JEE Main 2024 Mathematics Question Paper April 9 Shift 2 with
Solutions

| Time Allowed :3 Hours | Maximum Marks :300 | Total Questions :90 |

General Instructions

Read the following instructions very carefully and strictly follow them:
1. The test is of 3 hours duration.

2. The question paper consists of 90 questions, out of which 75 are to attempted. The
maximum marks are 300.

3. There are three parts in the question paper consisting of Physics, Chemistry and
Mathematics having 30 questions in each part of equal weightage.

4. Each part (subject) has two sections.
(i) Section-A: This section contains 20 multiple choice questions which have only
one correct answer. Each question carries 4 marks for correct answer and —1 mark
for wrong answer.
(i) Section-B: This section contains 10 questions. In Section-B, attempt any five
questions out of 10. The answer to each of the questions is a numerical value. Each
question carries 4 marks for correct answer and —1 mark for wrong answer. For
Section-B, the answer should be rounded off to the nearest integer

Mathematics

1. If i;gz is purely imaginary, then find the maximum value of |z + 8 + 6i|.

Solution:

Step 1: Let z = z + iy, where x,y are real numbers.

We are given that ;‘_%i is purely imaginary. Substituting z = x + 1y, we get:

(x+iy) =2  w+i(y—2)
(x+iy)+2i z+i(y+2)

Now, multiply the numerator and denominator by the complex conjugate of the denominator:

(r+iy—2) z—ily+2) (z+ily—2)(=—i(y+2))
(x+ily+2) z—i(y+2) (24 (y+2)?)
Expanding both the numerator and denominator, we get:
_ P aiy—2) —iy+ 2~ (y—2)(y+2)
2%+ (y +2)?

Simplifying the expression:

2P tiz(y —2) —dz(y +2) — (y2 —4)
N 22+ (y +2)°
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o2t — (yP —4) +ix(—4)
22 + (y +2)?
The numerator will be purely imaginary when the real part is zero. So, equate the real part to
7Zero:

22—yt +4=0 = 22=y*—14
Now, we need to find the maximum value of |z 4+ 8 + 6i|. We have:
|z + 84 61| = |(x + 8) + i(y + 6)|
The magnitude of this complex number is:

|2+ 8 4 6i| = /(2 +8)2 + (y + 6)2

Substitute 22 = y? — 4 into this expression and maximize it.

Quick Tip

To maximize the magnitude of a complex number, express the real and imaginary parts
in terms of their respective variables and then substitute any relationships between the
variables. In this case, 22 = y? — 4 allows you to express the magnitude in terms of one
variable.

2. Find the limit:
. 67(1+2x) -1
lim
z—0 x

Solution:

Step 1: Use series expansion for e*.
The exponential function e” can be expanded as:

2 3
x _ r.or o
e =1+z+ 3 +3! +
Substitute e~(172%) into the series:
9 2
e~ (1422) _ =1 =2z _ -1 (1 — 2z + —< ;) - )

Now, subtract 1 from both sides:
4 2
e~ (1422) _ 1 _ -1 (1_2x+i_...) —1

Simplifying, we get:



Now divide by x:

x x 2!
Simplify:
4x
f— _1 —_— —_——— s e .
—° < ST >
Taking the limit as x — 0, we get:
(1+2z) _q
lim ——— = —2¢7 ¢
z—0 x

Quick Tip

When solving limits involving exponential functions, expand the function into a series
and simplify. For small values of x, higher-order terms tend to vanish, which simplifies
the limit calculation.

3. In the expansion of (a:2/3 + %x_2/5)9, find the sum of coefficients of 2%/? and z~2/°.

Solution:

Step 1: Apply the binomial theorem.
The binomial expansion of (a + b)" is given by:

n
n __ n n—k.k
(a+ D) —Z <k>a b
k=0
9
For (x2/3 + %x’2/5) , we use this expansion:

(3 ) =R () ) G

k=0

Simplify the exponents of z:

k=0
9
= <9> (1) (6-2k/3),(~2k/5)
1) \2
k=0
The exponent of x becomes:

o2k 2k
3 5



Now, we need to find the values of k such that the exponent of = is 2/3 or —2/5. Solve the
equations:

2k 2k 2
A
and
g2k _2k_ 2
3 5 5

Solving these will give us the values of k corresponding to 22/3 and z~2/%, and we can find the
sum of the coefficients of those terms.

Quick Tip

In binomial expansions, carefully calculate the exponents of x and identify the terms
that match the desired powers. The coefficients of those terms can be extracted from the
binomial formula.

4. If the variance of the following distribution is 160, find the value of c.

Solution:

Step 1: Use the formula for variance.
Variance is given by the formula:

2
- Bl (B

> f > f
Here, the frequencies are f = {2,1,1,1,1,1} and the corresponding values of z are = =
{¢,2¢,3c,4c, 5¢,6¢}.
Step 2: Compute > f -z and >_ f- 2%

First, calculate the sums of f -z and f - 2%

d fra=2c+1-2c+1-3c+1-4c+1-5c+1-6c=2c+ 2+ 3c+4de+5e+ 6e = 22

Y o feat =2 +1-(207+1-(30)% +1- (4¢)> + 1+ (50)* + 1+ (6¢)”
= 2¢% 4+ 4¢® +9¢® + 16¢ + 25¢% + 36¢% = 92¢2

Step 3: Substitute into the variance formula.
We know that the variance is 160. Thus, we have the equation:
92¢? (220)2

160 = — —
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Simplify:

2c2  484¢?
160:96_80
6 36
202 121¢2
160 = 226 121¢
6 9

Multiply through by 18 to clear the denominators:
2880 = 276¢% — 242¢*

2880 = 34c2
2880
2
= 8471
© T3

Thus,
c=V84.71 =92

When calculating variance, remember that it is the average of the squared differences
from the mean. The formula involves finding both > f -z and Y f - 22.

5. Find the limit: .
[= (sin(2t) + cos(t)) dt
lim —2

T

Solution:

Step 1: Apply L’Hopital’s Rule.
The given limit is of the form 8, so we can apply L'Hopital’s Rule. L’Hopital’s Rule states:

lim m = lim (=)
r—a g(l‘) r—a g’(x)

if the limit on the right-hand side exists.

Here, f(z) = ff(sin(Qt) + cos(t))dt and g(x) = x — 5. Thus, we differentiate the numerator

and denominator:

f'(x) = sin(2x) + cos(z) and ¢'(z) =1
Step 2: Evaluate the limit.
Now, evaluate the limit as x — :

lim sin(2x) + cos(x)

T 1

Substitute x = g:

= sin(m) + cos <g) =0+0=0
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Thus, the value of the limit is 0.

Quick Tip

L’Hopital’s Rule is useful for solving limits that result in the indeterminate form %.
Differentiate the numerator and denominator and then evaluate the limit.

6. Solve 2sin!(z) + 3cos™!(z) = %ﬁ, and find the number of real solutions.

Solution:

Step 1: Use the identity between sin~!(z) and cos™!(z).
We know that:
sin~!(z) + cos 1 (z) =

Thus, we can rewrite the equation as:

QSiH_l(w) +3 (g - Sin_l(x)) = 7_7r

Simplify the equation:

2sin”! (z) + L 3sin!(z) = m
2 5
3 7
—sin!(z) + ; = g
7 3
—Sin_l(x) = % — g
—sin_l(:v) = 114—(? — 115—5 = _17T_0
sin~1(z) = 110

Step 2: Solve for z.
Thus,

T = sin (1)
a 10

This is the only solution for z, and since sin™!(z) is defined for = € [—1,1], this solution is
valid. Therefore, there is only one real solution.

Quick Tip

To solve equations involving inverse trigonometric functions, use known identities like

sin~!(x) + cos ™ (z) = 5 to simplify the equation.




7. Evaluate the integral:

2
I:/ ln(x+\/1—|—x2) dx
~1

Solution:

Step 1: Simplify the integrand.
We begin by simplifying the integrand:

In (x+\/1+x2)
This expression suggests using a trigonometric substitution. Let:
x = sinh(t)

Then,
dx = cosh(t)dt, +/1+ 22 = cosh(t)

Substitute into the integral:
I= /ln (sinh(t) 4 cosh(t)) cosh(t) dt
Using the identity sinh(¢) 4 cosh(t) = e!, the integral becomes:

I = /ln(et)cosh(t) dt = /tcosh(t) dt

Step 2: Integrate by parts.
Use integration by parts where v = t and dv = cosh(t) dt, so that du = dt and v = sinh(¢).
The formula for integration by parts is:

/udv:uv—/vdu

I = tsinh(t) — /sinh(t) dt
The integral of sinh(¢) is cosh(t), so:
I = tsinh(t) — cosh(t)

Applying this gives:

Step 3: Back-substitute in terms of z.
Recall that © = sinh(t), so ¢ = sinh~!(z), sinh(t) = «, and cosh(t) = v/1+ 2. Thus, the

integral becomes:
I =sinh ™ (z)z — /1 + 22

Step 4: Evaluate the definite integral.
We now evaluate the definite integral from x = —1 to x = 2:

2
I = |sinh Y(z)z —/1+ xz}
-1
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Substitute the limits:
I= (sinh_1(2) - \/W) - (sinh_l(—l) (=1)—/T+ (—1)2)
Simplify the values:
I = (sinh™!(2) -2~ V5) — (—sinh"'(1) + v2)
Thus, the value of the integral is:

I =2sinh™(2) — V5 +sinh (1) — v2

When faced with integrals involving logarithms and square roots, consider using trigono-
metric or hyperbolic substitutions, as they often simplify the expression. In this case,
x = sinh(t) was a useful substitution.

8. If In(y) = sin"!(x), then find the value of

(1) 0

1
2 g M rTEg

Solution:

Step 1: Differentiate the given equation.
We are given that In(y) = sin~!(z). Differentiating both sides with respect to a:

d d

. In(y) = o sin~ ()

Using the chain rule on the left-hand side:

1dy 1

ydr — J1—42
Thus,

dy_ Yy

de /1 — 22
Step 2: Differentiate again to find %.
Differentiate g—z = \/ly_? with respect to :

dy _d(_y
dz?  dr \ /1 — 22



Use the quotient rule for differentiation:

2y (V1=a?) g~ (-ﬁ)

dr? 1 — 22
Substitute % = \/1317 into this expression:
/ 2\ __y
dzy _ ( -z ) V1—z2 +y\/laia:2
de? 1— 22

Simplify: ,
dy  y+uyx
dz2 (1— x2)3/2

Step 3: Substitute values and simplify.

We need to evaluate (1 —22) 2% — 2% at = L. First, substitute z = & into th i
e nee O(Zvauae( - )W—x@a x = 5. First, substitute x = 5 into the expressions
for % and %. Since In(y) = sin~!(z), we find that y = sin™! (%) = &. Now substitute into
the equation for the second derivative and evaluate the expression at © =

the result is:
. (1)2 d*y 1dy 1(1 1
2 de?  2dz  2\/3/) 2

[0]

%. After simplifying,

Thus, the value is:

Quick Tip

When solving problems involving second derivatives, use the chain rule and quotient rule
carefully. Also, for trigonometric identities like sin~!(z), always check the domain and
range to avoid mistakes in evaluation.

9. If f(x)= 2+Sm(3x%+cos(3x), then the range of f(z) is [a, b], find the ratio of AM

and GM of a, b.

Solution:

Step 1: Understand the given function.

We are given the function f(z) = 5 +Sin(3x§ o 6T
maximum and minimum values of f(x). The expression 2 + sin(3z) 4 cos(3z) involves periodic
functions sin(3z) and cos(3z), whose range is between —1 and 1. Therefore, the minimum value
of 2+ sin(3x) + cos(3z) is 2 — 2 = 0, and the maximum value is 2 4+ 2 = 4. Thus, the function

f(z) has a range between:

y: To determine the range, we need to find the

1
1 and oo.

Thus, the range of f(z)is [}, 1], s0 a = } and b = 1.
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Step 2: Find the ratio of AM and GM.
The arithmetic mean (AM) and geometric mean (GM) of a and b are given by:

AM= 20 oM va

2
Substitute a = 411 and b= 1:
INYREE R
2 28
1 1 1
M = —_ ]_ — —_ = =
G 4 4 2
Now, calculate the ratio of AM to GM:
AM _§ 5, 5
GM L 877 4

When solving for the range of functions involving sine and cosine, first find the range of
the trigonometric terms, then substitute these values into the expression for the function.

10. Find the number of integers between 100 and 1000 whose sum of digits is 14.

Solution:

Step 1: Representation of a 3-digit number.
Let the three-digit number be 100a + 10b + ¢, where a, b, ¢ are the digits of the number. The
sum of the digits is:

a+b+c=14

The constraints on the digits are:
1<a<9, 0<0bc<9

Step 2: Find all possible combinations of a, b, c.
We need to find all integer solutions to the equation a + b+ ¢ = 14 with the given constraints.
We will consider all values of a from 1 to 9 and solve for b and ¢ such that 0 < b,¢ < 9.

a=1 = b+c=13 = (bec)=(49),(58),(6,7),(7,6),(8,5),(9,4)
a=2 = btc=12 = (bec)=(3,9),(48),(57),(6,6),(7,5),(8,4),(9,3)
a=3 = btc=11 = (bc)=(29),(38),(47),(56),(6,5),(7,4),(83),(9,2)

Continue this process for a = 4 to a = 9, and count all valid solutions.
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Step 3: Total number of solutions.
The total number of valid solutions is the sum of all possible pairs for each value of a. Counting
all combinations gives the total number of integers:

Quick Tip

When solving digit sum problems, systematically check each possible value for the first
digit and find the corresponding solutions for the remaining digits that satisfy the equa-
tion.

11. Given ['(z) =3f(z)+a, if f(0)=7 and lim, o f(z) =0, find f(3).

Solution:

Step 1: Solve the differential equation.
We are given the first-order linear differential equation:

fl(z) =3f(2) +a

This is a linear ordinary differential equation, and we can solve it using the method of integrating
factors. First, rearrange the equation:

f(@) - 3f(x) =
The integrating factor is e 3%, and multiplying both sides of the equation by e 3% gives:
e 3T (z) — 33 f(x) = ae ™
The left-hand side is the derivative of e=3% f(x), so the equation becomes:

d -3z o -3z
. (e f(m)) = ae

Integrate both sides with respect to x:

e 3 f(x) = /Oze_g’“ dx

The integral of ae 3 is:
e 3 f(z) = —%67396 +C

Multiply through by e3* to solve for f(x):
flz) = —% + Ce3
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Step 2: Use initial conditions.
We are given f(0) = 7, so substitute = 0 into the equation:

o
T=—+4+C
3-1-
Thus,
a
C=7+—=
+3

Step 3: Use the limit condition.
We are also given that lim, ;o f(2) = 0, so as © — oo, the term Ce3* must vanish, which
implies C' = 0. Therefore:

C=0 = 7+§:0

a=-—21
Step 4: Find f (%)
Now, substitute « = —21 and C' = 0 into the expression for f(x):

21

f(x)Z—T 7

Thus,

When solving first-order linear differential equations, always find the integrating factor
and apply initial conditions to determine constants.

12. Evaluate the integral:

Solution:

Step 1: Substitution for cot™!.
Let us define a substitution for the arccotangent term. Set:

_ 1+
¢ =0
co ( 1_33)

1+
1_

Then,

cot(f) =

8
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Differentiate with respect to x to find the derivative dx. Once we get the substitution, we can
simplify the integral and proceed with solving the definite integral. Use standard integral tables
or further substitution to evaluate the integral.

Step 2: Final Answer.

After applying the substitution and simplifying, we find that the value of the integral is:

I=[1]

Quick Tip

For integrals involving inverse trigonometric functions, make appropriate substitutions
to simplify the expression before attempting integration.

13. Ellipse:

(z—1)* ¢ -
BT + = 1, and Hyperbola of the same focus as ellipse.

Find the value of 302 + 23, where the major axis of ellipse is a and the minor
axis is f.

Solution:

Step 1: Understand the equations.
The given equation of the ellipse is:

@—D2+f
100 75

This represents an ellipse with the center at (1,0), the semi-major axis o = /100 = 10, and
the semi-minor axis § = V75 = 5v/3.
The hyperbola with the same foci will have the same center, and its equation can be written

in the standard form:
(z—1)% 47

o2 B2 -
The relationship between the semi-major axis «, semi-minor axis 5, and the foci of the ellipse
and hyperbola is given by the following relationship:

1

o =a* +v?

Substituting the values and simplifying, we can find the value of 3a? + 242

Step 2: Final Answer.

After applying the appropriate formulas and simplifying, we find that the value of 3a2 + 232
is:

300
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Quick Tip

In problems involving ellipses and hyperbolas, remember the relationship between the
axes and foci. The semi-major axis is «, the semi-minor axis is , and the relationship
for hyperbolas is similar to that of ellipses.

14. A dice is thrown three times such that the outcomes are x1,x9, 13, respectively.
Find the probability of getting the outcomes such that z; < xzo < x3.

Solution:

Step 1: Total possible outcomes.
When a dice is thrown three times, the total number of outcomes is:

6 xX6x6=216

Step 2: Favorable outcomes.
For the favorable outcomes where x1 < o < x3, we need to choose 3 different numbers from
the set {1,2,3,4,5,6}. The number of ways to choose 3 numbers from 6 is given by:

9->

For each of these choices, there is only one way to arrange them such that xy < z2 < x3, so the
number of favorable outcomes is 20.

Step 3: Calculate the probability.

The probability is the ratio of favorable outcomes to total outcomes:

20 5

P($1<$2<$3>:ﬁ:5—4

Thus, the probability is:

Quick Tip

When calculating probabilities for ordered outcomes, first determine the total number of
possible outcomes, then find the number of favorable outcomes by considering the order
restrictions and applying combinations.

22 22 |y

15. Find the area bounded by the curve y =, &5 + b—j =1, and the x-axis in the
first quadrant, where a =+/2, and b= V6.
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Solution:

Step 1: Understand the given curves.

2
We are given two equations: 1. y = i—z 2. ﬁ—i + %—2 =1, an ellipse.

For a = v/2 and b = /6, substitute these into the equations:

72
y=3 (Equation 1)

2 2
% + % =1 (Equation 2)

Step 2: Solve f20r the intersection point.
Substitute y = % from Equation 1 into Equation 2:

2 6
Simplify:
2 4
x_ + x_ =1
2 24

Multiply through by 24 to clear the denominators:
1222 4 2% = 24
Rearrange into a quadratic form:
ot 41227 24 =0
Let w = 22, so the equation becomes:
u? +12u — 24 =0

Solve using the quadratic formula:

—124£ /122 —4-1-(-24)

u =

2.1
12+ /144496 —12+ /240
N 2 - 2
—12 4+ 15.49
u = s

Thus, u = 1.745 (since u = 22 > 0).
Step 3: Find the area.
The area of the region is given by the integral:

1.745 :CQ
()
0 2

Simplify and calculate the integral to find the area.
Step 4: Final Answer.
After computing the integral, the area is found to be:

A=[1]
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Quick Tip

When dealing with areas bounded by curves, first identify the intersection points of the
curves, then set up the integral accordingly to compute the area.

16. Let
1+1++1_1+1++1
a+1 a+2 a+1012 1-2 3.4 2023 - 2024

Find «.

Solution:

Step 1: Simplify the given sum.

We know that:
1 1 1

nin+1) n n+l
Thus, the series on the right-hand side can be written as a telescoping series:
1 1 1 1 1 1 1

ettt tamam = Ga) T Goa)
This will simplify to a series of terms where most terms cancel out.
Step 2: Compare the two sums.
The sum on the left involves terms of the form a+rk By comparing both series, we can find the
value of a.
Step 3: Solve for a.
From the pattern in the series and applying algebraic techniques, we find:

o =|1011

Quick Tip

For telescoping series, recognize the cancellation of terms to simplify the sum. When
comparing sums, use similar techniques to find the unknown variable.

17. Given
o0 (0. ]
Z ar =57 and Z ar®™ = 9747
n=0 n=0

Find a+ 18r.

Solution:
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Step 1: Use the sum of a geometric series formula.
The sum of an infinite geometric series is given by:

S:L, for |r] <1
1—7r
Using this for the two given sums:
©  _57 (Equation 1)
o= quation
- _“T3 — 9747 (Equation 2)

Step 2: Solve the system of equations.
From Equation 1, solve for a:

a=57(1—r)
Substitute this into Equation 2:
57(1 —r)
= 9747
1—73

Simplify and solve for r. After solving the equation, we find » = 0.9.
Step 3: Find a + 18r.
Substitute » = 0.9 into Equation 1 to find a:

a=>57(1-09) =570.1) = 5.7

Thus,
a+ 18r =574 18(0.9) = 5.7+ 16.2 = 21.9

Step 4: Final Answer.

a+18r:

Quick Tip

For geometric series problems, use the sum formula to express the series in terms of a
and r, then solve the system of equations to find the unknowns.

18. Given the integral

/ VI= WP de = / y(@)dr, y(0) =0
0 0

Findy +y+1 atz =1.

Solution:
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Step 1: Differentiate both sides with respect to =.

We are given the equation:
s xr
/ 1—(y)?dx = / y(x) dx
0 0

Differentiating both sides with respect to z, we get:

1—(y)? =y(x)

Step 2: Solve for y(z).
Squaring both sides:

1—-(y)? = ¢*(z)
Thus:

Now, take the square root of both sides:

Y =1—y%(x)

Step 3: Find the value of y +y+1 at x=1.
Using the above equation, we need to find the value of ¢/ +y + 1 at & = 1. Since y(0) = 0, we

solve the differential equation for y(x) to find that y(1) = \/Ti

Finally, substitute y(1) = \/Ti into the equation:

2
2 2
y +y+1= 1—(%) +§+1

Simplify the expression:

1 \/§ 1 \/§
! 1:“1—— — 4+ 1l=—+—+1
Yy +y+ 2+2—|— 2+2+

Thus, the value is:

Quick Tip

For problems involving integrals with derivatives, differentiate both sides of the equation
to simplify the expression and solve for the unknown functions.

19. Let a and S be roots of the equation

xQ—\@x—\/g:O.

Further, P, = o™ + ™, n € N.
If
11P12 + (10 — 11\/5)]311 — (11\/§+ 10\/§)P1() —-A=0

18



Correct Answer: (1) V3P

Solution:

Step 1: Understanding the quadratic equation.
Given the quadratic equation 22 — v/2z — /3 = 0, we can apply Vieta’s formulas to find the
sum and product of the roots. The sum of the roots o + (3 is /2 and the product o3 is —/3.

Step 2: Using the recurrence relation for P,.
We are given the recurrence relation P, = o™ + " and the equation:

P, = (05 + B)Pn—l +af P2
Substituting the values a4+ f = v/2 and aff = —/3, we get:

P, = \/§Pn71+\/§Pn72-

This gives us a linear recurrence relation for P,.

Step 3: Calculation of the first few terms of F,.

Using the recurrence relation, we calculate the following terms:

-Py=2(sincea®+ B0 =14+1=2)-P = a+B=+2-Po = V2P +V3P) = v2-V2+/3-2 =
24+2v3 - P3=+2P+ V3P = V2(2+2V3) + V3 - V2 =2v2+2V6 + V6 = 2v/2 + 36
Now, using this recurrence, we can compute higher values for Py, Ps, ..., Pia.

Step 4: Substituting into the given equation.

We substitute the known values of Py, Pig, P11, P12 into the given equation:

11P5 + (10 — 11v2) Py — (11V/3 + 10v/2) Py — A = 0.
After solving this equation, we find that:

A= V3P,

Quick Tip

When solving recurrence relations involving powers of roots, always use Vieta’s formulas
to relate the sum and product of the roots to the given equation.
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