
is equal to:
(A) 1
B)0
©) 3
(D) &

4. The value of the limit

" /o) 1
legokzo(k)z



is equal to:

(A) 1
(B) }
<o
(D) !

S. Let { X}, },,>1 be i.i.d. random variables with

1, O<z<l1
flz) =

0, otherwise

Then, the value of the limit

I 1
lim Pl —— ) InX; <1+ —
Jim ( w2 % wa)
is equal to:

(A) 3
(B) (1)
€0
(D) ©(2)

6. Let X be a U(0, 1) random variable and Y = X2, If p is the correlation coefficient

between X and Y, then 48y is equal to:

(A) 48
(B) 45
(C) 35
(D) 30




7. Let M be a 3 x 3 real matrix. Let

1 1 0
2 9 ]_ 9 _1
3 1 @

be eigenvectors of M corresponding to three distinct eigenvalues. Then, which of the

following is NOT a possible value of «?

A0
(B) 1
©) -2
(D) 2

8. If the series >~  a,, converges absolutely, then which of the following series

diverges?

(A) 32,21 laznl

(B) 32,7, iy

©) > oii(an)?

D) > 0%, ( Tn )2 +an)

9. There are three urns labeled 1, 2, 3.

Urn 1: 2 white, 2 black; Urn 2: 1 white, 3 black; Urn 3: 3 white, 1 black.

Two coins are tossed independently, each with P(head) = 0.2.

Urn 1 is selected if 2 heads occur, Urn 3 if 2 tails occur, otherwise Urn 2 is selected. A ball is

drawn at random from the chosen urn. Find

P(Urn 1 is selected | Ball drawn is white)

(A)
(B) 1

—
o|§ o|c>



(©) 15
D) 5

10. Let X be a random variable with

Then, which of the following statements is FALSE?

(A) E(X|X[) =0

(B) E(X|X[?) =0

(©) E(|X|sin(&)) = 0
(

(D) E(|X|sin®(57)) =0

el

11. Let f : R? — R be a function defined by
3

5 T 9> T, 07 0

o) = PP (z,y) # (0,0)

0, (z,y) = (0,0)
Let f.(z,y) and fy(x,y) denote the first-order partial derivatives of f(z,y) with respect to
and y respectively. Then, which of the following statements is FALSE?

(A) f.(x,y) exists and is bounded at every (z,y) € R?
(B) f,(z,y) exists and is bounded at every (z,y) € R?
(O) fy4(0,0) exists and f,(x,y) is continuous at (0,0)
(D) f is NOT differentiable at (0,0)

12. Let {X,, },>1 be i.i.d. random variables distributed as N (0, 1). Then find

nox2_ 3
im p [ 2= " <6
n—o00 V' 32n

is equal to:



(A)

(B) &(v/2)
(G0

(D) B(1)

13. Consider independent Bernoulli trials with success probability p = % The

probability that three successes occur before four failures is:

(A) 43
(B) &1
(©) %

(D) 1375

14. Let X and Y be independent N (0, 1) random variables and Z = |5+ |. Then, which of

the following expectations is finite?

w5 ()
(B) E(ZV/Z)
(C) B(Z)

o2 ()

15. Three coins have probabilities of head in a single toss as }1, %, and % respectively. A

player selects one coin at random and tosses it five times. The probability of obtaining

two tails in five tosses is:

(A)
(B) 23
(OF 5

64
(D) 351



16. Let X be a random variable with pdf

Define Y = [X], the greatest integer less than or equal to X. Then E(Y?) is equal to:

e(e+1
(A) 92
(B) e+1

M(t)=——=, t#0.

Leta = P(48X? — 40X +3 > 0)and 8 = P((In X)? +2In X — 3 > 0). Then, the value of

a — 21In 5 1s equal to:

18. Let X, Xo, ..., X;, (n > 3) be a random sample from Poisson(6), where 6 > 0 is
unknown, and let 7= }"" | X;. Then, the uniformly minimum variance unbiased

estimator (UMVUE) of ¢ 276 is:

@G- (E-)0-)"
(B) T(T-1)(T—-2)(n—2)T3

nT

(C) does NOT exist
©) e/ (5)°



19. Let X, X», ..., X;, (n > 2) be a random sample from U (6 — 5,60 + 5), where 6 € (0, c0)
is unknown. Let 7' = max (X7, ..., X;;) and U = min(X7y, ..., X;;). Then, which of the

following statements is TRUE?

(A) Z£Y is the unique MLE of ¢
(B) 727 is an MLE of

(C) MLE of 0 does NOT exist
(D) U + 8 is an MLE of 0

20. Let X and Y be random variables having chi-square distributions with 6 and 3

degrees of freedom respectively. Then, which of the following statements is TRUE?

(A) P(X >0.7) > P(Y > 0.7)
(B) P(X >0.7) < P(Y >0.7)
(C) P(X >3) < P(Y >3)
(D) P(X <6) > P(Y <6)

21. Let (X,Y) be a random vector with joint moment generating function

1
(1 —(t1 +t2))(1 — tz)’

Let Z = X + Y. Then, Var(Z) is equal to:

M(tl,tg) = —00 < t1,tg < min(l, 1-— tg)

(A) 3
(B) 4
©5
(D) 6




22. Let X be a continuous random variable with CDF

F<5‘7>:<a:c2, 0<xr<2,

for some real constant a. Then E(X) is equal to:

(A) 3
(B) §
©1
(D)0

23. Let X1, Xo, ..., X;, be a random sample from an exponential distribution with probability
density function

G0 x>0,
f(z;0) =

0, otherwise,
where 6 € (0, 00) is unknown. Let o € (0,1) be fixed and let /5 be the power of the most

powerful test of size « for testing Hy : § = 1 against H; : 6 = 2. Consider the critical region

n
1
R = {(xl,xg, ey Tp) €ER™: sz > 5)(%”(1 — a)} ,

i=1
where for any v € (0,1), x3,,(v) is a fixed point such that P(x3, > x3,(7)) = . Then, the

critical region R corresponds to the

(A) most powerful test of size « for testing Hy : # = 1 against H; : 0 = 2
(B) most powerful test of size 1 — « for testing Hy : = 2 against H; : 0 = 1
(C) most powerful test of size 5 for testing Hy : 6 = 2 against H; : § = 1

(D) most powerful test of size 1 — 3 for testing Hy : § = 1 against H; : § = 2

24. Let .
S pr—
k=

()

| =

AP -

0o
1 k=

1



Then, which of the following statements is TRUE?

(A)S—T =0
(B) 5S — 4T = 0
(C) 4S — 5T = 0

(D) 165 — 25T =0

25. Let E4, Fs, E5 and E,4 be four events such that
2 1 1
P(E;|Ey) = 3 i=1,2,3; P(ENES|E,) = 5 i,j =1,2,3; i #j; P(EINENES|Ey) = G
Then, P(E; U Ey U E3|Ey) is equal to
(A) 3
(B) 2
©) 2
(D) &

26. Let a; = 5 and define recursively

1
an+1 = g (CLn) s n Z 1.

Then, which of the following statements is TRUE?

Y

(A) {a,} is monotone increasing, and lim,,_,~ a, = 3
(B) {a,} is monotone decreasing, and lim,, o0 a, = 3
(C) {ayn} 1s non-monotone, and lim,,_,~ a, = 3

(D) {a,} is decreasing, and lim;,_,c a, = 0

27. Consider the problem of testing Hy : X ~ fy against H; : X ~ f; based on a sample of

size 1, where

0, otherwise, 0, otherwise.

10



Then, the probability of Type II error of the most powerful test of size a = 0.1 is equal to

(A) 0.81
(B) 0.91
(C) 0.1
(D) 1

28. For a € R, consider the system of linear equations

;

ar +ay = a+ 2,

Sr+ay+(a—1)z=a—4,

\a:r;—l—ay—i—(a—2)z: -8,

in the unknowns z, y, z. Then, which of the following statements is TRUE?

(A) The given system has a unique solution for a = 1
(B) The given system has infinitely many solutions for a = 2
(C) The given system has a unique solution for a = —2

(D) The given system has infinitely many solutions for a = —2

29. Let {ay },>1 be a sequence of real numbers such that a,, > 1, for all n > 1. Then, which

of the following conditions imply the divergence of {ay, },>1?

(A) {an}n>1 18 non-increasing
(B) 22021 b, converges, where by = a; and b,, = ap+1 — a,, foralln > 1
(C) limy o %22 =

2
(D) {/a,}n>1 converges

30. Let £, E and E3 be three events such that P(Ey) = 2, P(E») = £ and P(E3) = . Then,
which of the following statements is FALSE?

(A)P(E1UE2UE3>Z%

11



(B) P(E2U E3) > {5
(C) P(E1NEyN E3) <
(D) P(EyUEy) < 3

1
6

31. Consider the linear system Ax = b, where A is an m X n matrix, x is an n x 1 vector of
unknowns and b is an m x 1 vector. Further, suppose there exists an m x 1 vector ¢ such that
the linear system Az = ¢ has NO solution. Then, which of the following statements is/are

necessarily TRUE?

(A) If m < n and d is the first column of A, then the linear system Az = d has a unique
solution

(B) If m > n, then Rank(A) < n

(C) Rank(A) <m

(D) If m > n, then the linear system Ax = 0 has a solution other than =z = 0

32. Let A be a 3 x 3 real matrix such that A # I3 and the sum of the entries in each row of A

is 1. Then, which of the following statements is/are necessarily TRUE?

(A) A — I3 1is an invertible matrix
(B) The set {x € R3: (A — I3)z = 0} has at least two elements (x is a column vector)
(C) The characteristic polynomial, p(\), of A 4242 + A3 has (\ — 4) as a factor

(D) A cannot be an orthogonal matrix

33. Let X1, X, ..., X;, be a random sample from N (0, 1), where 0 € (—oc, 00) is unknown.
Consider the problem of testing Hy : # < 0 against H; : 6 > 0. Let 3(#) denote the power
function of the likelihood ratio test of size o (0 < a < 1) for testing Hp against H;. Then,

which of the following statements is/are TRUE?

(A) B(0) > 5(0), forall 6 > 0
(B) 5(0) < p(0), forall > 0

12



(C) The critical region of the likelihood test of size « is

{(xl,xg, e Zpn) € R™: ﬁ# > Ta/g} :

where 7, /5 is a fixed point such that P(Z > 7,/5) = §, Z ~ N(0,1).

(D) The critical region of the likelihood test of size « is

n
X
{(ml,xg,...,xn) e R": \/ﬁ% > Ta},

where 7, is a fixed point such that P(Z > 7,) = o, Z ~ N(0, 1).

34. Consider the function
flz,y) =32 +day +¢°,  (z,y) € R%
If S = {(x,y) € R? : 22 + y? = 1}, then which of the following statements is/are TRUE?

(A) The maximum value of f on Sis 3+ /5
(B) The minimum value of f on Sis 3 — /5
(C) The maximum value of f on S is 2+ /5
(D) The minimum value of f on S'is 2 — /5

35. Let f : R — R be a twice differentiable function. Then, which of the following

statements is/are necessarily TRUE?

(A) f” is continuous

(B) If f/(0) = f’(1), then f”(x) = 0 has a solution in (0, 1)
(C) f' is bounded on [8, 10]

(D) f” is bounded on (0, 1)

36. Let X1, Xo, ..., X;, (n > 2) be independent and identically distributed random variables

with probability density function



Then, which of the following random variables has/have finite expectation?

(A) Xy
1
(B) X,
©) vXy
(D) min{ Xy, ..., Xy}

37. A sample of size n is drawn randomly (without replacement) from an urn containing 5n?

balls, of which 2n? are red balls and 3n? are black balls. Let X,, denote the number of red

E(X,)

Var(X,,)

balls in the selected sample. If ¢ = lim,, and m = lim,_, , then which of the

following statements is/are TRUE?

(A) £ +m =10

(B)(—m=2
(C) tm = 1
D) 7 =3

38. Let X1, Xo, ..., X;, (n > 2) be arandom sample from a distribution with probability
density function

1
—. h<z<
fasy = q @ U ETED

0, |z|>8,
where 0 € (0, 00) is unknown. If R = min{ X1, Xo, ..., X;;} and S = max{X;, Xo, ..., X;, }, then
which of the following statements is/are TRUE?

(A) (R, S) is jointly sufficient for ¢

(B) S is an MLE of 6

(C) max{|X1|,|X2|, ..., |Xn|} is a complete and sufficient statistic for 6
(D) Distribution of g does NOT depend on ¢

14



39. Let X1, X, ..., X, (n > 2) be a random sample from a distribution with probability
density function

—e , x>0,
0, otherwise,

where 6 € (0, 00) is unknown. If T = }"" | X7, then which of the following statements is/are

TRUE?

—1. . . . . . . . 1
n is the unique uniformly minimum variance unbiased estimator (UMVUE) of —

(A) 0

(B) 7 18 the unique uniformly minimum variance unbiased estimator of i

1. . . .. . . . 1
©) (n—1)>"", X3 is the unique uniformly minimum variance unbiased estimator of —
i

n. 1
(D) T 1s the MLE of 7

40. Let X1, Xo, ..., X;, (n > 2) be a random sample from a distribution with probability
density function
9:69_1, 0<z<1,

flx;0) =

0, otherwise,

where 6 € (0, c0) is unknown. Then, which of the following statements is/are TRUE?

6

) . 90

(A) Cramer-Rao lower bound, based on X1, Xo, ..., X,,, for the estimator 6° is —
n

. . 96*

(B) Cramer-Rao lower bound, based on X, X», ..., X,,, for the estimator 63 is —
n

(C) There does NOT exist any unbiased estimator of % which attains the Cramer-Rao lower
bound

. . . 1 . .
(D) There exists an unbiased estimator of 7 which attains the Cramer-Rao lower bound

41. Let o, 8 and ~ be the eigenvalues of

0 10
M=11 33
-1 2 2

15



If v =1 and « > g, then the value of 2 + 35 is .............

42. Let
5 —6
M =
3 —4

be a 2 x 2 matrix. If o = det(M* — 613), then the value of o2 is ............

43. Let S = {(2,y) € R?: 2 < 2 < y < 4}. Then, the value of the integral

1
dz d
//Sll—xxy

44. Let A= {(z,y,2) € RE:0<2z<y<z< 1}. Let « be the value of the integral

/// xyzdxdydz.
A

Then, 384« is equal to ..........

45. Let fy and f; be the probability mass functions given by:

x 1 2 3 4 5 6
fo(x)[0.1 0.1 0.1 0.1 0.1 05
fi(z) 0.1 0.1 02 0.2 02 0.2

Consider the problem of testing the null hypothesis Hy : X ~ fj against H; : X ~ f; based
on a single sample X. If o and f3, respectively, denote the size and power of the test with

critical region {z € R : x > 3}, then 10(a + /) is equal to .....cccceveeureunenne.

16



46. Let 5, 10,4, 15,6 be an observed random sample of size 5 from a distribution with

probability density function

0, otherwise,

where 6 € (—oo, 3] is unknown. Then, the maximum likelihood estimate (MLE) of ¢ based

on the observed sample is equal to ..............

47. Let
‘ 2n? 1
a = lim .
n—oo — \/Bpt +n3 +m
m=n

Then, 10v/5 o is equal to ...............

48. Let X be a random variable having the probability density function

1
8V 2w
Then, 4E(X%) is equal to .................

flo) = (26—962/2 + 36—”02/8) , zeR

49. Let X be a random variable with moment generating function

1 1, 1 1 1
x()=1gt+ge T3¢ 76 t5¢

Then, 8E(X) is equal to ...............

50. Let B denote the length of the curve y = In(sec z) from x = 0 to » = 7. Then, the value of
3v2(eP? —1)isequal to .............

17



51. Let S C R? be the region bounded by the parallelogram with vertices at the points
(1,0),(3,2),(3,5) and (1,3). Then, the value of the integral

//S(x—i-2y)dxdy

is equal to ..............

52. Let

A:{( y) € R?: 22 —F<y<x +

and let the joint probability density function of (X, Y") be

)

eV (2,y) € 4,
0, otherwise.

Then, the covariance between the random variables X and Y is equal to .............

53. Let X; and X5 be independent N (0, 1) random variables. Define

;

-1, ifu<0,

sgn(u) = {0, ifu=0,

1, if u>0.

\
Let Y7 = X sgn(X2) and Y2 = X5 sgn(X;). If the correlation coefficient between Y] and Y5 is

a, then 7o is equal to ............

54. Let
" /n\ 2F(n —2)
ap = I o , n=2,3,
k=2
Then,
e lim (1 —ay)
n—oo
is equal to ...............

18



55. Let F4, E», F5 and E4 be four independent events such that

P(El) = %7 P<E2) = %7 P<E3> = i? P(E4) = é

Let p be the probability that at most two events among F1, Fa, F3, F4 occur. Then, 240p is

equal to ............

56. Let the random vector (X, Y') have the joint probability mass function

fong) = MGG @), e=01.,10, y=0,1,....5,
0, otherwise.

LetZ=Y - X+10. If a = E(Z) and § = Var(Z), then 8« + 484 is equal to ..............

57. Let
S ={(z,y) € R?:0 < 2z < 7, min(sinz,cos r) < y < max(sinz,cosz)}.

If o is the area of S, then the value of 2v/2 o is equal to ............

58. The number of real roots of the polynomial

f(z) =2t =13z +5

59. Let
2n

3
a = lim (l—i-nsin—)

n—oo TL2

Then, In « is equal to ................

19



60. Let ¢ : (—1,1) — R be defined by

If

then 42« is equal to ...............

20



