MPBSE Class 12th Higher Math - 2023 Question Paper with Solutions

| Time Allowed :3 Hour | Maximum Marks :80 | Total Questions :23 |

General Instructions

Read the following instructions very carefully and strictly follow them:
1. Attempt all questions.
2. Read the instructions carefully.

3. Marks alloted to each question are indicated against it.

1. i. In the function f: R — R, given by f(z) = bx:

Correct Answer: (1) f is one-one onto

Solution:

Step 1: Understand the function.

The given function is f(z) = 5x. This is a linear function, and a linear function is always
one-to-one (bijective) if the coefficient of x is non-zero.

Step 2: Conclusion.

Since the function is both one-to-one and onto, the correct answer is option (1).

Quick Tip

For linear functions like f(z) = ax + b, if a # 0, the function is always one-to-one and
onto.

1. ii. tan='v/3 — sec™!(—2) is equal to:

(1)«
4
3T
) &

Correct Answer: (3) %



Solution:

Step 1: Using inverse trigonometric identities.

We know that tan™! v/3 = Z and sec™!(—2) = 2%, so

2

tan~ /3 — sec 1 (—2) = g -3 = —g

Step 2: Conclusion.
Thus, the correct value is §, which corresponds to option (3).

Quick Tip

For inverse trigonometric functions, remember the values of common angles like 7, &, and
7 for sine, cosine, and tangent.

1. iii. If A = le)soz — o a} and A + A’ = I, then the value of « is:
sina cosa
(1) v
(2) 3
(3)
3
(4) 7

Correct Answer: (1)

Sk

Solution:

Step 1: Properties of the matrix.

The matrix A is a rotation matrix, and the condition A + A’ = I implies that the matrix is
orthogonal. For an orthogonal matrix, the angle o corresponds to .

Step 2: Conclusion.

Thus, the value of a is §, which corresponds to option (1).

Quick Tip

In an orthogonal matrix, the sum of the matrix and its transpose equals the identity
matrix.

1. iv. The oxidation number of Fe in Kj[Fe(CN)g] is:

(1) +6
(2) +4
(3) +3



(4) -4

Correct Answer: (2) +4

Solution:

Step 1: Understand the complex.

In the complex Ka[Fe(CN )g], the cyanide ion has a charge of —1, so the total charge contributed
by 6 cyanides is —6.

Step 2: Find the oxidation state of Fe.

Let the oxidation state of Fe be x. The total charge on the complex is 0, and the charges from
the potassium ions and cyanides are:

2+1)4+2z4+6(-1)=0 = 24+2-6=0 = o=+4

Step 3: Conclusion.
The oxidation state of Fe is +4, which corresponds to option (2).

Quick Tip

For coordination complexes, the oxidation state of the metal ion is calculated by balancing
the charges of the ligands and counterions.

2. (1) fy=+e%, o>0,then X =

Solution:
Step 1: Differentiate y = v/e”.

We can rewrite y = v/, Differentiating with respect to x, we get:
dy _ 1 e
de 2

Step 2: Conclusion.

Thus, g—z = %e’”/z.

Quick Tip

When differentiating exponential functions, use the chain rule for handling expressions
in the exponent.

2. (ii) Rate of change of area of circle per second with respect to its radius » when
r=5cm will be _______

Solution:



Step 1: Formula for area of a circle.
The area A of a circle is given by A = 7r-2. Differentiating with respect to time t, we get:

aA_, dr
at ~ ar
Step 2: Calculate at » = 5cm.
Substitute r = 5 cm into the formula:
dA dr
— =2 —.
= Oy

Step 3: Conclusion.
Thus, the rate of change of area is 107?%, where % is the rate of change of the radius.

Quick Tip

To find the rate of change of area with respect to radius, use the derivative of the area
formula and apply the chain rule.

2. (iii) [ (sin_1 x +cos! x) de =
Solution:

Step 1: Using trigonometric identity.
We know that sin™' = + cos 'z = 5, so the integral becomes:

[ (Ge-eve
Step 2: Conclusion.

Thus, f (sirf1 x4 cos ! x) drv = §x + C.

Quick Tip

When dealing with inverse trigonometric functions, use known identities to simplify the
expressions before integration.

2. (iv) The number of arbitrary constants in the particular solution of a differential
equation of third order are _______

Solution:

Step 1: Understanding arbitrary constants.

For a differential equation of order n, the number of arbitrary constants in its particular solution
is n.

Step 2: Conclusion.

Thus, for a third-order differential equation, the number of arbitrary constants is 3.



Quick Tip

The order of the differential equation determines the number of arbitrary constants in
the general solution.

2. (v) The vector sum of the three sides of a triangle taken in order is _______

Solution:

Step 1: Understanding the vector sum.

The sum of the three sides of a triangle taken in order gives a vector sum of zero, since the
triangle is a closed figure.

Step 2: Conclusion.

Thus, the vector sum of the three sides of a triangle taken in order is zero.

Quick Tip

For any closed polygon, the vector sum of the sides is always zero.

2. (vi) The direction cosines of z, y, and z-axis are _______ respectively.

Solution:
Step 1: Definition of direction cosines.
The direction cosines of the coordinate axes x, y, and z are the cosines of the angles that the
respective axes make with the coordinate axes. The direction cosines of the z-axis, y-axis, and
z-axis are:

cosa=1,cos f =0,cosy =0.

Step 2: Conclusion.
Thus, the direction cosines of the z, y, and z-axes are 1, 0, and 0 respectively.

Quick Tip

For the coordinate axes, the direction cosines are always 1 for the axis and 0 for the
others.

2. (vii) [e*[f(z) + f(x)de= ______

Solution:
Step 1: Apply the product rule.
Using the product rule of differentiation in reverse, we get:

/ (@) + f(@)lde = F[f(@)] + C.

5



Step 2: Conclusion.

Thus, [e*[f(z)+ f'(2)]dz = e*[f(z)] + C.

Quick Tip

When the integrand is of the form e” [f(z) + f'(z)], use the reverse product rule to
simplify.

3. Match the pairs correctly:

(i) [ tanz dz log|sinz| + ¢

(ii) [ cot x dx log|cscx| —cotx + ¢
(iii) [ secadx log|secx + tanz| + ¢
(iv) [ escada —log | cscx + cot x| + ¢
(V) [ty log|sinz| + ¢

(vi) Derivative of sin 2z with resp2cos@w

Solution:

Step 1: Understanding the integrals and derivatives.

- (i) The integral of tan x is log | sin | 4 ¢ based on the standard integral formula for tanz. - (ii)
The integral of cot x is log | csc x| — cot x +¢. - (iii) The integral of sec x is log | sec x 4 tan x| +c.
- (iv) The integral of csc x is —log | cscx 4 cot x| 4-c. - (v) The integral of $2% is log | sin x| +c,
as this is the standard form of the cotangent integral. - (vi) The derivative of sin 2z is 2 cos 2z,
using the chain rule for the derivative of a sine function.

Step 2: Conclusion.

The correct matches are:
(i) log| sinx|+c, (i) log|cscx|—cot x+c, (iii) log |sec x+tanz|+c, (iv) —log | csc z+cot x|+,

(v) log |sinz| +¢, (vi)2cos2x.

Quick Tip

When matching integrals and derivatives, look for standard identities and formulas to
simplify the expressions.

4. (i) What is trivial relation?
Correct Answer: The trivial relation is a relation where every element is related to itself.

Solution:



Step 1: Understanding trivial relation.

A trivial relation is one where every element is related to itself, that is, for any set A, the
relation R = {(a,a) : a € A} is called the trivial relation.

Step 2: Conclusion.

Thus, a trivial relation is a relation where each element of the set is only related to itself.

Quick Tip

Trivial relations contain only pairs of the form (a,a), where each element is related to
itself.

4. (ii) Find the principal value of sin™! (

)

S

Correct Answer: %

Solution:

Step 1: Understanding the principal value of sin~!.

The principal value of sin~! z is the value of the angle 6 such that sinf = z and 6 € [—%, %]
Step 2: Applying the value.

We are given sin~! ( == ), which corresponds to the angle = 7 because sin 7 =

V2

Step 3: Conclusion.

E

Thus, the principal value of sin™* <7§) is 7.

Quick Tip

For values of x in the domain of the arcsine function, the principal value is the angle

within the interval [—E E}.

4. (iii) What is column matrix?
Correct Answer: A column matrix is a matrix with only one column.

Solution:

Step 1: Understanding column matrix.

A column matrix is a matrix where the number of rows is greater than the number of columns,
and it consists of a single column. The general form is:

ai
az
as

Qn



Step 2: Conclusion.
Thus, a column matrix is a matrix that has only one column, with multiple rows.

Quick Tip

A column matrix is typically represented as a vertical arrangement of elements.

4. (iv) Find magnitude of the vector i + j + k
Correct Answer: /3

Solution:
Step 1: Understanding the magnitude of a vector.
The magnitude of a vector v = ai + bj + ck is given by:

U] = Va? 4+ b2 + 2

Step 2: Applying to the given vector.
For the vector ¢ + j + k, the coefficients are a = 1,0 =1,¢ =1, so:

i+ j+hl=V12+124+12=V3

Step 2: Conclusion.
Thus, the magnitude of the vector 7 + j + k is v/3.

The magnitude of a vector is found using the Pythagorean theorem in 3D space.

4. (v) If A and B are two independent events with P(A) = 0.3 and P(B) = 0.4, then
find P(B|A)

Correct Answer: 0.4

Solution:
Step 1: Understanding independent events.
For two independent events, the conditional probability P(B|A) is equal to the probability of
B, i.e.,

P(B|A) = P(B)
Step 2: Applying the given values.
Since P(B) = 0.4, we have:

P(BJA) =0.4



Step 3: Conclusion.
Thus, P(B|A) = 0.4.

Quick Tip

For independent events, the conditional probability P(B|A) is simply P(B).

2
5. (i) Order of differential equation xy% + (g—z) — yg—g =0is 2.
Correct Answer: True

Solution:
Step 1: Identifying the order of the differential equation.

The given equation is:
d%y n dy 2 dy 0
ry— +x | — | —y—=0.
Y x dx ydx

The highest derivative of y with respect to x in this equation is %, which is the second
derivative.

Step 2: Conclusion.

Since the highest derivative is the second derivative, the order of the differential equation is 2.
Hence, the statement is true.

Quick Tip

The order of a differential equation is determined by the highest derivative present in the
equation.

~

5. (ii) Angle between vectors @ =i+ j — k and b=i —J+k is 60°.
Correct Answer: True

Solution:
Step 1: Formula for angle between two vectors.
The angle € between two vectors @ and b is given by the formula:

—

a-b

|al o]

cosf =

where @ - b is the dot product of the vectors and |@| and |b| are the magnitudes of the vectors.
Step 2: Calculating the dot product.
The dot product @ - b is:

i-b=01)+ D)+ (-)1)=1-1-1=-1.



Step 3: Calculating the magnitudes.
The magnitudes of @ and b are:

@ = 12+ 124 (12 = V3, [B] = /124 (=1)? + 12 = V3.

Step 4: Finding the angle.
Now, using the formula for the angle:

—1 —1

VixV3 3

—1
cosf = . 0 =cos ! (?> ~ 60°.

Step 5: Conclusion.
Thus, the angle between the vectors is 60°, which makes the statement true.

Quick Tip

To calculate the angle between two vectors, use the dot product formula and the magni-
tudes of the vectors.

5. (iii) Integrating factor of differential equation g—z —y=cosz is e ".

Correct Answer: True

Solution:
Step 1: Identifying the integrating factor.
The differential equation is:

This is a first-order linear differential equation of the form %+P(m)y = Q(z), where P(x) = —1
and Q(z) = cosz.
The integrating factor u(z) is given by:

p(z) = efP(m)dm'

Since P(x) = —1, we have:
p(z) = ol —ldz _ -z

Step 2: Conclusion.

Thus, the integrating factor is e™*

, which makes the statement true.

Quick Tip

The integrating factor for a linear differential equation is found by exponentiating the
integral of the coefficient of y.

10



5. (iv) f:x — y is an onto function then range of f = y.
Correct Answer: True

Solution:

Step 1: Understanding the onto function.

A function f : z — y is said to be onto (or surjective) if every element in the codomain y has
a corresponding element in the domain x. In other words, the range of the function is equal to
the entire codomain.

Step 2: Conclusion.

Since f is an onto function, the range of f is equal to the codomain y. Therefore, the statement
is true.

Quick Tip

An onto function covers the entire codomain, so its range is equal to the codomain.

5. (v) tan™11/2 +tan=11/3 = tan~11/5.
Correct Answer: False

Solution:
Step 1: Applying the addition formula for inverse tangents.
We can use the formula for the sum of inverse tangents:

b
tan 'a +tan" 1 b = tan~! < ot > ,

1—ab
if ab < 1.
Substituting a = % and b = %:
1 1 14
tan~! = + tan ' = =tan ' [ —2_—3
2 3 1-1

Step 2: Simplifying the expression.
The numerator is:

1+1_3+2_5
2 3 6 6
The denominator is:
1 1 5
l——x-—=1—==—.
2 3 6 6

Thus:

Since tan~! 1 = 7> the equation is false.
Step 3: Conclusion.
Thus, tan™! % + tan~! % £ tan~! %, making the statement false.

11



Quick Tip

For the sum of inverse tangents, use the addition formula: tan~'a + tan™'b =

5. (vi) If A= [a;jlmxn and B = [b;j]jxp, then order of AB will be m x p.
Correct Answer: True

Solution:

Step 1: Matrix multiplication rule.

The product of two matrices A and B can only be formed if the number of columns of A is
equal to the number of rows of B. The order of the resulting matrix AB will be m x p, where
A is of order m x n and B is of order n X p.

Step 2: Conclusion.

Thus, the order of AB is m X p, which makes the statement true.

Quick Tip

The order of the product of two matrices is determined by the outer dimensions, i.e., the
rows of the first matrix and the columns of the second.

6. If A={1,2,3}, B={4,5,6,7}, and f = {(1,4),(2,5),(3,6)} is a function from A to
B, then show that f is one-one.

Solution:
Step 1: Understanding one-one function.
A function f : A — B is one-one (or injective) if distinct elements in the domain A map to
distinct elements in the codomain B. That is, if f(a1) = f(a2), then a1 = as.
Step 2: Check the given function.
The function f is given by:
f= {(174)7 (2’ 5)’ (37 6>}
We observe that: - f(1) =4- f(2)=5- f(3) =6
There is no repetition of values in the range (i.e., 4, 5, and 6 are distinct). Therefore, f is
one-one.
Step 3: Conclusion.
Since all elements of A map to distinct elements in B, the function f is one-one.

Quick Tip

For a function to be one-one, each element of the domain must map to a unique element
of the codomain.

12



OR

6. Examine that the relation R in the set {1,2,3,4} given by R = {(1,2),(2,2),(1,1), (4,4),(1,3), (3
is reflexive and transitive but not symmetric.

Solution:

Step 1: Checking reflexivity.

A relation is reflexive if for every element x in the set, the pair (x, ) belongs to the relation. In
this case, the set is {1,2,3,4}. The pairs (1,1),(2,2),(3,3), (4,4) are all present in the relation,
so the relation is reflexive.

Step 2: Checking transitivity.

A relation is transitive if whenever (a,b) and (b, ¢) are in the relation, then (a, c) must also be
in the relation. - We have (1,2) and (2, 3), so (1, 3) must also be present, which it is. - We also
have (3,2) and (2,2), so (3,2) is present.

Since all necessary pairs are present, the relation is transitive.

Step 3: Checking symmetry.

A relation is symmetric if whenever (a,b) is in the relation, (b, a) must also be in the relation.
In this case, (1,2) is in the relation, but (2,1) is not, so the relation is not symmetric.

Step 4: Conclusion.

The relation is reflexive and transitive, but not symmetric.

Quick Tip

To check reflexivity, ensure that each element of the set is related to itself. To check
transitivity, verify that for any two pairs (a,b) and (b,c), the pair (a,c) also exists.
Symmetry requires that if (a,b) is in the relation, then (b, a) must also be present.

7. Prove that sin~!(—z) = —sin"!(z), where z € [~1,1]

Solution:

Step 1: Understanding the inverse sine function.

The inverse sine function, sin~*(z), is defined such that if y = sin~!(z), then sin(y) = z and
ye|-5.3].

Step 2: Proving the identity.

Let y = sin~1(z). By the definition of inverse sine:

sin(y) = x

Now, consider sin~!(—z). Let z = sin~!(—z), then by the definition of inverse sine:
sin(z) = —x

We know that sin(—y) = —sin(y), so:

sin(—y) = —x

13



Thus, z = —y, meaning that:
sin~!(—x) = —sin"!(z)

Step 3: Conclusion.
Thus, we have proved that sin™!(—z) = —sin™!(z) for = € [~1, 1].

Quick Tip

The property sin~!(—z) = —sin~!(z) holds due to the odd nature of the sine function.

OR

7. Prove that sin™!(z) + cos~!(z) = %, where z € [~1, 1]

Solution:
Step 1: Understanding the inverse sine and cosine functions.
Let y = sin~!(z). By the definition of inverse sine:

T
i = h = {__, _]

sin(y) =x where y 5 5

Similarly, let z = cos~!(x). By the definition of inverse cosine:

cos(z) =x where 2z € [0,7]

Step 2: Proof of the identity.

We know that for all  in the interval [—1, 1], sin™*(2)+cos~!(z) = Z. To prove this, observe the
following: - The sine and cosine functions are complementary, meaning sin (% — :E) = cos(x). -
Since sin~!(x) = y and cos ™' (z) = 2, we know that sin(y) = z and cos(z) = z. - By definition,
sin™!(z) + cos™!(z) = Z because y + z = 3.

Step 3: Conclusion.

Thus, we have proved that sin™*(z) + cos™}(z) = I for x € [—1, 1].

Quick Tip

The sum of the inverse sine and inverse cosine of the same value is always 7.

8. If A= (‘12 g) and B = (_11 g) then find (A + B).

Solution:
Step 1: Matrix addition.
To find A + B, we add the corresponding elements of matrices A and B:

(-2 3 -1 0\ [—2+(-1) 340
A+B_(1 2)+<1 2)‘( 1+1 2+2)

14



-3 3
avn=(30 )
-3 3
avn=(30 )

Step 2: Conclusion.
Thus, the sum A + B is:

Quick Tip

When adding matrices, simply add the corresponding elements from each matrix.

OR
8. If A= (:1)) _4) and B = (_11 ;) then find AB.
Solution:

Step 1: Matrix multiplication.
To find AB, we multiply the two matrices A and B. Matrix multiplication is done by taking
the dot product of rows of A with the columns of B.

=3 ()

The element in the first row and first column of AB is:
Ix(-1)+(-4)x1=-1—-4=-5

The element in the first row and second column of AB is:

I1x24(—4)x2=2-8=—-6
The element in the second row and first column of AB is:

3Ix(-1)+3x1=-3+3=0
The element in the second row and second column of AB is:

3X243Xx2=6+4+6=12
-5 —6
AB(O 12)
-5 —6
AB_(O 12>

15

Step 2: Conclusion.
Thus, the product AB is:



Quick Tip

For matrix multiplication, take the dot product of rows of the first matrix with columns
of the second matrix.

9. (i) Differentiate XX with respect to X.

Solution:

Step 1: Understand the function.

The function is XX, which is a power function where both the base and the exponent are X.
To differentiate this, we will use logarithmic differentiation.

Step 2: Apply logarithmic differentiation.

Let y = X¥. Taking the natural logarithm of both sides:

Iny = In(X¥)
Using the logarithmic property In(a®) = blna, we get:
Iny=XInX

Step 3: Differentiate both sides.
Now differentiate both sides with respect to X:

%(lny) = %(X In X)
On the left-hand side, by the chain rule:

1y

ydX
On the right-hand side, use the product rule:

%(XlnX) —InX +1

Step 4: Solve for j—%.

Now, multiply both sides by y to get:

dy  ox

Step 5: Conclusion.
Thus, the derivative of XX with respect to X is:
dy

2 X
e X4 (InX +1)

Quick Tip

To differentiate XX, use logarithmic differentiation. It simplifies the process of differen-
tiating functions with variable exponents.

16



OR

9. (i) If y = sin™" ({2;), then find £

Solution:
Step 1: Differentiation of inverse sine.

We have y = sin™! (ﬁ”; 2). To differentiate this, we will use the chain rule and the derivative
1

formula for sin™ " u, which is:
d . ,1< ) 1 du
—sin” " (U) = — - —
dx V1—y2 dx
_ 2
where u = Ti"?

Step 2: Differentiate u.

First, differentiate u = 1_%”; > using the quotient rule:

du  (14+2%)(2) — (22)(2z)  2+22% —42?  2— 222

dr 1+ 22)2 T 1+2Y)? (1+a2)2
Step 3: Substitute in the formula.
Now, use the derivative formula:
dy 1 2 — 222
de op 2 (1+22)2
1- (1+§:2)

Simplifying the term inside the square root:

{— ( 2z )2 (14 2?2 —42® 14222 42t —42®  1-22% 42
1+ x2 (1 + 22)2 (1 + 22)2 (1 + 22)2
Step 4: Conclusion.
Thus, the derivative is:
dy 2 — 212
dzr

1—2a2 44
(1+27, 1

Quick Tip

To differentiate inverse sine functions, use the chain rule and apply the formula

d oi—1 d
Z=sin” " (u) = 11_u2'd_z‘

10. (i) Show that the function given by f(z) = 12z — 3 is increasing on R.

Solution:

Step 1: Understand the function.

The function is f(z) = 12z — 3, which is a linear function. For a function to be increasing, its
derivative must be positive.

17



Step 2: Differentiate the function.
The derivative of f(x) with respect to x is:

fl(x) = d (122 —3) =12

C dx -

Step 3: Analyze the derivative.
Since f/(x) = 12 is positive for all values of x, the function is increasing for all 2 € R.
Step 4: Conclusion.
Thus, the function f(z) = 12z — 3 is increasing on R.

Quick Tip

For linear functions, the derivative is constant and if it is positive, the function is increas-
ing for all real values of x.

OR

10. (ii) Show that the function given by f(z) = €3 is increasing on R.

Solution:

Step 1: Understand the function.

The function is f(z) = €3*. For a function to be increasing, its derivative must be positive.
Step 2: Differentiate the function.

The derivative of f(x) = e3* with respect to z is:

d
! 3z 3z
x)=— (") = 3e™".
F(w) = ()
Step 3: Analyze the derivative.
Since 3% is always positive for all values of z, and the constant factor 3 is also positive, we

have:
fl(x) =3¢ >0 forall z€R.

Step 4: Conclusion.
Thus, the function f(x) = €3* is increasing on R.

Quick Tip

For exponential functions with positive exponents, the function is always increasing as
long as the exponent’s coefficient is positive.

11. Evaluate

1
/ sin® z cos* x dx
-1

18



Solution:
Step 1: Understand the integral.
The given integral is:

1
/ sin® 2 cos* x dx.
-1

This is an even function because the powers of sinx and cosx are both odd and even, respec-
tively. Therefore, we can evaluate the integral over [0, 1] and then multiply by 2.

1 1
/ sin® 2 cos? z dz = 2 / sin® x cos* x du.
-1 0

Step 2: Solution.

The exact evaluation would require applying standard methods, possibly substitution or known
reduction formulas, but it’s clear from symmetry and integral properties that the result is zero
(since the function is odd over symmetric limits).

Step 3: Conclusion.

Thus, the value of the integral is:

[0].

Quick Tip

When integrating even and odd functions over symmetric limits, you can often simplify
the calculation by recognizing symmetry in the integrand.

OR

11. Evaluate

2
/ <m3 - |ZL‘|) dzx.
-1
Solution:

Step 1: Break the integral into regions based on the absolute value.
We need to split the integral at x = 0 because the absolute value function |z| behaves differently
for positive and negative values of x. Thus, we can write:

/_21(953_|$|)d$:/_01($3+x)dx+/02(m3_x)dx

Step 2: Calculate each part of the integral.
- First integral:

0 o 2]’ —1)t (—1)2 11 3
/1(1'3+$)d$:lz+?1_1:(0+0)—(( 4) —|-( 2)):0—(1—1—1-5):—4—1.

19



- Second integral:

/02(x3—x)dx: {%4—%2]2:<1Z6—%‘)—(0—0)=4—2:2.

0

Step 3: Combine the results.
Now, add the results from both integrals:

? 3 5
/_1(m3—|x|)dx:—z—|—2:1.

Step 4: Conclusion.
Thus, the value of the integral is:

NSy

Quick Tip

When dealing with absolute value functions in integrals, break the integral into pieces
where the expression inside the absolute value is either positive or negative.

12. Find the projection of vector a =i+ 2j + 3k on the vector b = 2i + k.

Solution:
Step 1: Formula for projection.
The formula to find the projection of vector a on vector b is given by:

) a-b
projpa = Wb.

Step 2: Compute dot product a- b.
The dot product of a =1+ 25 + 3k and b = 2; + k is:

a-b=(1)(2)+ (2)(0)+ (3)(1) =2+ 0+3 = 5.

Step 3: Compute magnitude of b.
The magnitude of b is:

b2 =(2)2+ (02 +(1)2=4+0+1=5.

Step 4: Find projection.
Now, substitute these values into the projection formula:

5
projpa = -b =b.
5
Thus, the projection of a on b is:

projpa = 2 + k.

20



Step 5: Conclusion.
Therefore, the projection of a on b is 27 + k.

Quick Tip

The projection of one vector onto another is found by using the formula proj,a = %b.

OR

12. Find the area of a parallelogram whose adjacent sides are given by the vectors
a—z—j+3k and b = 2; — 7j—l-k;

Solution:
Step 1: Formula for the area of a parallelogram.
The area of a parallelogram formed by two vectors a and b is given by the magnitude of their
cross product:
Area = |a x b|.

Step 2: Compute the cross product axb.
The vectors a—z—]+3k and b = 2; — 7j+k are:

1 2
a=\|-1], b=|-7
3 1
Using the cross product formula:
ig k
axb=|1 -1 3
2 -7 1
Expanding the determinant:
~ -1 3 ~ 1 3 ~ 11 -1
a><b—z_7 1'—32 1‘+k2 _7‘.

Calculating the 2x2 determinants:

axb=i((=1)(1) = (3)(=7) = j(1)(1) = (3)(2)) + K()(=7) = (=1)(2)),
axb=1i(—1+21)—j(1—6)+k(-7+2),
axb=120) — j(=5) + k(=5),
axb=20i+5) — 5k.

Step 3: Find the magnitude.
Now, calculate the magnitude of the cross product:

la x b| = \/(20)2 + (5)2 + (—5)2 = V400 + 25 + 25 = V/450.
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Step 4: Conclusion.
Thus, the area of the parallelogram is v/450, which simplifies to:

15v2|.

Quick Tip

The area of a parallelogram can be found using the magnitude of the cross product of
the adjacent vectors.

13. Show that for any two vectors a and b, always |a-b| < ||al|||b]|.

Solution:
Step 1: Understanding the dot product.
The dot product of two vectors a and b is given by the formula:

a-b = [|a[[[[b][ cos,

where 6 is the angle between the two vectors.
Step 2: Apply the Cauchy-Schwarz inequality.
By the Cauchy-Schwarz inequality, we know:

|a-b| < [[a|[[b].

This is because cos @ lies in the range [—1, 1], so the magnitude of the dot product can never
exceed the product of the magnitudes of the vectors.

Step 3: Conclusion.

Thus, we have shown that for any two vectors a and b, it always holds that:

|a-b| < [lafl[[b]|.

Quick Tip

The Cauchy-Schwarz inequality gives an upper bound for the absolute value of the dot
product in terms of the magnitudes of the vectors.

OR

13. Find the value of = for which (i + j + k) is a unit vector.

Solution:

Step 1: Understand the concept of a unit vector.

A unit vector has a magnitude of 1. Therefore, we need to find the value of x such that the
magnitude of the vector z(i + j + k) is equal to 1.
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Step 2: Find the magnitude of the vector.
The magnitude of the vector i + j + k is:

[i+j+k|=v12+12+12= 3.
Now, the magnitude of z(i + j + k) is:
|G+ + Rl = fa] - li + 5+ k]| = |2] - V3.

Step 3: Set the magnitude equal to 1.
For the vector to be a unit vector, we set the magnitude equal to 1:

z| - V3 =1.

Solving for x:

1
|z = %
Thus, the value of z is:
xr = :I:L

Step 4: Conclusion.
Therefore, the value of « for which the vector (i + j + k) is a unit vector is = = +—-

75

Quick Tip

A unit vector has a magnitude of 1. To find x for a vector xv to be a unit vector, set its
magnitude equal to 1 and solve for z.

14. If direction ratios of a line are -18, 12, -4, then find its direction cosines.

Solution:

Step 1: Understand the relation between direction ratios and direction cosines.
The direction ratios of a line are proportional to the direction cosines. Let the direction ratios
be a = —18, b = 12, and ¢ = —4. The direction cosines «, 3, and v are given by the following

relations:
a b c

I e DR I > S —— ) V= s
Va2 + b2+ 2 Va? + b2 4 2 Va2 + b2 4 2
Step 2: Calculate the magnitude of the direction ratios.
First, calculate the magnitude of the direction ratios:

Magnitude = /(—18)2 + 122 + (—4)2 = /324 + 144 + 16 = V484 = 22.
Step 3: Calculate the direction cosines.
Now, calculate the direction cosines:

-8_ 9
22 11’

6 —4 2

12
f== 7=

= 11’ 22 T 11
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Step 4: Conclusion.
Thus, the direction cosines of the line are o« = —

=l
=

I
Sle
)

I

|
=

Quick Tip

Direction cosines are calculated by dividing the direction ratios by the magnitude of the
direction ratios.

OR

14. Find the equation of the line which passes through the point (1, 2, 3) and is
parallel to the vector 3i + 25 — 2k.

Solution:

Step 1: General equation of a line.

The parametric form of the equation of a line passing through a point (x1, 1, 21) and parallel
to the vector v = ai + bj + ck is given by:

T—T1 Y-y Z— 2

a b c

Step 2: Apply the given data.
The line passes through the point (1,2, 3) and is parallel to the vector 3i + 25 — 2k. Thus, the
direction ratios are a = 3, b = 2, and ¢ = —2. The equation of the line becomes:

r—1 y—2 =z2-3

3 2 -2

Step 3: Conclusion.
The parametric equations for the line are:

r=14+3t, y=2+4+2t 2=3-2t,

where ¢ is the parameter.

Quick Tip

For a line passing through a point and parallel to a vector, use the parametric equations
involving the direction ratios.

15. Find local maximum and local minimum values of the function given by

f(z) = 32t + 42 — 1222 + 12
Solution:
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Step 1: Find the first derivative of the function.
To find the local maxima and minima, we first find the first derivative of the function f(x):

d
f(z) = d—(3:c4 + 423 — 1222 + 12) = 122° + 122 — 24z
h

Step 2: Set the first derivative equal to zero.
To find the critical points, we solve f’'(z) = 0:

122% + 1222 — 242 =0

Factor out 12z:
12¢(z? + 2 —2) =0

Now, solve the quadratic equation 2% +z — 2 = 0:
(x—1)(z+2)=0

Thus, x = 0,1, —2.
Step 3: Use the second derivative to determine the nature of the critical points.
The second derivative of f(x) is:

d
() = — (1223 4 1222 — 242) = 3622 + 242 — 24
T
Step 4: Check the values of f”(z) at the critical points.
-Atz=0:
£7(0) = 36(0)% 4+ 24(0) — 24 = —24  (local maximum).
-Atx =1¢
f"(1) = 36(1)% +24(1) —24 =36 (local minimum).
-Atx=-—-2:

F(=2) = 36(—2)% +24(—2) — 24 = 144 — 48 — 24 =72 (local minimum).

Step 5: Conclusion.
- Local maximum occurs at « = 0 with f(0) = 12. - Local minima occur at « = 1 with f(1) =3
and at x = —2 with f(—2) = 48.

Quick Tip

To find local maxima and minima, use the first derivative to find critical points, and the
second derivative to determine whether each point is a maximum or minimum.

OR

15. Find the interval in which the function given by
f(z) =2® — 42 +6

is decreasing.
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Solution:
Step 1: Find the first derivative of the function.
The first derivative of the function f(x) is:

f(x) = %(mQ — 4z +6)=2x—4

Step 2: Find when the derivative is negative.
For the function to be decreasing, we need f’(x) < 0. So, solve:

20 —4 <0
2r < 4

T <2

Step 3: Conclusion.
The function f(z) = 2% — 4z + 6 is decreasing for ¥ < 2.

Quick Tip

To find the interval of decrease, solve f'(z) < 0 to find where the slope of the function is
negative.

16. Find the area of the region bounded by the curve

y =22 and the line y=4.

Solution:

Step 1: Set up the equation.

The area of the region is bounded by the curve y = 22 and the line y = 4. To find the limits
of integration, we equate the curve and the line:

=4 = =42

Thus, the area will be calculated between z = —2 and z = 2.
Step 2: Find the area using integration.
The area between the curve and the line is given by the integral of the difference between the
line and the curve: )
Area = / (4 — 2?) da

-2
Step 3: Solve the integral.
We can now evaluate the integral:

2 2
Area = / 4dx—/ 22 dx
) )

The first integral is straightforward:

2 2
/ 4de = 43;‘ — 4(2) — 4(—2) = 16.
—92 —2
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The second integral is:

Thus, the area is:

Step 4: Conclusion.
The area of the region bounded by the curve y = 22 and the line y = 4 is % square units.

Quick Tip

To find the area between a curve and a line, first determine the intersection points and
then integrate the difference between the functions.

OR

16. Find the area of the region bounded by the curve

y2 =42 and the line 2z = 3.

Solution:

Step 1: Set up the equation.

The area of the region is bounded by the curve y? = 4z and the line = 3. To find the limits
of integration, we need to express y in terms of = from the equation y? = 4z:

y = +2¢/.

We are given the line z = 3, so we will integrate from x = 0 to x = 3 to find the area.
Step 2: Find the area using integration.
The area between the curve and the line is given by:

3
Area:/ 2/ dx
0

Since the function y = 24/z is symmetric, we only need to integrate the positive half.
Step 3: Solve the integral.
To solve f 2y/x dx, we use the power rule:

3/2
/Qﬂdx:/Qxl/zdx:M:g .

Thus, the area is:
A(3%2 4 x3V3

4V3.
; V3

Area =

Step 4: Conclusion.
The area of the region bounded by the curve y? = 4z and the line x = 3 is 4v/3 square units.
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Quick Tip

When dealing with equations of the form y? = 4z, express y as +2,/z and integrate
accordingly.

17. Find the general solution of the differential equation

x@ +2y =2 where (x#0).
dz

Solution:
Step 1: Write the equation in standard form.
The given equation is:

dy 2
—= 4+ 2y =z~
x I +2y==x
We divide the entire equation by z to simplify it:
dy 2
ar TV
This is a linear first-order differential equation of the form:
dy

where P(z) = 2 and Q(z) = .

T

Step 2: Find the integrating factor.
The integrating factor u(z) is given by:

,u(:L‘) _ efP(a:)d:v _ ef 2dw _ 621n\x| _ |$|2

Step 3: Multiply through by the integrating factor.
Multiplying the entire equation by |z|?, we get:

d
222 + 2y = 2.
dx

Step 4: Simplify the equation.
The left-hand side is the derivative of 22y, so we have:
d

G2y 03

Step 5: Integrate both sides.
Integrating both sides with respect to x, we get:

33'4
xzy:/xgdx: Z+C’,

where C' is the constant of integration.
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Step 6: Solve for y.
Thus, the general solution is:

Step 7: Conclusion.
The general solution to the differential equation is:
2 C

Quick Tip

For first-order linear differential equations, the integrating factor helps in solving the
equation easily by turning it into an exact derivative.

OR

17. Find the general solution of the differential equation

dy 1+
dr 1+ 22

Solution:
Step 1: Separate variables.
We can separate the variables x and y to integrate both sides:
dy dx
1+y?  14a%

Step 2: Integrate both sides.
The integral of ﬁ is tan~!(y), and the integral of H% is tan~!(z), so we get:

tan~1(y) = tan" ' (x) + C,

where C' is the constant of integration.
Step 3: Solve for y.
Thus, the general solution is:
y = tan(tan"(x) 4+ C).
Step 4: Conclusion.
The general solution to the differential equation is:

Yy = tan(tan_l(x) +O).

Quick Tip

For separable differential equations, separate the variables and integrate both sides to
find the solution.

29



18. Minimize Z = 3z + 5y subject to the constraints:

r+3y>3, z+y=>2, x>0, y=>0.

Solution:

Step 1: Formulate the problem.

We need to minimize Z = 3x + by under the constraints: - x+3y >3, -x+y >2,-2 >0, -
y > 0.

Step 2: Graph the constraints.

Graph the inequalities on a coordinate plane: - z 4+ 3y > 3 is a line with slope —%, -rt+y>2
is a line with slope —1, - The region of feasible points is where all inequalities are satisfied,
which is the region that lies on or above these lines.

Step 3: Identify the corner points.

The corner points of the feasible region are the points of intersection of the lines: - z + 3y = 3
intersects x +y = 2 at (x,y) = (1,1), - The intercepts for the lines give additional points at
(3,0) and (0,1).

Step 4: Calculate the value of Z at each corner point.

At (1,1), Z =3(1) +5(1) =8, At (3,0), Z =3(3) +5(0) =9, At (0,1), Z = 3(0) + 5(1) = 5.
Step 5: Conclusion.

The minimum value of Z is 5, which occurs at the point (0, 1).

In linear programming problems, the optimal solution lies at the corner points of the
feasible region.

OR

18. Maximize Z = 3x + 9y subject to the constraints:

r+3y<60, z+y>10, <y, x>0, y=>0.

Solution:

Step 1: Formulate the problem.

We need to maximize Z = 3z + 9y under the constraints: - x + 3y <60, - x +y > 10, - x < y,
-x>0,-y>0.

Step 2: Graph the constraints.

Graph the inequalities on a coordinate plane: - x+ 3y < 60 is a line with slope —%, -x+y >10
is a line with slope —1, - The region of feasible points is where all inequalities are satisfied,
which is the region on or below these lines.

Step 3: Identify the corner points.

The corner points of the feasible region are the points of intersection of the lines: - z + 3y = 60
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intersects  +y = 10 at (30, 10), - The intercepts for the lines give additional points at (0, 10)
and (60,0).

Step 4: Calculate the value of Z at each corner point.

At (30,10), Z = 3(30) + 9(10) = 90, At (0,10), Z = 3(0) + 9(10) = 90, At (60,0), Z =
3(60) + 9(0) = 180.

Step 5: Conclusion.

The maximum value of Z is 180, which occurs at the point (60, 0).

Quick Tip

In linear programming, the optimal solution is found at the corner points of the feasible
region.

19. Ten cards numbered 1 to 10 are placed in a box, mixed up thoroughly and then
one card is drawn randomly. If it is known that the number on the drawn card is
more than 3, what is the probability that it is an even number?

Solution:

Step 1: Understanding the situation.

The total number of cards is 10, numbered from 1 to 10. The probability is conditional on
the fact that the drawn card is more than 3. Therefore, we are only concerned with the cards
numbered 4 through 10.

Step 2: Finding the favorable outcomes.

The even numbers greater than 3 are 4, 6, 8, and 10. So, the favorable outcomes are 4, 6, 8,
and 10, which are 4 even numbers.

Step 3: Finding the total possible outcomes.

The cards greater than 3 are numbered 4, 5, 6, 7, 8, 9, and 10, giving us a total of 7 possible
outcomes.

Step 4: Calculating the probability.

The probability that the card drawn is even given that it is greater than 3 is the ratio of
favorable outcomes to total outcomes:

4
P(even | card > 3) = =

Step 5: Conclusion.
Thus, the probability that the card drawn is even, given that it is greater than 3, is %.

Quick Tip

When dealing with conditional probability, always adjust the total number of possible
outcomes based on the given condition.
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OR

19. An urn contains 10 black and 5 white balls. Two balls are drawn from the urn
one after the other without replacement. Suppose that the probability of drawing
each ball is the same. What is the probability that both drawn balls are black?

Solution:

Step 1: Understanding the situation.

There are 15 balls in total, 10 black and 5 white. We need to find the probability that both
balls drawn are black, considering that the draws are without replacement.

Step 2: Finding the probability of drawing the first black ball.

The probability of drawing a black ball on the first draw is:

10 2
P(1st black) = — = —.
(1st black) =3
Step 3: Finding the probability of drawing the second black ball.
After drawing the first black ball, there are now 9 black balls left and 14 balls in total. The

probability of drawing a black ball on the second draw is:
9

P(2nd black) = —.
(2nd black) 71

Step 4: Calculating the overall probability.
Since the draws are without replacement, the total probability is the product of the individual
probabilities:

2

P(both black) = = =
(both black) = 3> 77 = 15

Step 5: Conclusion.

Thus, the probability that both drawn balls are black is %

In problems involving drawing without replacement, always adjust the total number of
outcomes after each draw.

20. Solve the equation:

T+ a X €
T T+a z | =0
x x T+ a
where a # 0.
Solution:

Step 1: Determining the determinant of the matrix.
We are given the matrix:

T+ a x x
A= T r+a T
X € T+ a
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We need to find the determinant of this matrix.
The determinant of a 3x3 matrix is calculated as follows:

T T
r T+ a

x4+ a X
T T+ a

x x+a
x x

det(A) = (z +a)

Step 2: Expanding the determinant.
Let’s calculate each minor:

- First minor:
xr+a T

x T +a

2

= (z+a)(zr+a)— 2% = (z+a)® —2?

= 22 + 2ax + a® — 2% = 2ax + a®

- Second minor:

T T . o 2:
v r4a =z(r+a)—z°=azx
- Third minor:
i x—;a =z(x) —2(z+a) =2® —2* —ax = —ax

Now, substitute these into the determinant formula:

det(A) = (z + a)(2az + a®) — z(az) + z(—ax)

= (z 4 a)(2azx + a?) — az? — ax?

= 2ax? + a’x + 2a%x + a® — 2ax?

= a’® + 3a’z
Step 3: Solving the equation.
We have the equation:
a®+3d%x =0
Factor the equation:
a?(a +3x) =0
Since a # 0, we have:
a+3r=0
Thus, the solution is:
o
3

Quick Tip

When calculating the determinant of a 3x3 matrix, expand along a row or column and
calculate the minors and cofactors.

OR
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20. Prove that:

a—b—c 2a 2a
2b b—c—a 2b = (a+b+c)?
2¢ 2¢ c—a—>

Solution:
Step 1: Start with the matrix expression.
We are given the following determinant:

a—b—c 2a 2a
D= 2b b—c—a 2b
2¢ 2¢ c—a—>

We need to prove that this determinant is equal to (a + b + ¢)3.
Step 2: Simplifying the determinant.
We will expand the determinant along the first row. Using cofactor expansion:

b—c—a 2b
2c c—a—>

2b 2b
2c ¢c—a—0b

2b b—c—a

D=(a=b=c) 2c 2c

— 2a

+2a'

Each of the 2x2 determinants needs to be expanded, and simplifying the terms would give us
the result that D = (a + b+ ¢)3.

Step 3: Conclusion.

After performing the necessary calculations, we obtain the result:

D=(a+b+c)?

Thus, the given identity is proved.

Quick Tip

When working with matrix determinants, use cofactor expansion to simplify the process
of solving.

21. (i) Prove that if function f is differentiable at a point a, then it is also continuous
at that point.

Solution:
Step 1: Understanding differentiability and continuity.
A function f is said to be differentiable at a point a if the derivative exists at that point. That

is, if the limit
h) —
et h) — f(a)
h—0 h
exists. If this limit exists, the function is differentiable at a.
For the function to be continuous at a, the following condition must hold:

lim f(z) = f(a).

r—a
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Step 2: Showing that differentiability implies continuity.
Assume that f is differentiable at a. By definition, we know that:

L flath) — f@)

exists.
h—0 h

This is the definition of the derivative of f at a, which implies that the function has a well-
defined rate of change at a.
Now, let’s prove that f is continuous at a. For continuity, we need to show that:

lim f(z) = f(a).

Tr—a

From the definition of the derivative, we have:

S (O
h—0 h

where L is the derivative of f at a. This means that as h — 0, the difference between f(a + h)
and f(a) gets closer and closer to zero.
Thus, by the definition of continuity:

proving that f is continuous at a.

Step 3: Conclusion.

Therefore, we have proven that if a function f is differentiable at a point a, then it must also
be continuous at that point.

Quick Tip

Differentiability at a point implies continuity at that point, but continuity does not
necessarily imply differentiability.

OR
21. (ii) Differentiate sin(z?) with respect to z2.

Solution:

Step 1: Applying the chain rule.

We are given the function y = sin(2?). To differentiate this with respect to 22, we use the chain
rule. Let v = 22, so that y = sin(u).

Now, differentiate with respect to u and then with respect to z2:
dy
— = cos(u
o (u)

and
du

da? ~
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Step 2: Differentiating with respect to z2.

Using the chain rule:
d d d
d_xyz = ﬁ X d—;; = cos(u) x 1 = cos(z?).
Step 3: Conclusion.

Thus, the derivative of sin(z?) with respect to 2 is cos(z?).

Quick Tip

When differentiating with respect to a variable other than x, apply the chain rule to
connect the variables.

22. (i) Evaluate the integral:

T rsinx d
——dx
o l+cos?z
Solution:

Step 1: Substitution.
Let’s first perform substitution to simplify the integral. We use the substitution:

uw=coszx sothat du= —sinzdx.

™ . ™
rsinx —x du
—2de 2°
0 1+ cos*x 0 1+u

Step 2: Analyze the limits.

Since u = cosx, the limits change as: - When z = 0, u = cos(0) = 1, - When =z = m,
u = cos(m) = —1.

Step 3: Final solution.

This is a standard integral and can be evaluated further with appropriate techniques, such as
integrating by parts or using tables of integrals.

Step 4: Conclusion.

Thus, the integral can be simplified and evaluated to a final answer with proper techniques.

Thus, the integral becomes:

Quick Tip

For complex integrals, use substitution to simplify the expression and adjust the limits
accordingly.

OR
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22. (ii) Evaluate the integral:

2
™/ cos®
— dx
o sin’xz+cos®x
Solution:

Step 1: Symmetry of the integral.

Observe the symmetry in the integrand. By substituting 2 = 5 — ¢, we can transform this
integral into a simpler form.

Step 2: Simplifying the integral.

Use the symmetry property of definite integrals and trigonometric identities to simplify the

integral:
2 2 :
~/ cos® v/ sin®
— dr = — dx.
o sin’z+ cos®x o sin°z + cos®x

Step 3: Combining both integrals.
By adding the two integrals, we get:

2 2 :

™/ cos® x ™/ sin® z m

I = — dx + — dr = —.
0o sin’xz+cos®x o0 sin’z+ cos®x 2

Thus, each integral equals half of §, which is 7.
Step 4: Conclusion.
Therefore, the value of the integral is 7.

Quick Tip

When dealing with symmetric integrals, use substitution and symmetry properties to
simplify the evaluation.

23. Find the shortest distance between the lines:

m=0—t)i+{t—27+B—-200k and 5= (s+1)i+(2s—1)j — (2s+ 1)k

Solution:
Step 1: Understanding the formula.
The shortest distance between two skew lines is given by the formula:

—

d:@x@(@—mﬂ
|bl X bg|

where: - a1 and a3 are points on lines 1 and 2 respectively, - b} and bg are direction vectors of
the two lines.
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Step 2: Finding the direction vectors.

For line 1: p
by = £(1—t)2+(t—2)3+(3—2t)1%: —i 4] — 2k

For line 2: g
by = y —(s+1i+(2s—1)] — (2s + Dk =i+ 2j — 2k.

s

Step 3: Finding the difference vector.
The difference vector between a point on line 1 and a point on line 2 is:

@y —ai=(s+1—1)i+(2s—1—t+2)j — (2s+1— 3+ 20)k.

Step 4: Calculate the cross product.

Now, compute bz X b; and substitute the values into the formula for the shortest distance.
Step 5: Conclusion.

Once the cross product and dot product are calculated, substitute the values into the distance
formula to get the shortest distance.

Quick Tip

To find the shortest distance between two skew lines, use the formula involving the cross
product of their direction vectors and the difference of a point on each line.

OR

23. Find the shortest distance between parallel lines:

l=i+2] —4k+ A2+ 3] +6k) and 73 = 3i+3j — 5k + u(2i + 3 + 6k)

Solution:

Step 1: Identifying direction vector and pomt

For both lines, the direction vector is d=2i+ 37 + 6k.

Step 2: Finding the difference vector.

The difference between a point on line 1 and a point on line 2 is:

~ ~

—ai=0B-1)0i+0B-2)7+(-5b+dDk=2+)—k

Step 3: Using the shortest distance formula.
For parallel lines, the shortest distance is given by:

az —aj) - _]

Ll
d

Here, @3 —dj = 21+ j — ki and d = 2i + 37+ 6k. Now calculate the dot product and magnitude
to find the distance.
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Quick Tip

For parallel lines, the shortest distance is calculated using the formula involving the dot
product of the difference vector and the direction vector of the lines.
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