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General Instructions

Read the following instructions very carefully and strictly follow them:
1. Please check that this question paper contains 60 questions.

2. Please write down the Serial Number of the question in the answer- book at the
given place before attempting it.

3. This Question Paper has 60 questions. All questions are compulsory.

4. Adhere to the prescribed word limit while answering the questions.

1 -1 0

1. Let M = | -1 2 —1]. If a non-zero vector X = (z,y,2)7 € R? satisfies
0 -1 1

MSX = X, then a subspace of R? that contains the vector X is:

(z,y,2) ' eR?:2=0,y+2=0}
(z,9,2)T eR3:y=0,2+2=0}
(,9,2)T €eR3: 2=0,2+y=0}
(z,y,2) eR?®:2 =0,y —2=0}

2. Let M = M;M,, where M; and M, are two 3 x 3 distinct matrices. Consider the
following two statements:

(I) The rows of M are linear combinations of rows of Mp.

(IT) The columns of M are linear combinations of columns of Mj.

Then:

(1) Only (I) is TRUE
(2) Only (II) is TRUE
(3) Both (I) and (II) are TRUE
(4) Neither (I) nor (II) is TRUE

3. Let X ~ Fsp and Y ~ Iy If P(X <2) = 288 and P(Y < }) = a, then 686a equals:



(1) 0.60
(2) 0.62
(3) 0.64
(4) 0.66
5. Let X1, Xo,... be a sequence of i.i.d. random variables each having U(0, 1) dis-
tribution. Let Y be a random variable having distribution function . Suppose
that
Xi+Xod-o4 X
limP( s Bihies n§x>—G(1’), Vo e R.
n—00 4

Then, Var(Y) equals:
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6. Let X1, X2, X3 be a random sample from an N (0, 1) distribution, where 0 € R is

an unknown parameter. Then, which one of the following conditional expectations
does NOT depend on 0?

(1) B(X1+ Xy — X3 | X1+ X9)

(2) E(Xl + X9 — X3 | Xo + Xg)

(3) E(Xl + Xo — X3 | X — Xg)

(4) E(Xl + X9 — X3 ’ X1+ Xo —|—X3)

7. For the function f: R x R — R defined by f(z,y) = 22% — zy — 3y — 32 + Ty, the
point (1,1) is:

(1) a point of local maximum
(2) a point of local minimum



(3) a saddle point
(4) NOT a critical point

8. Let Ey, 5, E3 be three events such that P(E1NEy) = 1, P(E1NE3) = P(EyNE3) = %,
and P(Ey N EyN E3) = %. Then, among the events E1, Fs, F3, the probability that at
least two events occur equals:

9. Let X be a continuous random variable such that P(X > 0) =1 and Var(X) < oc.
Then, E(X?) is:

(1) QfOOO 2?P(X > 2)dx
(2) fooo 2?P(X > x)dx
(3) 2 [, aP(X > x)dx

(4) fooo zP(X > z)dx

10. Let X be a random variable having probability density function

Fa:0) = {(30)x29, 0<z<l,

0, otherwise,

where 0 € {0,1}. For testing the null hypothesis Hj : § = 0 against H; : § = 1 at the
significance level a = 0.125, the power of the most powerful test equals:

11. Let X, X5 be i.i.d. random variables having the common probability density



function

@) = {”’ e

0, otherwise.

Define X(;) = min(Xi, X2) and X = max(X1, X2). Then, which one of the following
statements is FALSE?

X2y — X

12. Let X and Y be random variables such that X ~ N(1,2) and P(Y = % +1)=1.
Let a = Cov(X,Y), 8 = E(Y), and 7 = Var(Y). Then, the value of o+ 25 + 47y equals:
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13. A point (a,b) is chosen at random from the rectangular region [0,2] x [0,4]. The
probability that the area of the region

R={(z,y) € R? : bz + ay < ab, z,y > 0}
is less than 2 equals:

1+In

[\
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2
1

(1)
() n?2
(3) 2+In
(4)
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14. Let Xi,X»,... be independent random variables such that P(X; = i) = %l and
P(X; =2i) = %, for i =1,2,.... For some real constants ci, co, suppose that

n
1 X d
—E — +cv/n— Z~ N(0,1), as n — oo.
\/ﬁizl i
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Then, the value of v/3(3c; + c2) equals:
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15. Let X1, Xy,... be a sequence of i.i.d. random variables such that P(X; = 0) =
P(X1=1)=P(X;=2)=% Let S, =1%" X;and T,, = 1"  X2. Suppose that

al—hmP( ‘ ), OQZHII]P( ‘<1)
n—00 2 Nn—00
o= Jim P(|f—3|<3). ea=tim P(jr -3 <3).

Then, the value of a; + 2as + 3as + 4a4 equals:
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16. For = € R, the curve y = 2? intersects the curve y = zsinz + cosz at exactly n
points. Then, n equals:
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17. Let (X,Y) be a random vector having the joint pdf

ajz|, 2?<y<22? -1<ax<1,
flx,y) = .
0, otherwise,

where « is a positive constant. Then, P(X > Y') equals:



18. Let X1, X2, X3, X4 be a random sample of size 4 from N(0,1), where 0 € R. Let
X = }12?21 X;, g(0) = 6>+ 20, and L(6) be the Cramér—Rao lower bound on the vari-

ance of unbiased estimators of g(f). Then, which one of the following statements
is FALSE?

(14 6)?
is a sufficient statistic for 6
X') is the UMVUE of ¢(0)

(1
Var((1+ X)?) > 4407

eX i

19. Let X, Xo,...,X,, be a random sample from a population with pdf

1 _T—2p
= [

0, otherwise,

where —oo < < 0. For estimating i, consider estimators

X — nXm — 2
T = ad 27 Ty = 0 )
2 2n
where X = %Z?:l X; and X}y = min(Xi, Xo,...,X,). Which one of the following
statements is TRUE?

(1) T3 is consistent but T is NOT consistent
(2) T3 is consistent but 77 is NOT consistent
(3) Both 77 and T» are consistent
(4) Neither T nor T; is consistent

20. Let X1, Xo,...,X,, be a random sample from U (0 + \%,9 +/30), where 6 € R

and o > 0 are unknown. Let X =15 X; and S = \/% S (X — X)2 Let 0 and &
be the method of moments estimators of § and o, respectively. Which one of the
following statements is FALSE?



21. Let (X,Y,Z) be a random vector having the joint pdf

1
—, O<z<y<z<l,
2xly
Fleyz)=y_— 0<z<z<y<2r<2,
2122
0, otherwise.

Then, which one of the following statements is FALSE?

HPZ<Y<X)=3
2)P(X <Y <Z)=0
(3) E(min(X,Y)) =
4) Var(Y | X =3 =4

22. Let X be a random variable such that its moment generating function exists

near 0, and
9 2n+1 1
B(X™) = (—1)"2 -

n=1,23,...

Then, P(|X — 3| > 1) equals:
(1)
(2)
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23. Let X be a random variable with pmf p(x), positive for non-negative integers,
satisfying
In3

p(x+1):x+1

p(z), x=0,1,2,...

Then, Var(X) equals:




24. Let {ay}n>1 be a sequence such that a; = 1 and 4ay,4+1 = /45 + 16a,, forn =1,2,.. ..

Then, which one of the following statements is TRUE?

(1) {an} is monotonically increasing and converges to %7
(2) {an} is monotonically increasing and converges to %
(3) {an} is bounded above by %7

(4) 207 | ap is convergent

25. Let the series S and T be defined by
258 (3n+2) =
T = 1
5= Z1 5-9---(4n +1)’ Zl( * )

Then, which one of the following statements is TRUE?

2
[

(1) S is convergent and T is divergent
(2) S is divergent and 7" is convergent
(3) Both S and T are convergent

(4) Both S and T are divergent

26. The volume of the region

R={(z,y,2) eR3: 22+ <4, 0< 2 <4 —y}

(1) 16w — 16
(2) 167

(3) 87

(4) 167 + 4

27. For real constants o and [, suppose that the system of linear equations
r+2y+32=6, rv+yt+az=3 2y+z=p

has infinitely many solutions. Then, the value of 4o + 33 equals:

(1)

(2) 23
(3) 28
(4) 32



28. Let z1,72,23,74 be observed values of a random sample from N(,0?), where
0 € R,0 > 0. Suppose that
=
1=36, 3 Z(:pi — )% = 20.25.
=1
For testing Hy : § = 0 against H; : 0 # 0, the p-value of the likelihood ratio test
equals:

29. Let X and Y be jointly distributed random variables such that for every
fixed A > 0, the conditional distribution of X|Y = X\ is Poisson with mean \. If
Y ~ Gamma(2, %), then the value of P(X =0)+ P(X = 1) equals:

30. Among all points on the sphere 22 + 42 + 22 = 24, the point («, 3,7) closest to
the point (1,2, —1) satisfies what value of o + § + 77

—_

w
—_— o —
(] =~

NN N N
)
1
W

1
[\]

31. Let M be a 3 x 3 real matrix. If P = M + M” and Q = M — M7, then which of
the following statements is/are always TRUE?

1) det(P?Q3) =0

2) trace(Q + Q%) =0

3) XTQ?’X =0, VX € R?
)

(
(
(
(4) XTPX =2XTMX, VX € R?



32. Let Xi, Xy, X3 be i.i.d. random variables, each following N(0,1). Then, which
of the following statements is/are TRUE?

V2(X1 — Xo)

~ U1
V(X1 + X2)2 +2X2
) M)
(Xl — X2)2 -+ 2X§

X
(3) E ﬁ -0
X5+ X3

(4) P(X1 < Xo+ X3) = %

(1)

Fio

33. Let x1,...,719 be a random sample from N(0,0?). If z = 0, s = 2, then using Stu-
dent’s t-distribution with 9 degrees of freedom, the 90% confidence interval for # is:
(1) (—0.8746, c0)
(2) (—0.8746,0.8746)
(3) (—1.1587,1.1587)
(4) (—00,0.8746)

34. Let (Xi, X3) have pmf

w2l (12 — 21 — xo)!

¢ w1, 10 € {0, ... 12}, 1y + 19 < 12,
f(l‘lv xQ) =
0, otherwise.

Then, which of the following statements is/are TRUE?

35. Let P be a 3 x 3 matrix with eigenvalues 1, 1, and 2. Let (1,—1,2)” be the only
linearly independent eigenvector corresponding to eigenvalue 1. If adjoint of 2P is
(), then which of the following statements is/are TRUE?

(1) trace(@) = 20
(2) det(Q) = 64

10



(3) (2 4)T is an eigenvector of Q
(4) Q3 = 20@2 —124Q + 25613

36. Let f: R x R — R be defined by

wylz+y)
f(l',y): 1‘2_|_y2 ) (73/)7&(0,0)’

0, (z,y) = (0,0).
Then, which of the following statements is/are TRUE?

1) f is continuous on R x R

2) The partial derivative of f w.r.t. y exists at (0,0) and is 0

3) The partial derivative of f w.r.t. z is continuous on R x R
) f

is NOT differentiable at (0, 0)

(
(
(
(4

37. Let X,Y bei.i.d. N(0,1). Let U = i/—( and Z = |U|. Then, which of the following
statements is/are TRUE?

(1) U has a Cauchy distribution

(2) E(ZP) < oo, for some p > 1

(3) E(e?) does not exist for all t € (—o0,0)
(4) Z? ~ Fy1

38. Which of the following are TRUE?

1 el
// max(e*,y°) dx dy, //emm( )da:dy
0 0

are two given integrals.

(1) fol fol max( 2’3/2)(1lasdy— e—1

(2) f f min(z® y* dxdy—fo el dt — (6—1)
(3) f f max(e*y%) o dy = 2f0 fo eV da dy
(4) f f min(z® y* dxdy—ZfO f ™ dx dy

39. Let X be a random variable with pdf

5
Sy = a0 "0
07

otherwise.

11



Then, which of the following statements is/are TRUE?

4
1) The coefficient of variation is
(1) =
4 1/5
(2) The first quartile is (5)
(3) The median is (2)'/°
(4) The upper bound by Chebyshev’s inequality for P(X > g) is %

40. Given 10 data points (z;,y;), the regression lines of Y on X and X on Y are
2y —x =8 and y —x = —3, respectively. Let T = % > xzjand § = %0 > vi. Then, which
of the following statements is/are TRUE?

(1) Y i = 140

(2) Zyz =110

3 Z(ml _ x)yz _ _i
%(Z g = v
S

(4)

41. Let f : R — R be defined by f(z) = 22 — 2. Let g : R = R be a twice differ-
entiable function such that g(z) = 0 has exactly three distinct roots in (0,1). Let
h(x) = f(x)g(x), and h"(x) be the second derivative of h. If n is the number of roots
of h(z) =0 in (0,1), find the minimum possible value of n.

42. Let X, Xy,... be i.i.d. with pdf f(z) = :”2371,:6 > 0. For real constants (3,7, k,
suppose

1 n Oa T < 57
n1Lr20P<;ZXi < x) =S ka, B<z<r,
=1 ky, x> ~.
Find the value of 23 + 3y + 6k.
43. Let «, 3 be real constants such that
T of?
dt
lim =0

z—0+ fxr —sinx

Find the value of o + S.

12



44. Let X1,..., X109 be a random sample from N(0,c?). For some real constant c, let

10
CZ
1=

be an unbiased estimator of . Find ¢ (rounded to two decimal places).

45. Let X have pdf
E, 0<zx<?2,
flz) =42

0, otherwise.

Then, find Var (ln %) .

46. Let X1, X», X3 be i.i.d. random variables each following N(2,4). If P(2X; —3X2+
6X3 > 17) =1 — ®(p), then find S.

47. Let a discrete random variable X have pmf P(X =n) = ———, n=2,3,.... If
P(X > 17| X > 5) is required, find its value.

48. Let

Find lim S, (round off to two decimal places).
n—oo

49. A box contains 80% white, 15% blue, 5% red balls. Among them, white, blue,
and red balls have defect rates a%, 6%, 9% respectively. If P(white | defective) = 0.4,
find a.

50. Let Xi, Xy be from pdf f(z;0) = %e*m/e,m > 0. To test Hy: 0 =1vs Hy : 0 # 1,
consider test statistic W = % If X; =0.25, Xy = 0.75, find the p-value (round

13



off to two decimals).

51. Let f: R — R be defined by f(z) = z%sin(z — 1) + ze*~1. Then, find

(1) o1+ 2) e 2) )

52. Let (X, X3) follow a bivariate normal distribution with F(X;) = E(Xy) = 1,
Var(X1) =1, Var(Xs) = 4, Cov(X1,X2) = 1. Find Var(X; + Xa | X1 = 1).

o0
53. If/ 9% dg = ay/7, find o (round to two decimals).
0

54. Let 71 = 2.1,29 = 4.2,23 = 5.8,24 = 3.9 be a sample from pdf f(z;0) = eﬁe_mQ/(29),
z > 0. Find the MLE of Var(X)).

55. Let X; ~ Geometric(f) with pmf f(z;0) = 6(1 — )",z = 0,1,2,.... If 0 is the
UMVUE of 6, then find 15660 =7 given sample 1 = 2,29 = 5,13 = 4.

56. Let X1, Xo,..., X5 be i.i.d. Bin(l,%) random variables. Define K = X7 + Xs +
.-+ X5 and

0, K =0,
U=
X1+ Xo+--+Xg, K=1,2...)5
Find E(U).

57. Let X; ~ Gamma(l,4), X2 ~ Gamma(2,2), X3 ~ Gamma(3,4) be independent. If
Y = X142 + Xy, find E[(5)"].

14



58. Let Xi,Xy ~ U(0,0) ii.d., with § > 0. For testing Hy : 6 € (0,1] U [2,00) vs
Hi:0 € (1,2), consider the critical region

R = {(z1,22) : § < max(x1,72) < £}

Find the size of the test (probability of Type-I error).

59. Let Xi,..., X5 ~ Bin(1,0). For Hy:0 <0.5 vs H; : § > 0.5, define
Ty : Reject Ho if Y X; =5, Ty:Reject Hoif » X; >3.

If 0= %, find 81 + (2 where 3; = Type-II error for T;.

60. Let X7 ~ N(2,1), Xy ~ N(—1,4), X3 ~ N(0,1) be independent. Find the proba-
bility that exactly two of them are less than 1 (round off to two decimals).
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