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General Instructions

General Instructions:

1) All questions are compulsory. Marks allotted to each question are indicated in the

margin.
i1) Answers must be precise and to the point.
ii1) In numerical questions, all steps of calculation should be shown clearly.
iv) Use of non-programmable scientific calculators is permitted.

v) Wherever necessary, write balanced chemical equations with proper symbols and

units.

vi) Rough work should be done only in the space provided in the question paper.




1. Let 0 < a < 1 be a real number. The number of differentiable functions y : [0, 1] — [0, c0),

having continuous derivative on [0, 1] and satisfying

y'(t) = (y(t)", t€[0,1], y(0)=0,
18

(A) exactly one.
(B) exactly two.
(C) finite but more than two.

(D) infinite.

2. Let P : R — R be a continuous function such that P(z) > 0 for all z € R. Let y be a twice

differentiable function on R satisfying

y'(z) + P(2)y () — y(z) =0

for all z € R. Suppose that there exist two real numbers a, b (¢ < b) such that y(a) = y(b) = 0.
Then

(A) y(x) =0 for all = € [a, b].
B)y
©y
(D) y(z) changes sign on (a, b).

)

xz) > 0forall z € (a,b).
z) < 0forall z € (a,b).
)

(
(
(
(

3. Let f: R — R be a continuous function satisfying f(x) = f(z + 1) for all x € R. Then

(A) f is not necessarily bounded above.

(B) There exists a unique zo € R such that f(xo+ 7) = f(zo).

(C) There is no zg € R such that f(zo + 7) = f(z0).

(D) There exist infinitely many xy € R such that f(zg + 7) = f(z0).




4. Let f : R — R be a continuous function such that for all x € R,

1
/ Flat)dt =0. (*)
0

Then

(A) f must be identically O on the whole of R.

(B) there is an f satisfying (*) that is identically O on (0, 1) but not identically O on the whole
of R.

(C) there 1s an f satisfying (*) that takes both positive and negative values.

(D) there is an f satisfying (*) that is O at infinitely many points, but is not identically zero.

5. Let p and ¢ be positive real numbers. Let D, be the closed disc of radius ¢ centered at (0, 0),
ie.,

Di = {(z,y) € R?: 22 4+ 4% < 1?}.

dx dy
[(p’t)://D (pg_i_xg_i_yg)g'

Define

Then limy_, I(p, t) is finite

(A) only if p > 1.
(B)onlyifp=1.
(C)onlyifp<1.

(D) for no value of p.

6. How many elements of the group Zsy have order 10?

(A) 10
(B) 4
©5
(D) 8




7. For every n € N, let f,, : R — R be a function. From the given choices, pick the statement

that is the negation of

p

“For every x € R and for every real number ¢ > 0, there exists an integer N > 0 such that Z | fnti(z)]
i=1

(A) For every x € R and for every real number € > 0, there does not exist any integer N > 0

such that >>7_ | fn+i(z)| < e for every integer p > 0.

(B) For every = € R and for every real number € > 0, there exists an integer N > 0 such that

S |fnti(z)| > e for some integer p > 0.

(C) There exists = € R and there exists a real number ¢ > 0 such that for every integer N > 0,

there exists an integer p > 0 for which >""_, | fn1i(z)| > e.

(D) There exists = € R and there exists a real number ¢ > 0 such that for every integer N > 0

and for every integer p > 0 the inequality Y ., | fn+i(z)| < € holds.

8. Which one of the following subsets of R has a non-empty interior?

(A) The set of all irrational numbers in R.
(B) The set {a € R : sin(a) = 1}.
(C) The set {b € R : 22 + bz + 1 = 0 has distinct roots}.

(D) The set of all rational numbers in R.

9. For an integer k > 0, let P, denote the vector space of all real polynomials in one variable

of degree less than or equal to k. Define a linear transformation 7" : P, — P by

T(f(x)) = f"(z) + xf(x).

Which one of the following polynomials is not in the range of 7?7

(A) z + 22
(B) 22 + 23 +2
C)z+a3+2
D)x+1



10. Let n > 1 be an integer. Consider the following two statements for an arbitrary n x n
matrix A with complex entries.

L. If A¥ = I,, for some integer k£ > 1, then all the eigenvalues of A are k™ roots of unity.
IL. If, for some integer & > 1, all the eigenvalues of A are k™ roots of unity, then A* = I,,.

Then

(A) both I and IT are TRUE.
(B) Iis TRUE but II is FALSE.
(C) I'is FALSE but 1T is TRUE.
(D) neither I nor II is TRUE.

11. Let M, (R) be the real vector space of all n x n matrices with real entries, n > 2. Let
A € M,(R). Consider the subspace W of M,,(R) spanned by {I,,, A, A%, A3,...}. Then the

dimension of W over R is necessarily

(A) oc.

(B) n?.

(©) n.

(D) at most n.

12. Let y be the solution of

(14 z)y"(x) +3'(z) —

with initial conditions y(0) = 1, ¢/(0) = 0.
Then

(A) y is bounded on (0, o).
(B) y is bounded on (-1, 0].
(C) y(z) > 2 0n (—1,00).

(D) y attains its minimum at z = 0.



13. Consider the surface
S ={(z,y,xy) e R?: 2% + 9> < 1}.

Let F' = yi + zj + k. If 7 is the continuous unit normal field to the surface S with positive

z-component, then

equals

(A) 7
(B) 5
(C)m
(D) 27

14. Consider the following statements.
I. The group (Q, +) has no proper subgroup of finite index.
I1. The group (C\ {0}, -) has no proper subgroup of finite index.

Which one of the following statements is true?

(A) Both I and II are TRUE.
(B) Iis TRUE but II is FALSE.
(C) I'1s TRUE but I is FALSE.
(D) Neither I nor II is TRUE.

15. Let f : N — N be a bijective map such that
S
n
n=1
The number of such bijective maps is

(A) exactly one.
(B) zero.



(C) finite but more than one.

(D) infinite.
16. Define
) 1 1 1
=t (- 2) (- 2) (- )

Then

(A) S = 1.

B) S = }L.

C) S = %

D) S = %.

17. Let f : R — R be an infinitely differentiable function such that for all a,b € R with a < b,

f(b)_f(a)i na+b
“o—a ! (T)

Then

(A) f must be a polynomial of degree less than or equal to 2.
(B) f must be a polynomial of degree greater than 2.
(C) f 1s not a polynomial.

(D) f must be a linear polynomial.

18. Consider the function

Fa) = 1, ifze (R\Q)u{o0},
1—1—1), ifx:%, n € Z\ {0}, pe N, ged(n,p) = 1.

Then

(A)all z € Q\ {0} are strict local minima for f.

(B) f is continuous at all z € Q.



(C) f is not continuous at all x € R\ Q.

(D) f is not continuous at x = 0.

19. Consider the family of curves z? — 2 = ky with parameter k& € R. The equation of the

orthogonal trajectory to this family passing through (1, 1) is given by

(A) 23 + 3zy? = 4.
(B) 22 + 2zy = 3.

(C) y? + 22%y = 3.
(D) 23 + 2zy% = 3.

20. Which one of the following statements is true?

(A) Exactly half of the elements in any even-order subgroup of S; must be even
permutations.

(B) Any abelian subgroup of S5 is trivial.

(C) There exists a cyclic subgroup of S5 of order 6.

(D) There exists a normal subgroup of S5 of index 7.

21. Let f : [0,1] — [0, 00) be a continuous function such that

t
(F(1)? <1+2 /0 f(s)ds, forallt e [0,1]

Then

(A) f(t) <1+tforallt e [0,1].
(B) f(t) > 1+tforallt € [0,1].
(C) f(t) =1+t forallt € [0,1].
(D) f(t) <1+ L forallt e [0,1].




22. Let A be an n x n invertible matrix and C be an n x n nilpotent matrix. If

= Al X1z is a 2n x 2n matrix (each Xj;; being n x n) that commutes with the
Xo1 Xoo
2n X 2n matrix
A 0
B = ;
0 C

then

(A) X171 and Xy are necessarily zero matrices.
(B) X2 and X5 are necessarily zero matrices.
(C) X711 and Xy are necessarily zero matrices.

(D) X192 and Xy are necessarily zero matrices.

23. Let D C R? be defined by
D =R2\ {(z,0) : z € R}.

Consider the function f : D — R defined by

(1
flz,y) = xsm(;) :

(A) f is a discontinuous function on D.

Then

(B) f is a continuous function on D and cannot be extended continuously to any point
outside D.

(C) f 1s a continuous function on D and can be extended continuously to D U {(0,0)}.

(D) f is a continuous function on D and can be extended continuously to the whole of R?.

24. Which one of the following statements is true?

(A) (Z,+) 1s isomorphic to (R, +).
(B) (Z,+) is isomorphic to (Q, +).



(C) (Q/Z,+) is isomorphic to (Q/2Z, +).
(D) (Q/Z, +) is isomorphic to (Q, +).

25. Let y be a twice differentiable function on R satisfying
V') =2+, zeR, y0)=-1, ¥(0)=0.
Then

(A) y = 0 has exactly one root.
(B) y = 0 has exactly two roots.
(C) y = 0 has more than two roots.

(D) There exists an g € R such that y(z¢) > y(z) for all x € R.

26. Let f : [0,1] — [0, 1] be a non-constant continuous function such that f o f = f. Define

Ef={x€[0,1]: f(z) = x}.

Then

(A) Ey is neither open nor closed.
(B) £ is an interval.
(C) £y is empty.

(D) E; need not be an interval.

27. Let g be an element of S; such that ¢ commutes with the element (2, 6,4, 3). The number

of such g is

(A) 6
(B) 4
(C) 24
(D) 48

10



28. Let G be a finite abelian group of odd order. Consider the following two statements:
I. The map f : G — G defined by f(g) = ¢° is a group isomorphism.

II. The product H g=e.
geG

Which one of the following statements is true?
(A) Both I and II are TRUE.

(B) Iis TRUE but II is FALSE.

(C) Il is TRUE but I is FALSE.

(D) Neither I nor II is TRUE.

29. Let n > 2 be an integer. Let A : C" — C” be the linear transformation defined by

A(z1, 22,5 2n) = (Zny 21,225 -+ Zn—1)-

Which one of the following statements is true for every n > 2?

(A) A is nilpotent.
(B) All eigenvalues of A are of modulus 1.
(C) Every eigenvalue of A is either 0 or 1.

(D) A is singular.

30. Consider the two series

1 > 1

Which one of the following holds?

(A) Both I and II converge.
(B) Both I and II diverge.
(C) I converges and II diverges.

(D) I diverges and II converges.

11



31. Let f : R — R be a function with the property that for every y € R, the value of the

expression
suplzy — f(z)]
zeR
is finite. Define ¢g(y) = sup,cr[zy — f(2)] for y € R. Then

(A) g is even if f is even.

(B) f must satisfy lim M = +00.
|00 ||

(C) g is odd if f is even.

(D) f must satisfy lim =) = —0
|00 ||

32. Consider the equation

22021 4 2020 L o4 1 =0,

Then

(A) all real roots are positive.
(B) exactly one real root is positive.
(C) exactly one real root is negative.

(D) no real root is positive.

33. Let D = R?\ {(0,0)}. Consider the two functions u,v : D — R defined by
u(z,y) =2* —y* and w(z,y) = zy.
Consider the gradients Vu and Vo of the functions u and v, respectively. Then

(A) Vu and Vv are parallel at each point (z,y) of D.
(B) Vu and Vv are perpendicular at each point (z,y) of D.
(C) Vu and Vv do not exist at some points of D.

(D) Vu and Vv at each point (z,y) of D span R2.

12



34. Consider the two functions f(z,y) = z + y and g(z,y) = zy — 16 defined on R?. Then

(A) The function f has no global extreme value subject to the condition g = 0.

(B) The function f attains global extreme values at (4,4) and (—4, —4) subject to the
condition g = 0.

(C) The function ¢ has no global extreme value subject to the condition f = 0.

(D) The function g has a global extreme value at (0, 0) subject to the condition f = 0.

35. Let f : (a,b) — R be a differentiable function on (a, b). Which of the following

statements is/are true?

(A) f'(z) > 01in (a, b) implies that f is increasing in (a, b).

(B) f is increasing in (a, b) implies that f > 0 in (a, b).

(O) If f'(xp) > 0 for some g € (a,b), then there exists a § > 0 such that f(x) > f(x¢) for all
x € (zg,x0 + 6).

(D) If f'(x0) > 0 for some z( € (a,b), then f is increasing in a neighbourhood of .

36. Let G be a finite group of order 28. Assume that GG contains a subgroup of order 7. Which

of the following statements is/are true?

(A) G contains a unique subgroup of order 7.
(B) G contains a normal subgroup of order 7.
(C) G contains no normal subgroup of order 7.

(D) G contains at least two subgroups of order 7.

37. Which of the following subsets of R are connected?

(A) The set {z € R : z is irrational }.
(B) The set {z € R : 23 — 1 > 0}.
(C)Theset {zr € R: 23 +2+1>0}.

13



(D) The set {z € R: 2% — 22+ 1> 0}.

38. Consider the four functions from R to R:
fil) =2 +323 4+ T+ 1, fo(w) = 23+ 32% + 4w, f3(x) = arctan(z),

and

v, ifzd7,
fa(x) =
0, ifzeZ.

Which of the following subsets of R are open?

(A) The range of f;.
(B) The range of f.
(C) The range of f5.
(D) The range of f;.

39. Let V be a finite-dimensional vector space and 7' : V' — V be a linear transformation. Let
R(T) denote the range of T"and N (T') denote the null space of 7. If rank(T’) = rank(7?),

then which of the following is/are necessarily true?

(A) N(T) = N(T2).

(B) R(T) = R(T?).

(O N(T)NR(T) = {0}.
(D) N(T) = {0}.

40. Let m > 1 and n > 1 be integers. Let A be an m x n matrix such that for some m x 1
matrix b, the equation Az = b; has infinitely many solutions. Let b2 denote an m x 1 matrix

different from b;. Then Az = by has

(A) infinitely many solutions for some bs.

(B) a unique solution for some bs.

14



(C) no solution for some bo.

(D) finitely many solutions for some b;.

41. The number of cycles of length 4 in Sg is

42. The value of

=

lim (3" +5" +7")n

n—oo

18

43. Let
B={(z,y,2) eR?:2® +¢? + 22 <1}

and define

u(z,y,z) = sin(w(l — - 22)2)

for (z,y,z) € B. Then the value of

Pu  0%u  H*u
///B (axz S 622) d dy d=

is

44, Consider the subset S = {(x,y) : 22 + y*> > 0} of R2. Let

—XT

P(z,y) = 4 Qz,y) = 22

x? + y?’
For (x,y) € S. If C denotes the unit circle traversed in the counter-clockwise direction, then

the value of

l/(Pdm—i—@dy)
C

™

is

15



45. Consider the set
A={acR:2?=a(a+1)(a+2)has areal root}.

The number of connected components of A is

46. Let V be the real vector space of all continuous functions f : [0,2] — R such that the
restriction of f to the interval [0, 1] is a polynomial of degree < 2, the restriction of f to [1, 2]

is a polynomial of degree < 3, and f(0) = 0. Then the dimension of V' is

47. The number of group homomorphisms from the group Z, to the group S3 is

48. Let y : ({5.3) — R be a differentiable function satisfying

dy 9
—o (9 - 2
(z y)dx—l—(x—ky) 0, x6(10,3),

and y(1) = 1. Then y(2) equals

49. Let

— ~

F = (y+1)eYcos(z) i+ (y + 2)e¥ sin(z)

be a vector field in R?, and C be a continuously differentiable path with starting point (0, 1)

/ﬁ-df
C

and end point (3,0) . Then

equals

50. The value of

3 i eos () eo(5) () oo (57)
2nl_>fgloCOS 1 COSs 3 COSs 16 COS 2n+1

18

16



51. The number of elements of order two in the group S, is equal to

52. The least possible value of k, accurate up to two decimal places, for which the following

problem has a solution is:
y'() +2y'(t) +ky(t) =0, teR,

with y(0) =0, y(1) =0, y(1/2) = 1.

53. Consider those continuous functions f : R — R that have the property that for every

x € R,
f(z) e Qifand only if f(x + 1) ¢ Q.

The number of such functions is

54. The largest positive number a such that

/05f(x)dm+/03f_1(x)dw2a

for every strictly increasing surjective continuous function f : [0, c0) — [0, 00) is

55. Define the sequence

( n—2

1 S, .
2223, if n > 0 is even,

on
J=0
Sn = n—1

1 . .
27222]’ if n > 01is odd.
=0

\

Define
1 m
Om = E Z Sn-
n=1
The number of limit points of the sequence {o,,} is

17



56. The determinant of the matrix

2021 2020 2020 2020
2021 2021 2020 2020
2021 2021 2021 2020
2021 2021 2021 2021

18

57. The value of .
lim / e sin(nz) dz
0

n—o0

18

58. Let S be the surface defined by
{(z,y,2) eR3: 2 =1—22 —y? 2>0}.

Let
F=—yi+ (z—1)] + 2%k,

and let n be the continuous unit normal field to the surface S with positive z-component.

%/L(Vxﬁ)-ﬁdb’

Then the value of

18

59. Let
2 -1 3

A=12 -1 3

Then the largest eigenvalue of A is

18



60. Let

10 0 O

01 0 O
A=

00 -1 0

00 0 -1

Consider the linear map 7y : M4(R) — M4(R) defined by
Ta(X) = AX — XA.

Then the dimension of the range of T4 is

19



