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General Instructions

General Instructions:

1) All questions are compulsory. Marks allotted to each question are indicated in the

margin.
i1) Answers must be precise and to the point.
ii1) In numerical questions, all steps of calculation should be shown clearly.
iv) Use of non-programmable scientific calculators is permitted.

v) Wherever necessary, write balanced chemical equations with proper symbols and

units.

vi) Rough work should be done only in the space provided in the question paper.




11
Q.1 Consider the 2x2matrizM = €

0 1

1

Ms(R). If the eighth power of M satisfies M8 _ 7 , then the value of z is.
0 y

(A) 21

(B) 22

(C) 34

(D) 35

Q.2 The rank of the 4 x6matrizA = oo with entries in R, is.
01 0101
001011

(A) 1

(B) 2

©3

(D) 4

Q.3 Let V be the real vector space consisting of all polynomials in one variable with real
coefficients and having degree at most 6, together with the zero polynomial. Then

which one of the following is true?

(A){feV:f(1/2) ¢ Q}is asubspace of V.
(B){f eV :f(1/2) =1} 1s asubspace of V.
O {feV:f(1/2)= f(1)}is asubspace of V.
(D) {f eV : f/(1/2) = 13} is a subspace of V.




Q.4 Let GG be a group of order 2022. Let /7 and K be subgroups of G of order 337 and
674, respectively. If I/ U K is also a subgroup of GG, then which one of the following is
FALSE?

(A) H is a normal subgroup of H U K.
(B) The order of H U K is 1011.

(C) The order of H U K is 674.

(D) K is a normal subgroup of H U K.

Q.5 The radius of convergence of the power series

i n3> .
— | x 1S.
> (i
(A) 4
(B) ¥
€)1
(D) %

Q.6 Let (z,,) and (y,,) be sequences of real numbers defined by

1 Ty +
3 Intl = n 5 yn, and yp+1 = +/xny, foralln e N.

$1:17 y1 =

Then which one of the following is true?

(A) (zy) is convergent, but (y,,) is not convergent.
(B) (x,) is not convergent, but (y,,) is convergent.
(C) Both (z,) and (y,,) are convergent and limy,, oo z;, > limy, o0 Y-

(D) Both (z,,) and (y,,) are convergent and lim,,_,o Z,, = limy,—y00 Yn-

Q.7 Suppose

3n+3 n 1
a = = -
" bn—5 (1 + n2)3/4

forn =2,3,4,...



Then which one of the following is true?

(A) Both >, a, and >, b, are convergent.
(B)Both }>° ,a, and Y7 , b, are divergent.
(C) >, ap is convergent and Y~ , by, is divergent.

(D) >, ay, is divergent and > , b, is convergent.

Q.8 Consider the series

> 1
2 L)

where m and p are real numbers.

Under which of the following conditions does the above series converge?

(A)m > 1.
B)O<m<1landp > 1.
O0<m<land0<p<l1.
(D)m=1andp > 1.

Q.9 Let c be a positive real number and let v : R?> — R be defined by

z+-ct )

u(x,t) = —/ e ds for (z,t) € R%
2c T—ct

Then which one of the following is true?

(A) 2 = 204 on R,

(B) % = 02% on R?.

(C) %494 =0 on R2.

(D) &% = 0 on R2.

Q.10 Let 6 € (%, 7). Consider the functions
w:R2—{(0,00} >R and v:R2—{(0,0)} — R
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given by

x y
u(z,y) =r— ———— and v(x,y)=y+ .
(z,9) 22 4 42 (z,y) =y 22+ 42
The value of the determinant
du  du
or Oy
v v
dr Oy

at the point (cos 6, sin 6) is equal to:

(A) 4sin 6.
(B) 4 cos 6.
(C) 4sin? 6.
(D) 4 cos? 6.

Q.11 Consider the open rectangle G = {(s,t) c R?:0<s<1land 0 <t < 1} and the
map 7 : G — R? given by

T(s,t) — (”(12_ t ”“2_5)) for (s,1) € G.

Then the area of the image 7'(G) of the map 7' is equal to:

(A) -

(B) I

O %
(D) 1.

Q.12 Let T denote the sum of the convergent series

1

L1
2" 3

1+1 1+
4 5 6 n

and let S denote the sum of the convergent series

where




Then which one of the following is true?

(A)T =S and S # 0.
(B) 27" = S and S # 0.
(CO)T =2Sand S #0.
(D)T =0.

Q.13 Let v : R — R be a twice continuously differentiable function such that «(0) > 0

and «/(0) > 0. Suppose u satisfies

u()
u'(z) = o2 for all z € R.

Consider the following two statements:
1. The function uu’ is monotonically increasing on [0, co).
2. The function u is monotonically increasing on [0, o).

Then which one of the following is correct?

(A) Both I and II are false.
(B) Both I and II are true.

(C) 11s false, but 11 is true.
(D) 1 is true, but II is false.

Q.14 The value of
N e
i Z k(In k)2
is equal to:
(A) oo
(B) 1.
(©)e.
(D) 0.



Q.15 For ¢t € R, let |¢| denote the greatest integer less than or equal to ¢. Define
functions 7 : R? - Rand g : R — R by

—1 : 2 sinx :
L it a? £y, ST if x £ 0,
ha,y) =3 " gla) =14 "
0 if 22 =y, 0 if x = 0.

Then which one of the following is FALSE?

(AYlimg, )z cos () = —4
(B lim,, ) vz ") = 0.
(C) Tim g g) (e.c) My = [y]) = € = 2.

(D) lim(y )5 (0,0) €*9(x) = 1.

Q.16 Let P € M4(R) be such that P* is the zero matrix, but P? is a nonzero matrix.

Then which one of the following is FALSE?

(A) For every nonzero vector v € R?, the subset {v, Pv, P?v, P3v} of the real vector space R*
is linearly independent.

(B) The rank of P* is 4 — k for every k € {1,2,3,4}.

(C) 0 is an eigenvalue of P.

(D) If Q € My(R) is such that Q* is the zero matrix, but Q3 is a nonzero matrix, then there

exists a nonsingular matrix S € My(R) such that S~1QS = P.

Q.17 For X, Y € M>(R), define (X,Y) = XY — Y X. Let 0 € M5(R) denote the zero

matrix. Consider the two statements:
P: (X,(Y,2)+(Y,(Z, X))+ (Z,(X,Y))=0 forall X,Y,Z € My(R),
Q: (X,(V,2)=((X,Y),Z) forall X,Y,Z e My(R).

Then which one of the following is correct?

(A) Both P and () are true.



(B) P is true, but () is false.
(C) P is false, but Q) is true.
(D) Both P and () are false.

Q.18 Consider the system of linear equations

r+y+t=4,
20 — 4t =17,
T+y+z=27,

x—3y—z—10t = A,

where x,y, z, t are variables and A is a constant. Then which one of the following is true?

(A) If A = 1, then the system has a unique solution.
(B) If A = 2, then the system has infinitely many solutions.
(C) If A = 1, then the system has infinitely many solutions.

(D) If A\ = 2, then the system has a unique solution.

Q.19 Consider the group (Q, +) and its subgroup (Z, +). For the quotient group Q/Z,
which one of the following is FALSE?

(A) Q/Z contains a subgroup isomorphic to (Z, +).
(B) There is exactly one group homomorphism from Q/Z to (Q, +).
(C) For all n € N, there exists g € Q/Z such that the order of g is n.

(D) Q/Z is not a cyclic group.

Q.20 For P € Ms(R)and ¢,j € {1,2,...,5}, let p;; denote the (i, j)-th entry of P. Let
S ={P e M5(R) : pij = pys fori, j,r,s € {1,2,...,5} withi +r = j + s}.

Then which one of the following is FALSE?



(A) S 1s a subspace of the vector space over R of all 5 x 5 symmetric matrices.

(B) The dimension of S over R is 5.

(C) The dimension of S over R is 11.

(D) If P € S and all the entries of P are integers, then 5 divides the sum of all the diagonal

entries of P.

21. On the open interval (—c, ¢), where c is a positive real number, y(z) is an infinitely
differentiable solution of the differential equation

d
—y:y2—1+cos:z;,
dx

with the initial condition y(0) = 0. Then which one of the following is correct?

(A) y(z) has a local maximum at the origin
(B) y(z) has a local minimum at the origin
(C) y(z) is strictly increasing on the open interval (—d, §) for some positive real number 4.
(D) y(x) is strictly decreasing on the open interval (—d, §) for some positive real number ¢.

22. Let H : R — R be the function given by H(z) = § (¢ + ¢™*) for z € R.
Let / : R — R be defined by

f(x):/ﬂH(a:sine)dG for zeR.
0

Then which one of the following is true?

(A) xf"(x)+ f'(z) + zf(x) = 0 for all z € R.
B) zf"(z) — f'(x) + xf(x) =0 for all z € R.
©) zf"(x) + f/(x) —xf(x) =0forall z € R.
(D) zf"(x) — f'(z) — xf(x) =0 for all z € R.

23. Consider the differential equation
y' +ay +y=sinz for zeR.
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Then which one of the following is true?

(A) If a = 0, then all the solutions of (x*) are unbounded over R.

(B) If a = 1, then all the solutions of (%) are unbounded over (0, o).

)
)
) tend to zero as x — oo.
)

(C) If @ = 1, then all the solutions of (*x

(
(
(
(

(D) If a = 2, then all the solutions of (xx) are bounded over (—oo, 0).

24. For g € 7, let g € Z37 denote the residue class of ¢ modulo 37. Consider the group
Usy ={g € Z3z7 : 1 < g <37 and ged(g,37) = 1} with respect to multiplication modulo 37.
Then which one of the following is FALSE?

(A) The set {g € Us; : g = g~ '} contains exactly 2 elements.

(B) The order of the element 10 in Usy is 36.

(C) There is exactly one group homomorphism from Usy; to (Z, +).
(D) There is exactly one group homomorphism from Us; to (Q, +).

25. For some real number c with0 < c < 1,letp: (1 —¢,1+¢) — (0,00) be a
differentiable function such that (1) = 1 and y = ¢(z) is a solution of the differential
equation

(2% + y?)dx — day dy = 0.

Then which one of the following is true?

(A) (3(p(x))? + 2?)” = 4a.
(B) (3(p(2))? ~ 2%)" = 4x.
(©) (3(p(2))? +22)" = dp(x)
(D) (3(p(x))* — ?)" = 4p()

26. For a 4 x 4 matrix M € M,(C), let M denote the matrix obtained from M by

replacing each entry of M by its complex conjugate. Consider the real vector space
H={M e My(C): MT =DM},
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where M7T denotes the transpose of M. The dimension of H as a vector space over R is equal to

(A) 6.

(B) 16.
(C) 15.
(D) 12.

27. Let a, b be positive real numbers such that « < b. Given that

N
lim/ e_tgdt:ﬁ,
0

N—oo 2

N 2 )
: —at —bt
]\}l—mo/o t_2 (6 — ¢ ) dt

the value of

is equal to

(A) V7 (Va = Vb).
(B) 7 (Va+vb).
(©) —v7 (Va+b).
D) 7 (Vb - /a).

28. For —1 < x < 1, if f(z) is the sum of the convergent power series

ZEQ 3 "

xZ
Fhag ot gt

T+ ?

then f (3) is equal to

(A) [z 00 gy
(B) - foé (1) gt
(C)f2ln (1 + t)dt.
(D) fO tIn(1 — t)dt.
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29. Forn e Nand z € [1,0), let

fn(z) = /07r (:132 + (cos0) v/ 22 — 1>n do.

Then which one of the following is true?

(A) fn(x) is not a polynomial in z if n is odd and n > 3.

()
(B) fn(x) is not a polynomial in x if n is even and n > 4.
(C) fn(z) 1s a polynomial in x for all n € N.

()

(D) f.(z) is not a polynomial in x for any n > 3.

30. Let P be a 3 x 3 real matrix having eigenvalues \; = 0, A\, = 1, and \3 = —1. Further,
1 1 0
v=10,v2=1|1],v3=11
0 0 1

are eigenvectors of the matrix P corresponding to the eigenvalues A\, Ao and A3, respectively. Then the e

(A) 0.
(B) 1.
(©) -1.
(D) 2.

31. Let (—c, ¢) be the largest open interval in R (where c is either a positive real number

or ¢ = oo) on which the solution y(x) of the differential equation

d
A R A
dz

with initial condition y(0) = 0 exists and is unique. Then which of the following is/are true?

(A) y(x) is an odd function on (—c, ¢).
(B) y(x) is an even function on (—c, ¢).
(C) (y(x))? has a local minimum at 0.

(
(D) (y(z))? has a local maximum at 0.
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32. Let S be the set of all continuous functions f : [—1, 1] — R satisfying the following

three conditions:
(1) f1is infinitely differentiable on the open interval (—1, 1),

(i1) the Taylor series

f(0)+ f(0)z + @ﬂ +...

of f at O converges to f(z) for each z € (—1,1),
(iii) f™ (1) =0 for all n € N.

Then which of the following is true?

(A) f(0)=0forevery f € S.

(B) f'(3) =0 forevery f € 5.

(C) There exists f € S such that f’ (3) # 0.

(D) There exists f € S such that f(z) # 0 for some x € [—1,1].

33. Define

1 ifz=0,

3=

if z = 7 for some m,n € N with m <n and ged(m,n) =1,

0 if x € [0,1] is irrational.

and define

0 ifx=0,
g9(x) =
1 ifz e (0,1].

Then which of the following is/are true?

(A) f is Riemann integrable on [0, 1].
(B) ¢ is Riemann integrable on [0, 1].
(C) The composite function f o g is Riemann integrable on [0, 1].

(D) The composite function g o f is Riemann integrable on [0, 1].

13



34. Let S be the set of all functions f : R — R satisfying
[f(x) = f)P < |z -y forallz,yeR.

Then which of the following is/are true?

(A) Every function in S is differentiable.

(B) There exists a function f € S such that f is differentiable, but f is not twice
differentiable.

(C) There exists a function f € S such that f is twice differentiable, but is not thrice
differentiable.

(D) Every function in S is infinitely differentiable.

35. A real-valued function y(z) defined on R is said to be periodic if there exists a real
number 7" > 0 such that y(x + T) = y(z) for all x € R.

Consider the differential equation

dQ
d—g + 4y =sin(az), =€ R,
x

where a € R is a constant. Then which of the following is/are true?

(A) All solutions of (x) are periodic for every choice of a.

(B) All solutions of (x) are periodic for every choice of a € R\ {—2,2}.
(C) All solutions of (x) are periodic for every choice of a € R\ {—2,2}.
(D) If a € R\ Q, then there is a unique periodic solution of (x).

36. Let M be a positive real number and let v, v : R? — R be continuous functions

satisfying

V (@, )2 + (v(z,y))2 > My/22 +y2  forall (z,y) € R2.
Let
F:R?> 5 R? begivenby F(z,y) = (u(z,y),v(z,y)) for (z,y) e R

14



Then which of the following is/are true?

(A) F is injective.

(B) If K is open in R?, then F(K) is open in R?.

(C) If K is closed in R?, then F(K) is closed in R2.

(D) If E is closed and bounded in R?, then F~!(E) is closed and bounded in R2.

37. Let G be a finite group of order at least two and let ¢ denote the identity element of
G. Let 0 : G — G be a bijective group homomorphism that satisfies the following two

conditions:
(i) If o(g) = g for some g € G, then g = e,
(i1) (coo)(g) =gforall g € G.

Then which of the following is/are correct?

(A) For each g € G, there exists h € G such that h=1o(h) = g.
(B) There exists x € G such that zo(x) # e.
(C) The map o satisfies o(x) = 2~ ! for every z € G.

(D) The order of the group G is an odd number.

38. Let (z,,) be a sequence of real numbers. Consider the set
P={neN:z, >z, forall m € Nwithm > n}.

Then which of the following is true?

(A) If P is finite, then (z,,) has a monotonically increasing subsequence.
(B) If P is finite, then no subsequence of (x,,) is monotonically increasing.
(C) If P is infinite, then (z,,) has a monotonically decreasing subsequence.

(D) If P is infinite, then no subsequence of (z,,) is monotonically decreasing.
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39. Let V be the real vector space consisting of all polynomials in one variable with real
coefficients and having degree at most 5, together with the zero polynomial.

Let T : V — R be the linear map defined by 7'(1) = 1 and
Taz—-1)(x—2)...(r—k+1)=1 for 1<k<5.

Then which of the following is/are true?

(A) T(z*) = 15.
(B) T(23) = 5.
(C) T(2?) = 14
(D) T'(23) = 3.

40. Let P be a fixed 3 x 3 matrix with entries in R. Which of the following maps from
Ms3(R) to M3(R) is/are linear?

(A) T : M3(R) — M3(R)
(B) Tz : M3(R) — M3(R)
(C) T5 : M3(R) — M3(R) given by T5(M
(D) Ty : M3(R) (R)

given by 77 (M

MP — PM for M € M3(R).

M?P — P?M for M € M3(R).
M P? 4 P2M for M € M3(R).
MP? — PM? for M € M3(R).

(M)
given by 15 (M)
(M)
(M)

given by Ty (M

41. The value of the limit

I 11+22+-~-+n”+ 1 1 N 1 - 1
1m B -
n—00 nd \/ﬁ \/n—l—l \/n+2 Van

is equal to ........... (Rounded off to two decimal places)

42. Consider the function » : R® — R given by

2.3 3 2,23
(1, x2,x3) = T1T5 — xiT4 — 262]T575

Let c € R and k£ € N be such that

0 0 .
xla—u + 2@6—” evaluated at the point (¢,¢2,¢3), equals ct* for every t € R.
9 T3

16



Then the value of £ is equal to .........

43. Let y(z) be the solution of the differential equation

d
& + 322y = 2%, forz e R,
dx

satisfying the initial condition y(0) = 4. Then

lim,_, y(z) 1s equal to ....... (Rounded off to two decimal places)

44, The sum of the series -

1
Z (4n —3)(4n + 1)

n=1

is equal to ......... (Rounded off to two decimal places)

45. The number of distinct subgroups of Zggg IS ...euee..

46. The number of elements of order 12 in the symmetric group 57 is ........

47. Let y(z) be the solution of the differential equation

sinx
w2y + 1y = — for = >0,

satisfying y (3) = 0. Then the value of y () is equal to ........ (Rounded off to two

decimal places)

48. Consider the region
G = {(x,y,z) eR3:0<z<a? -y a4+ 12 < 1}.
Then the volume of G is equal to ........ (Rounded off to two decimal places)
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49. Given that y(z) is a solution of the differential equation

2.1

Ty +:By’—4y::1:2

on the interval (0, 00)

such that
lim y(x) exists and y(1) = 1.

z—07F

The value of /(1) is equal to ......... (Rounded off to two decimal places)

50. Consider the family 7; of curves lying in the region
{(m,y) ER2zy>OandO<x<7r}

and given by

¢(1 — cosx)

Yy = . where c is a positive real number.

sin x
Let 7, be the family of orthogonal trajectories to 7;. Consider the curve C' belonging to

the family 7, passing through the point (%, 1). If o is a real number such that

(%, a) lies on C, then the value ofa’is equal to .......... (Roundedof ftotwodecimalplaces)

51. For t € R, let || denote the greatest integer less than or equal to ¢. Let
D ={(z,y) € R?: 2 +y* < 4}.

Let f: D — Rand g: D — R be defined by

Ty

flay) =[P+ glay) = 242

for (z,y) # (0,0). Let E be the set of points of D at which both f and g are discontinuous.

The number of elements in the set F is ........

52. If G is the region in R? given by

X

V3
18

G:{(x,y)€R2zx2+y2<l, <y<+3zx, x>0, y>0}7



then the value of

20
—O//x2dxdy
T G

is equal to ............ (Rounded off to two decimal places)
53. Let
11
A =
0 1

and let A” denote the transpose of A. Let

v1
u={"] and v= vy | be column vectors with entries in R such that u?+u3 = 1 and v} +v3+v3 -
U9 o
Suppose
Au=+v2v and ATv =+ u.
Then |u; + 2\/§v1| is equal to ............ (Rounded off to two decimal places)

54. Let f : [0,7] — R be the function defined by

(z —m)esn? if0 <z <Z,

fay=4"
xesmx+% iff<r<nm
Then the value of
|
0
is equal to ........ (Rounded off to two decimal places)

55. Let r be the radius of convergence of the power series

2?23 ozt xS 26 a7

1 «x
g'g+3—2+5—2+§+§+3—4+5—4+...

Then the value of 2 is equal to ............ (Rounded off to two decimal places)

19



56. Define f : R? — R by
flx,y)=2>+2y* —x for (z,y) € R%

Let
2

D={(z,y) eR?: 2> +4><1} and E = {(x,y) eR?: %+%2§1}.
Consider the sets
Dmax = {(a,b) € D : f has absolute maximum on D at (a, b)},
Diin = {(a,b) € D : f has absolute minimum on D at (a, b)},
FEmax = {(c,d) € E : f has absolute maximum on F at (¢, d)},
FEin = {(c,d) € E : f has absolute minimum on F at (c,d)}.
Then the total number of elements in the set

Dmax U Dmin U Emax U Emin

is equal to .............

57. Consider the 4 x 4 matrix

11 10 10 10
10 11 10 10
M =
10 10 11 10
10 10 10 11
Then the value of the determinant of 1/ is equal to .........

58. Let o be the permutation in the symmetric group S5 given by

Define

N(o)={r€S5:0017 =700}
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Then the number of elements in N (o) is equal to .........

59.Let f:(—1,1) = Rand g: (—1,1) — R be thrice continuously differentiable

functions such that f(z) # g(z) for every nonzero z € (—1,1). Suppose

f(0) =In2,

and

9(0) =In2,

Then the value of the limit

flo)y == f'0) == 0 =

JO)y=m ¢"0)=x% ¢30) =7

ef (@) _ c9(w)
lim

20 f(x) = g(x)

is equal to ........ (Rounded off to two decimal places)

60. If f : [0,00) > R and g : [0,00) — [0, c0) are continuous functions such that

z34z? g(z)
/ f(t)dt =2*> and / t2dt =9(x +1)> forall € [0,00),
0 0

then the value of

f(2)+g(2)+16f(12)isequalto _______. (Rounded off to two decimal places)
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