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Instructions
• This paper contains 75 Multiple Choice Questions divided into 3 Cate-

gories.

• Section A (Q1–Q50): Each correct answer carries +1 mark. Incorrect
answer: −0.25 marks. Only one correct option.

• Section B (Q51–Q65): Each correct answer carries +2 marks. Incorrect
answer: −0.5 marks. Only one correct option.

• Section C (Q66–Q75): Each correct answer carries +2 marks. No
negative marking. One or more correct options may be correct; full marks
only if all correct options are marked.

• Use of mobile phones, smartwatches, or any electronic gadgets is strictly
prohibited.

Section A - 50 Questions × 1 Mark Each
(Negative Marking: −0.25) [Single Correct]

Q1. If the function 𝑓 (𝑥) = 𝑥
1+|𝑥 | for 𝑥 ∈ R, then the range of 𝑓 is:

(A) (−1, 1)

(B) [−1, 1]

(C) R \ {−1, 1}

(D) (0, 1)

Q2. The value of lim𝑥→0

∫ 𝑥2

0 sin
√
𝑡 𝑑𝑡

𝑥3 is:

(A) 1/3

(B) 2/3

(C) 0
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(D) 1

Q3. The number of real roots of the equation 𝑒𝑥 = 𝑥2 is:

(A) 0

(B) 1

(C) 2

(D) 3

Q4. If ®𝑎, ®𝑏, ®𝑐 are unit vectors such that ®𝑎+ ®𝑏+ ®𝑐 = ®0, then the value of ®𝑎 · ®𝑏+ ®𝑏 · ®𝑐+ ®𝑐 · ®𝑎
is:

(A) 3/2

(B) −3/2

(C) 0

(D) 1

Q5. The area bounded by the curve 𝑦 = ln 𝑥, the 𝑥-axis and the ordinate 𝑥 = 𝑒 is:

(A) 1

(B) 𝑒 − 1

(C) 𝑒

(D) 1 − 1/𝑒

Q6. Let 𝐴 be a 3 × 3 matrix such that det(𝐴) = 5. Then det(adj(adj 𝐴)) is:

(A) 52

(B) 54

(C) 58

(D) 516

Q7. If 𝑧 is a complex number such that |𝑧 − 1| = |𝑧 + 1|, then the locus of 𝑧 is:

(A) The real axis
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(B) The imaginary axis

(C) A circle

(D) An ellipse

Q8. The eccentricity of the hyperbola whose latus rectum is 8 and conjugate axis is
equal to half of the distance between the foci is:

(A) 4/3

(B) 4/
√

3

(C) 2/
√

3

(D)
√

3

Q9. The sum of the series 1 + 1+2
2! + 1+2+3

3! + . . .∞ is:

(A) 𝑒

(B) 𝑒/2

(C) 3𝑒/2

(D) 2𝑒

Q10. The differential equation of all non-vertical lines in a plane is:

(A) 𝑑2𝑦
𝑑𝑥2 = 0

(B) 𝑑2𝑥
𝑑𝑦2 = 0

(C) 𝑑𝑦

𝑑𝑥
= constant

(D) 𝑑2𝑦
𝑑𝑥2 + 𝑑𝑦

𝑑𝑥
= 0

Q11. The number of ways in which 5 boys and 3 girls can be seated in a row such that
no two girls are together is:

(A) 5! × 3!

(B) 6𝑃3 × 5!

(C) 6𝐶3 × 5!

(D) 8! − 3!
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Q12. If tan−1 𝑥 + tan−1 𝑦 + tan−1 𝑧 = 𝜋, then 𝑥 + 𝑦 + 𝑧 is equal to:

(A) 𝑥𝑦𝑧

(B) 1

(C) 0

(D) 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥

Q13. If 𝐴 and 𝐵 are two independent events such that 𝑃(𝐴) = 0.3 and 𝑃(𝐵) = 0.6,
then 𝑃(𝐴 ∩ 𝐵̄) is:

(A) 0.12

(B) 0.18

(C) 0.28

(D) 0.42

Q14. The distance of the point (1, 2, 3) from the plane 𝑥 − 𝑦 + 𝑧 = 5 measured parallel
to the line 𝑥/2 = 𝑦/3 = 𝑧/−6 is:

(A) 1

(B) 1/7

(C) 7

(D) 3

Q15. The function 𝑓 (𝑥) = 𝑥3 − 6𝑥2 + 9𝑥 + 15 is increasing in:

(A) (−∞, 1) ∪ (3,∞)

(B) (1, 3)

(C) (−∞,∞)

(D) (0,∞)

Q16. The value of
∫ 𝜋/2

0

√
sin 𝑥√

sin 𝑥+
√

cos 𝑥
𝑑𝑥 is:

(A) 𝜋/2

(B) 𝜋/4
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(C) 𝜋

(D) 0

Q17. The coefficient of 𝑥7 in the expansion of (1 − 𝑥 − 𝑥2 + 𝑥3)6 is:

(A) 132

(B) −132

(C) 144

(D) −144

Q18. If 𝛼, 𝛽 are the roots of 𝑥2 − 𝑝𝑥 + 𝑞 = 0, then the value of 𝛼3 + 𝛽3 is:

(A) 𝑝3 − 3𝑝𝑞

(B) 𝑝3 + 3𝑝𝑞

(C) 𝑝3 − 𝑞3

(D) 3𝑝𝑞 − 𝑝3

Q19. The equation of the circle passing through (1, 1) and the points of intersection
of 𝑥2 + 𝑦2 + 13𝑥 − 3𝑦 = 0 and 2𝑥2 + 2𝑦2 + 4𝑥 − 7𝑦 − 25 = 0 is:

(A) 4𝑥2 + 4𝑦2 − 30𝑥 − 10𝑦 − 25 = 0

(B) 4𝑥2 + 4𝑦2 + 30𝑥 − 13𝑦 − 25 = 0

(C) 𝑥2 + 𝑦2 − 17𝑥 − 10𝑦 + 25 = 0

(D) 2𝑥2 + 2𝑦2 + 30𝑥 − 13𝑦 − 25 = 0

Q20. If 𝑦 = sec(tan−1 𝑥), then 𝑑𝑦/𝑑𝑥 at 𝑥 = 1 is:

(A) 1/
√

2

(B)
√

2

(C) 1/2

(D) 1

Q21. The value of cos(2 cos−1 0.8) is:
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(A) 0.28

(B) 0.48

(C) 0.64

(D) 0.32

Q22. In a G.P., the first term is 7, the last term is 448 and the sum is 889. The common
ratio is:

(A) 2

(B) 3

(C) 4

(D) 1.5

Q23. The probability that a leap year selected at random contains 53 Sundays is:

(A) 1/7

(B) 2/7

(C) 53/366

(D) 1/366

Q24. If ®𝑎 = 2𝑖 + 𝑗 − 𝑘̂ and ®𝑏 = 𝑖 + 3𝑘̂ , then the magnitude of ®𝑎 × ®𝑏 is:

(A)
√

59

(B)
√

10

(C)
√

35

(D)
√

45

Q25. The general solution of 𝑑𝑦

𝑑𝑥
=

𝑦

𝑥
+ sin( 𝑦

𝑥
) is:

(A) tan( 𝑦

2𝑥 ) = 𝑐𝑥

(B) tan( 𝑦
𝑥
) = 𝑐𝑥

(C) cos( 𝑦
𝑥
) = 𝑐𝑥

(D) sin( 𝑦
𝑥
) = 𝑐𝑥
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Q26. If 𝑥𝑦 = 𝑒𝑥−𝑦, then 𝑑𝑦/𝑑𝑥 is:

(A) ln 𝑥
(1+ln 𝑥)2

(B) 1+ln 𝑥
ln 𝑥

(C) 𝑒𝑥

𝑥𝑦

(D) ln 𝑥
1+ln 𝑥

Q27. The mean of 100 observations is 50. If one of the observations, which was 50, is
replaced by 150, the resulting mean will be:

(A) 50.5

(B) 51

(C) 52

(D) 51.5

Q28. The coordinates of the focus of the parabola 𝑦2 − 4𝑦 − 8𝑥 + 4 = 0 are:

(A) (2, 2)

(B) (0, 2)

(C) (2, 0)

(D) (−2, 2)

Q29. If 𝐴 =

(
1 2
3 4

)
, then 𝐴2 − 5𝐴 is equal to:

(A) 2𝐼

(B) −2𝐼

(C) 𝐼

(D) 0

Q30. The value of
∫
𝑒𝑥 ( 1+sin 𝑥

1+cos 𝑥 )𝑑𝑥 is:

(A) 𝑒𝑥 tan(𝑥/2) + 𝑐

(B) 𝑒𝑥 cot(𝑥/2) + 𝑐
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(C) 𝑒𝑥 sec2(𝑥/2) + 𝑐

(D) 𝑒𝑥 sin 𝑥 + 𝑐

Q31. The maximum value of 𝑓 (𝑥) = ln 𝑥
𝑥

for 𝑥 > 0 is:

(A) 𝑒

(B) 1/𝑒

(C) 1

(D) 2/𝑒

Q32. The number of non-empty subsets of a set containing 10 elements is:

(A) 1024

(B) 1023

(C) 1022

(D) 10

Q33. If sin 𝜃 + cos 𝜃 =
√

2 cos 𝜃, then cos 𝜃 − sin 𝜃 is:

(A)
√

2 sin 𝜃

(B) −
√

2 sin 𝜃

(C)
√

2 cos 𝜃

(D) 2 sin 𝜃

Q34. The shortest distance between the lines 𝑥−1
2 =

𝑦−2
3 = 𝑧−3

4 and 𝑥−2
3 =

𝑦−4
4 = 𝑧−5

5 is:

(A) 1/
√

6

(B) 0

(C) 1/6

(D)
√

6

Q35. The value of
∑𝑛

𝑟=1
𝑟

(𝑟+1)! is:
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(A) 1 − 1
(𝑛+1)!

(B) 1 − 1
𝑛!

(C) 1 + 1
(𝑛+1)!

(D) 𝑛
(𝑛+1)!

Q36. The slope of the tangent to the curve 𝑥 = 𝑎 cos3 𝜃, 𝑦 = 𝑎 sin3 𝜃 at 𝜃 = 𝜋/4 is:

(A) 1

(B) −1

(C) 0

(D) ∞

Q37. The image of the point (1, 6, 3) in the line 𝑥
1 =

𝑦−1
2 = 𝑧−2

3 is:

(A) (1, 0, 7)

(B) (0,−1, 7)

(C) (1, 1, 1)

(D) (2, 7, 6)

Q38. If 𝑥, 𝑦, 𝑧 are in A.P. and tan−1 𝑥, tan−1 𝑦, tan−1 𝑧 are also in A.P., then:

(A) 𝑥 = 𝑦 = 𝑧

(B) 𝑥 = 𝑦 or 𝑦 = 𝑧

(C) 𝑥, 𝑦, 𝑧 are in G.P.

(D) 𝑥 + 𝑧 = 𝑦

Q39.
∫

𝑑𝑥√
1−𝑒2𝑥 is equal to:

(A) ln(𝑒−𝑥 +
√
𝑒−2𝑥 − 1) + 𝑐

(B) − ln(𝑒−𝑥 +
√
𝑒−2𝑥 − 1) + 𝑐

(C) sin−1(𝑒𝑥) + 𝑐

(D) cos−1(𝑒𝑥) + 𝑐
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Q40. The area of the triangle formed by the normal to the curve 𝑥𝑦 = 𝑐2 at the point
(𝑐, 𝑐) and the coordinate axes is:

(A) 𝑐2

(B) 2𝑐2

(C) 4𝑐2

(D) 0

Q41. If𝜔 is a complex cube root of unity, then the value of (1−𝜔+𝜔2)5+(1+𝜔−𝜔2)5

is:

(A) 32

(B) −32

(C) 64

(D) 0

Q42. The value of lim𝑥→∞( 𝑥+6
𝑥+1)

𝑥+4 is:

(A) 𝑒5

(B) 𝑒6

(C) 𝑒

(D) 𝑒4

Q43. The contrapositive of the statement "If 7 is greater than 5, then 8 is greater than
6" is:

(A) If 8 is not greater than 6, then 7 is not greater than 5.

(B) If 8 is greater than 6, then 7 is greater than 5.

(C) If 7 is not greater than 5, then 8 is not greater than 6.

(D) If 7 is greater than 5, then 8 is not greater than 6.

Q44. The system of equations 𝑥 + 𝑦 + 𝑧 = 2, 2𝑥 + 𝑦 − 𝑧 = 3, 3𝑥 + 2𝑦 + 𝑘𝑧 = 4 has a
unique solution if:
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(A) 𝑘 ≠ 0

(B) 𝑘 ≠ −1

(C) 𝑘 = 0

(D) 𝑘 = 1

Q45. The value of
∫ 1
−1 |𝑥 |𝑑𝑥 is:

(A) 0

(B) 1

(C) 2

(D) 1/2

Q46. The angle between the vectors ®𝑎 = 𝑖 − 𝑗 + 𝑘̂ and ®𝑏 = 𝑖 + 𝑗 − 𝑘̂ is:

(A) cos−1(−1/3)

(B) cos−1(1/3)

(C) 𝜋/3

(D) 𝜋/2

Q47. If 𝑓 (𝑥) =


sin 𝑥
𝑥

+ cos 𝑥, 𝑥 ≠ 0

2, 𝑥 = 0
, then 𝑓 (𝑥) at 𝑥 = 0 is:

(A) Continuous

(B) Discontinuous

(C) Not defined

(D) Differentiable

Q48. The solution of the differential equation 𝑑𝑦

𝑑𝑥
= 𝑒𝑥−𝑦 + 𝑥2𝑒−𝑦 is:

(A) 𝑒𝑦 = 𝑒𝑥 + 𝑥3

3 + 𝑐

(B) 𝑒𝑦 = 𝑒𝑥 + 𝑥3 + 𝑐

(C) 𝑒−𝑦 = 𝑒𝑥 + 𝑥3

3 + 𝑐

(D) 𝑦 = 𝑒𝑥 + 𝑥3

3 + 𝑐
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Q49. The value of sin(2 tan−1 1
3) + cos(tan−1 2

√
2) is:

(A) 14/15

(B) 3/4

(C) 13/15

(D) 1

Q50. The length of the perpendicular from the origin to the plane 2𝑥−3𝑦+6𝑧+14 = 0
is:

(A) 2

(B) 14

(C) 7

(D) 1

Section B - 15 Questions × 2 Mark Each
(Negative Marking: −0.5) [Single Correct]

Q51. If 𝑧1, 𝑧2, 𝑧3 are vertices of an equilateral triangle circumscribed by the circle
|𝑧 | = 1, and 𝑧1 = 1, then 𝑧2𝑧3 is:

(A) 1

(B) 𝜔

(C) 𝜔2

(D) −1

Q52. If
∫ cos 𝑥−sin 𝑥

1+sin 2𝑥 𝑑𝑥 = 1
𝑓 (𝑥) + 𝑐, then 𝑓 (𝑥) is:

(A) sin 𝑥 + cos 𝑥

(B) sin 𝑥 − cos 𝑥

(C) cos 𝑥 − sin 𝑥

(D) tan 𝑥

Q53. The equation 𝑥2 + 𝑦2 − 2𝑥 − 4𝑦 + 5 = 0 represents:
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(A) A point

(B) A circle of radius 1

(C) A pair of straight lines

(D) An imaginary circle

Q54. If 𝑦 = (sin 𝑥)sin 𝑥...∞, then 𝑑𝑦/𝑑𝑥 is:

(A) 𝑦2 cot 𝑥
1−𝑦 ln(sin 𝑥)

(B) 𝑦 cot 𝑥
1−𝑦 ln(sin 𝑥)

(C) 𝑦2 tan 𝑥
1−𝑦 ln(sin 𝑥)

(D) 𝑦 tan 𝑥
1−𝑦 ln(sin 𝑥)

Q55. The minimum value of 2sin 𝑥 + 2cos 𝑥 is:

(A) 21−1/
√

2

(B) 21+1/
√

2

(C) 2
√

2

(D) 2−
√

2

Q56. The number of points on the line 𝑥 + 𝑦 = 4 that are at a unit distance from the
line 4𝑥 + 3𝑦 = 10 is:

(A) 1

(B) 2

(C) 0

(D) Infinite

Q57. If Δ =

�������
𝑎 − 𝑏 − 𝑐 2𝑎 2𝑎

2𝑏 𝑏 − 𝑐 − 𝑎 2𝑏
2𝑐 2𝑐 𝑐 − 𝑎 − 𝑏

�������, then Δ is:

(A) (𝑎 + 𝑏 + 𝑐)3

(B) 𝑎 + 𝑏 + 𝑐
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(C) 0

(D) (𝑎 + 𝑏 + 𝑐)2

Q58. The value of
∫ 𝜋

0
𝑥 sin 𝑥

1+cos2 𝑥
𝑑𝑥 is:

(A) 𝜋2/4

(B) 𝜋2/2

(C) 𝜋/4

(D) 𝜋/2

Q59. A bag contains 4 red and 6 black balls. A ball is drawn at random, its color is
noted and is returned to the bag. Moreover, 2 additional balls of the color drawn
are put in the bag and then a ball is drawn at random. The probability that the
second ball is red is:

(A) 0.4

(B) 0.5

(C) 0.6

(D) 0.44

Q60. The set of values of 𝑘 for which the equation 𝑥2 − 𝑘𝑥 + 1 = 0 has strictly
imaginary roots is:

(A) (−2, 2)

(B) (−∞,−2) ∪ (2,∞)

(C) ∅

(D) R

Q61. The eccentricity of the ellipse 9𝑥2 + 25𝑦2 = 225 is:

(A) 4/5

(B) 3/5

(C) 3/4
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(D) 2/5

Q62. If 𝑓 (𝑥 + 𝑦) = 𝑓 (𝑥) 𝑓 (𝑦) for all 𝑥, 𝑦 and 𝑓 (1) = 2, then
∑𝑛

𝑟=1 𝑓 (𝑟) is:

(A) 2(2𝑛 − 1)

(B) 2𝑛 − 1

(C) 2𝑛+1 − 1

(D) 2𝑛+1

Q63. The angle between the planes 2𝑥 − 𝑦 + 𝑧 = 6 and 𝑥 + 𝑦 + 2𝑧 = 7 is:

(A) 𝜋/3

(B) 𝜋/4

(C) 𝜋/6

(D) 𝜋/2

Q64. The value of (1 + 𝑖)10 + (1 − 𝑖)10 is:

(A) 0

(B) 64𝑖

(C) 32

(D) −32

Q65. The domain of 𝑓 (𝑥) =
√︁

cos(sin 𝑥) is:

(A) R

(B) [−𝜋/2, 𝜋/2]

(C) [0, 𝜋]

(D) (−∞, 0)
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Section C - 10 Questions × 2 Marks Each
(No Negative Marking) [One or More Correct]

Q66. The function 𝑓 (𝑥) = 𝑥3 − 6𝑥2 + 9𝑥 + 15 is:

(A) Increasing in (−∞, 1)

(B) Decreasing in (1, 3)

(C) Increasing in (3,∞)

(D) Decreasing in (−∞, 1)

Q67. If |𝑧 − 2/𝑧 | = 1, then:

(A) Maximum value of |𝑧 | is 2

(B) Minimum value of |𝑧 | is 1

(C) Maximum value of |𝑧 | is
√

1+8+1
2

(D) Minimum value of |𝑧 | is
√

9−1
2

Q68. Let 𝐿1 : 𝑥−1
2 =

𝑦−2
3 = 𝑧−3

4 and 𝐿2 : 𝑥−4
5 =

𝑦−1
2 = 𝑧. These lines are:

(A) Coplanar

(B) Skew

(C) Intersecting

(D) Parallel

Q69. For the ellipse 𝑥2/16 + 𝑦2/7 = 1:

(A) Eccentricity is 3/4

(B) Foci are (±3, 0)

(C) Length of latus rectum is 7/2

(D) Center is (0, 0)

Q70. If 𝑓 (𝑥) is a polynomial such that 𝑓 (2) = 4, 𝑓 ′(2) = 1, then lim𝑥→2
𝑥 𝑓 (2)−2 𝑓 (𝑥)

𝑥−2
is:
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(A) 2

(B) 4 − 2 𝑓 ′(2)

(C) 𝑓 (2) − 2 𝑓 ′(2)

(D) 4 − 2 = 2

Q71. If 𝐴 and 𝐵 are symmetric matrices of the same order, then:

(A) 𝐴𝐵 + 𝐵𝐴 is symmetric

(B) 𝐴𝐵 − 𝐵𝐴 is skew-symmetric

(C) 𝐴𝐵 is symmetric if 𝐴𝐵 = 𝐵𝐴

(D) 𝐴 + 𝐵 is symmetric

Q72. The vectors ®𝑎 = 𝑖 + 𝑗 , ®𝑏 = 𝑗 + 𝑘̂ , ®𝑐 = 𝑘̂ + 𝑖 are:

(A) Linearly independent

(B) Coplanar

(C) Non-coplanar

(D) Unit vectors

Q73. If 𝐼𝑛 =
∫

tan𝑛 𝑥𝑑𝑥, then:

(A) 𝐼𝑛 + 𝐼𝑛−2 = tan𝑛−1 𝑥
𝑛−1

(B) 𝐼4 + 𝐼2 = tan3 𝑥
3

(C) 𝐼𝑛 is a recursive relation

(D) 𝐼2 = tan 𝑥 − 𝑥 + 𝐶

Q74. In a triangle 𝐴𝐵𝐶, which of the following is/are true?

(A) 𝑎 = 𝑏 cos𝐶 + 𝑐 cos 𝐵

(B) sin 𝐴/𝑎 = sin 𝐵/𝑏 = sin𝐶/𝑐

(C) 𝑎2 = 𝑏2 + 𝑐2 − 2𝑏𝑐 cos 𝐴

(D) tan
(
𝐵−𝐶

2

)
= 𝑏−𝑐

𝑏+𝑐 cot(𝐴/2)
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Q75. The equation 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2 𝑓 𝑦 + 𝑐 = 0 represents:

(A) A real circle if 𝑔2 + 𝑓 2 − 𝑐 > 0

(B) A point circle if 𝑔2 + 𝑓 2 − 𝑐 = 0

(C) An imaginary circle if 𝑔2 + 𝑓 2 − 𝑐 < 0

(D) A circle passing through origin if 𝑐 = 0
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Detailed Solutions

Q1.

Solution
Concept:
The range of a function 𝑓 (𝑥) represents the set of all possible output values. To find the range of
a rational function involving absolute values, we must analyze the behavior of the function by
considering the definition of |𝑥 |, which behaves differently for non-negative and negative values of 𝑥.

Solution:
Step 1: Recall the definition of the absolute value function: |𝑥 | = 𝑥 if 𝑥 ≥ 0 and |𝑥 | = −𝑥 if 𝑥 < 0.

Step 2: Case 1: Let 𝑥 ≥ 0.
The function becomes 𝑓 (𝑥) = 𝑥

1+𝑥 .
Since 𝑥 ≥ 0, the denominator 1 + 𝑥 is always greater than or equal to 1.
As 𝑥 → 0, 𝑓 (𝑥) → 0. As 𝑥 → ∞, we can rewrite the expression by dividing the numerator and
denominator by 𝑥: 𝑓 (𝑥) = 1

1
𝑥
+1

. As 𝑥 → ∞, 𝑓 (𝑥) → 1.
Thus, for 𝑥 ≥ 0, the values of 𝑓 (𝑥) lie in the interval [0, 1).

Step 3: Case 2: Let 𝑥 < 0.
The function becomes 𝑓 (𝑥) = 𝑥

1−𝑥 .
Let 𝑥 = −𝑘 where 𝑘 > 0. Then 𝑓 (𝑥) = −𝑘

1+𝑘 = −
(

𝑘
1+𝑘

)
.

From the logic in Case 1, we know 𝑘
1+𝑘 lies in the interval (0, 1) for 𝑘 > 0.

Therefore, −
(

𝑘
1+𝑘

)
lies in the interval (−1, 0).

Step 4: Combine the results from both cases.
The output for negative 𝑥 is (−1, 0) and the output for non-negative 𝑥 is [0, 1).
Combining these sets, we get the total range as (−1, 0) ∪ [0, 1) = (−1, 1).

Step 5: Verify the bounds.
The function never reaches 1 because 𝑥 can never equal 1 + 𝑥, and it never reaches −1 because 𝑥

can never equal −(1 − 𝑥). Thus, the interval is open at both ends.

Final Answer: (−1, 1)

Answer: (A)
Go Back to Question 1
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Q2.

Solution
Concept:
To evaluate a limit involving an integral with a variable upper limit, we use the Leibniz Rule for
differentiation under the integral sign in conjunction with L’Hôpital’s Rule. The Leibniz Rule
states that 𝑑

𝑑𝑥

∫ 𝑏 (𝑥 )
𝑎 (𝑥 ) 𝑓 (𝑡)𝑑𝑡 = 𝑓 (𝑏(𝑥)) · 𝑏′(𝑥) − 𝑓 (𝑎(𝑥)) · 𝑎′(𝑥).

Solution:

Step 1: Check the form of the limit lim𝑥→0

∫ 𝑥2
0 sin

√
𝑡 𝑑𝑡

𝑥3 .
As 𝑥 → 0, the upper limit of the integral 𝑥2 → 0, making the numerator 0. The denominator 𝑥3

also goes to 0. This is an indeterminate form of 0
0 .

Step 2: Apply L’Hôpital’s Rule by differentiating the numerator and the denominator with respect
to 𝑥.
Denominator derivative: 𝑑

𝑑𝑥
(𝑥3) = 3𝑥2.

Step 3: Apply Leibniz Rule to the numerator:
𝑑
𝑑𝑥

∫ 𝑥2

0 sin
√
𝑡 𝑑𝑡 = sin

√
𝑥2 · 𝑑

𝑑𝑥
(𝑥2) − sin

√
0 · 0.

Since 𝑥 → 0, we treat
√
𝑥2 as |𝑥 |. For the limit, we can use 𝑥.

Result: sin(𝑥) · 2𝑥.

Step 4: Rewrite the limit:
lim𝑥→0

2𝑥 sin 𝑥

3𝑥2 = lim𝑥→0
2 sin 𝑥

3𝑥 .

Step 5: Use the standard limit property lim𝑥→0
sin 𝑥
𝑥

= 1:
2
3 lim𝑥→0

sin 𝑥
𝑥

= 2
3 · 1 = 2

3 .

Final Answer: 2/3

Answer: (B)
Go Back to Question 2
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Q3.

Solution
Concept:
The number of real roots of an equation 𝑔(𝑥) = ℎ(𝑥) corresponds to the number of intersection
points of the graphs 𝑦 = 𝑔(𝑥) and 𝑦 = ℎ(𝑥). For transcendental equations like 𝑒𝑥 = 𝑥2, graphical
analysis combined with the study of derivatives is the most effective approach.

Solution:
Step 1: Let 𝑓 (𝑥) = 𝑒𝑥 − 𝑥2. We want to find values of 𝑥 where 𝑓 (𝑥) = 0.
Analyze the function for different intervals of 𝑥.

Step 2: Consider 𝑥 < 0.
As 𝑥 → −∞, 𝑒𝑥 → 0 and 𝑥2 → ∞, so 𝑓 (𝑥) → −∞.
At 𝑥 = −1, 𝑓 (−1) = 𝑒−1 − (−1)2 = 1/𝑒 − 1 < 0 (since 𝑒 ≈ 2.718).
Wait, let’s check values closer to zero. At 𝑥 = −0.5, 𝑒−0.5 ≈ 0.6 and (−0.5)2 = 0.25. Here
𝑒𝑥 > 𝑥2.
Since the function changes sign between −∞ and −0.5, there is at least one root.
Actually, for all 𝑥 < 0, 𝑒𝑥 is positive and decreasing while 𝑥2 is positive and increasing as 𝑥

becomes more negative. They intersect exactly once in the negative region (roughly at 𝑥 ≈ −0.7).

Step 3: Consider 𝑥 ≥ 0.
At 𝑥 = 0, 𝑒0 = 1 and 02 = 0. Thus 𝑒𝑥 > 𝑥2.
At 𝑥 = 1, 𝑒1 ≈ 2.718 and 12 = 1. Still 𝑒𝑥 > 𝑥2.
At 𝑥 = 2, 𝑒2 ≈ 7.389 and 22 = 4. Still 𝑒𝑥 > 𝑥2.

Step 4: Check if 𝑥2 ever catches up to 𝑒𝑥 for 𝑥 > 0.
By comparing growth rates, we know the exponential function 𝑒𝑥 grows much faster than any
polynomial 𝑥𝑛 for large 𝑥. Specifically, the derivative of 𝑒𝑥 is 𝑒𝑥 and the derivative of 𝑥2 is 2𝑥.
For 𝑥 > 0, 𝑒𝑥 > 2𝑥 is always true (the minimum of 𝑒𝑥 − 2𝑥 is 2 − 2 ln 2 > 0).
Since the starting value is higher (1 > 0) and the rate of increase is always higher for 𝑥 > 0, 𝑒𝑥

will always be greater than 𝑥2 for all 𝑥 ≥ 0.

Step 5: Conclusion.
There is exactly one root in the interval (−∞, 0) and no roots in the interval [0,∞).

Final Answer: 1

Answer: (B)
Go Back to Question 3
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Q4.

Solution
Concept:
For vectors, the relationship between the sum of vectors and their dot products can be found by
squaring the sum. Since the vectors ®𝑎, ®𝑏, ®𝑐 are unit vectors, their magnitudes are | ®𝑎 | = | ®𝑏 | = | ®𝑐 | = 1.
The property |®𝑣 |2 = ®𝑣 · ®𝑣 is central here.

Solution:
Step 1: Start with the given equation: ®𝑎 + ®𝑏 + ®𝑐 = ®0.

Step 2: Take the dot product of the equation with itself (or square both sides):
( ®𝑎 + ®𝑏 + ®𝑐) · ( ®𝑎 + ®𝑏 + ®𝑐) = ®0 · ®0.

Step 3: Expand the left side using the distributive property of dot products:
®𝑎 · ®𝑎 + ®𝑏 · ®𝑏 + ®𝑐 · ®𝑐 + 2( ®𝑎 · ®𝑏 + ®𝑏 · ®𝑐 + ®𝑐 · ®𝑎) = 0.

Step 4: Substitute the known magnitudes of the unit vectors: Since | ®𝑎 | = 1, then ®𝑎 · ®𝑎 = 12 = 1.
Similarly, ®𝑏 · ®𝑏 = 1 and ®𝑐 · ®𝑐 = 1.
1 + 1 + 1 + 2( ®𝑎 · ®𝑏 + ®𝑏 · ®𝑐 + ®𝑐 · ®𝑎) = 0.

Step 5: Simplify the arithmetic: 3 + 2( ®𝑎 · ®𝑏 + ®𝑏 · ®𝑐 + ®𝑐 · ®𝑎) = 0.
2( ®𝑎 · ®𝑏 + ®𝑏 · ®𝑐 + ®𝑐 · ®𝑎) = −3.
®𝑎 · ®𝑏 + ®𝑏 · ®𝑐 + ®𝑐 · ®𝑎 = −3/2.

Step 6: This value −1.5 is consistent with the fact that for three unit vectors to sum to zero, they
must form an equilateral triangle in a plane, with angles of 120◦ between each pair. The dot product
of any two would be 1·1·cos(120◦) = −1/2. Summing three such products gives 3· (−1/2) = −3/2.

Final Answer: −3/2

Answer: (B)
Go Back to Question 4
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Q5.

Solution
Concept:
The area bounded by a curve 𝑦 = 𝑓 (𝑥), the 𝑥-axis, and the vertical lines 𝑥 = 𝑎 and 𝑥 = 𝑏 is given
by the definite integral

∫ 𝑏

𝑎
| 𝑓 (𝑥) |𝑑𝑥. For 𝑦 = ln 𝑥, we must identify the intersection with the 𝑥-axis

to determine the lower limit of integration if not explicitly provided.

Solution:
Step 1: Find the intersection of 𝑦 = ln 𝑥 with the 𝑥-axis.
Setting 𝑦 = 0, we get 0 = ln 𝑥, which implies 𝑥 = 𝑒0 = 1.

Step 2: Identify the boundaries for the area.
The area is bounded by 𝑥 = 1 (where it hits the axis) and the given ordinate 𝑥 = 𝑒.

Step 3: Set up the definite integral: Area =
∫ 𝑒

1 ln 𝑥 𝑑𝑥.

Step 4: Integrate using the Integration by Parts method (
∫
𝑢𝑑𝑣 = 𝑢𝑣 −

∫
𝑣𝑑𝑢).

Let 𝑢 = ln 𝑥 =⇒ 𝑑𝑢 = 1
𝑥
𝑑𝑥.

Let 𝑑𝑣 = 𝑑𝑥 =⇒ 𝑣 = 𝑥.∫
ln 𝑥 𝑑𝑥 = 𝑥 ln 𝑥 −

∫
𝑥 · 1

𝑥
𝑑𝑥 = 𝑥 ln 𝑥 −

∫
1𝑑𝑥 = 𝑥 ln 𝑥 − 𝑥.

Step 5: Apply the limits from 1 to 𝑒: Area = [𝑥 ln 𝑥 − 𝑥]𝑒1 .
Upper limit (𝑒): (𝑒 ln 𝑒 − 𝑒) = (𝑒 · 1 − 𝑒) = 0.
Lower limit (1): (1 ln 1 − 1) = (0 − 1) = −1.

Step 6: Calculate the final difference: Area = 0 − (−1) = 1.
The geometric interpretation is that the rectangle of base (𝑒 − 1) and height 1 is significantly
reduced by the logarithmic curve, resulting in a clean unit area.

Final Answer: 1

Answer: (A)
Go Back to Question 5
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Q6.

Solution
Concept:
The properties of the adjoint of a matrix are essential for solving determinant-based problems. For
a square matrix 𝐴 of order 𝑛, the following properties hold:
1. det(adj 𝐴) = (det 𝐴)𝑛−1

2. adj(adj 𝐴) = (det 𝐴)𝑛−2𝐴

3. det(adj(adj 𝐴)) = (det 𝐴) (𝑛−1)2

Solution:
Step 1: Identify the given parameters.
The order of the matrix 𝑛 is 3.
The determinant of matrix 𝐴 is det(𝐴) = 5.

Step 2: Use the formula for the determinant of the double adjoint: det(adj(adj 𝐴)) = (det 𝐴) (𝑛−1)2 .

Step 3: Substitute the values of 𝑛 and det(𝐴) into the formula: det(adj(adj 𝐴)) = 5(3−1)2

det(adj(adj 𝐴)) = 522

Step 4: Perform the final exponentiation: 522
= 54.

Step 5: Verify the logic. The first adjoint operation raises the determinant power to 𝑛 − 1 = 2.
Applying it again raises that result to the power of 𝑛−1 again, which is equivalent to (𝑛−1)× (𝑛−1).
Thus, 52 becomes (52)2 = 54.

Final Answer: 54

Answer: (B)
Go Back to Question 6
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Q7.

Solution
Concept:
In the complex plane, the expression |𝑧 − 𝑎 | represents the distance between the complex number 𝑧
and a fixed point 𝑎. An equation of the form |𝑧 − 𝑎 | = |𝑧 − 𝑏 | represents the set of points 𝑧 that are
equidistant from two fixed points 𝑎 and 𝑏. Geometrically, this describes the perpendicular bisector
of the line segment joining 𝑎 and 𝑏.

Solution:
Step 1: Write the given equation: |𝑧 − 1| = |𝑧 + 1|.

Step 2: Identify the fixed points.
The equation can be rewritten as |𝑧 − (1 + 0𝑖) | = |𝑧 − (−1 + 0𝑖) |.
The two fixed points are 𝐴(1, 0) and 𝐵(−1, 0) on the Argand plane.

Step 3: Algebraic method (substituting 𝑧 = 𝑥 + 𝑖𝑦): |𝑥 + 𝑖𝑦 − 1| = |𝑥 + 𝑖𝑦 + 1|
| (𝑥 − 1) + 𝑖𝑦 | = | (𝑥 + 1) + 𝑖𝑦 |

Step 4: Square both sides to remove the square roots from the magnitude formula:
(𝑥 − 1)2 + 𝑦2 = (𝑥 + 1)2 + 𝑦2

𝑥2 − 2𝑥 + 1 + 𝑦2 = 𝑥2 + 2𝑥 + 1 + 𝑦2

Step 5: Simplify the equation: −2𝑥 = 2𝑥
4𝑥 = 0
𝑥 = 0

Step 6: Interpret the result. The equation 𝑥 = 0 represents the 𝑦-axis, which in the complex plane
is called the Imaginary Axis. Geometrically, the 𝑦-axis is indeed the perpendicular bisector of the
segment connecting (1, 0) and (−1, 0).

Final Answer: The imaginary axis

Answer: (B)
Go Back to Question 7
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Q8.

Solution
Concept:
For a hyperbola 𝑥2

𝑎2 − 𝑦2

𝑏2 = 1:
1. Length of Latus Rectum = 2𝑏2

𝑎

2. Conjugate axis length = 2𝑏
3. Distance between foci = 2𝑎𝑒
4. Eccentricity relationship: 𝑏2 = 𝑎2(𝑒2 − 1)

Solution:
Step 1: Use the given information to form equations.
Latus Rectum: 2𝑏2

𝑎
= 8 =⇒ 𝑏2 = 4𝑎.

Conjugate axis is half the distance between foci: 2𝑏 = 1
2 (2𝑎𝑒) =⇒ 2𝑏 = 𝑎𝑒 =⇒ 4𝑏2 = 𝑎2𝑒2.

Step 2: Substitute 𝑏2 = 4𝑎 into the second equation: 4(4𝑎) = 𝑎2𝑒2 =⇒ 16𝑎 = 𝑎2𝑒2 =⇒ 16 =

𝑎𝑒2.
Thus, 𝑎 = 16

𝑒2 .

Step 3: Use the fundamental eccentricity identity 𝑏2 = 𝑎2(𝑒2 − 1).
Substitute 𝑏2 = 4𝑎: 4𝑎 = 𝑎2(𝑒2 − 1) =⇒ 4 = 𝑎(𝑒2 − 1).

Step 4: Substitute 𝑎 = 16
𝑒2 into the simplified identity: 4 =

(
16
𝑒2

)
(𝑒2 − 1)

4𝑒2 = 16𝑒2 − 16

Step 5: Solve for 𝑒2: 12𝑒2 = 16
𝑒2 = 16

12 = 4
3

Step 6: Find 𝑒: 𝑒 =

√︃
4
3 = 2√

3
.

Final Answer: 2/
√

3

Answer: (C)
Go Back to Question 8
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Q9.

Solution
Concept:
The sum of an infinite series involving factorials often relates to the expansion of the exponential
constant 𝑒𝑥 =

∑∞
𝑛=0

𝑥𝑛

𝑛! . To solve this, we find the general term 𝑇𝑛 of the series and manipulate it
into a form where we can apply the known series

∑ 1
𝑛! = 𝑒.

Solution:
Step 1: Write the general term 𝑇𝑛 of the series: 𝑇𝑛 = 1+2+3+···+𝑛

𝑛! .

Step 2: Simplify the numerator using the sum of first 𝑛 natural numbers formula:
1 + 2 + · · · + 𝑛 =

𝑛(𝑛+1)
2 .

So, 𝑇𝑛 =
𝑛(𝑛+1)

2·𝑛! .

Step 3: Expand the factorial in the denominator to cancel terms: 𝑇𝑛 =
𝑛(𝑛+1)

2·𝑛(𝑛−1)! =
𝑛+1

2(𝑛−1)! .

Step 4: Split the numerator to align with the denominator factorial: 𝑇𝑛 =
(𝑛−1)+2
2(𝑛−1)! = 𝑛−1

2(𝑛−1)!+
2

2(𝑛−1)!
𝑇𝑛 = 1

2(𝑛−2)! +
1

(𝑛−1)! .

Step 5: Sum the series 𝑆 =
∑∞

𝑛=1 𝑇𝑛: 𝑆 =
∑∞

𝑛=2
1

2(𝑛−2)! +
∑∞

𝑛=1
1

(𝑛−1)! .
Note: The first term of the first sum starts at 𝑛 = 2 because (𝑛 − 2)! is defined for 𝑛 ≥ 2. For
𝑛 = 1, we refer back to the original terms (𝑇1 = 1/1! = 1).

Step 6: Evaluate the sums:
∑∞

𝑘=0
1
𝑘! = 𝑒.

𝑆 = 1
2 (𝑒) + (𝑒) = 3𝑒

2 .

Final Answer: 3𝑒/2

Answer: (C)
Go Back to Question 9
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Q10.

Solution
Concept:
A differential equation of a family of curves is obtained by differentiating the general equation of
the family and eliminating the arbitrary constants. The number of arbitrary constants determines
the order of the resulting differential equation.

Solution:
Step 1: Write the general equation for the family of non-vertical lines.
A non-vertical line can always be expressed in slope-intercept form: 𝑦 = 𝑚𝑥 + 𝑐, where 𝑚 and 𝑐

are arbitrary constants.

Step 2: Differentiate the equation with respect to 𝑥: 𝑑𝑦

𝑑𝑥
= 𝑚.

Step 3: Differentiate again with respect to 𝑥 to eliminate the constant 𝑚: 𝑑2𝑦
𝑑𝑥2 = 0.

Step 4: Analyze the result. The equation 𝑑2𝑦
𝑑𝑥2 = 0 is free of the arbitrary constants 𝑚 and 𝑐. It

represents all lines whose rate of change of slope is zero, which means the slope is constant.

Step 5: Check why "non-vertical" is specified. A vertical line has an equation 𝑥 = 𝑘 , which has an
undefined slope (𝑑𝑦/𝑑𝑥 → ∞). Such lines are excluded from the 𝑦 = 𝑓 (𝑥) standard differential
form. For all other lines, the second derivative is zero.

Final Answer:
𝑑2𝑦

𝑑𝑥2 = 0

Answer: (A)
Go Back to Question 10
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Q11.

Solution
Concept:
This problem is a classic application of the "Gap Method" in Permutations and Combinations.
When certain items (the girls) are not allowed to be together, we first arrange the items that have
no such restriction (the boys) and then place the restricted items into the gaps created between them.

Solution:
Step 1: Arrange the 5 boys in a row.
The number of ways to arrange 5 distinct boys is 5!.

Step 2: Identify the available gaps for the girls.
In a row of 5 boys (indicated by B), the possible gaps (indicated by G) are:
G B G B G B G B G B G
There is one gap before the first boy, one gap after the last boy, and 4 gaps between the boys.
Total number of gaps = 5 + 1 = 6.

Step 3: Choose 3 gaps out of the 6 available gaps for the 3 girls and arrange them.
The number of ways to select 3 gaps and arrange 3 distinct girls in them is 6𝑃3.

Step 4: Calculate the total number of arrangements.
By the fundamental principle of counting, we multiply the arrangements of boys by the
arrangements of girls in the gaps:
Total ways = 5! × 6𝑃3.

Step 5: Verify the logic. By placing girls in separate gaps, we strictly ensure that no two girls can
ever be adjacent, fulfilling the "no two girls together" condition.

Final Answer: 6𝑃3 × 5!

Answer: (B)
Go Back to Question 11
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Q12.

Solution
Concept:
The sum of inverse tangent functions follows the identity:
tan−1 𝑥 + tan−1 𝑦 + tan−1 𝑧 = tan−1

(
𝑥+𝑦+𝑧−𝑥𝑦𝑧

1−(𝑥𝑦+𝑦𝑧+𝑧𝑥 )

)
.

If the sum is equal to 𝜋, we use the property of the tangent function where tan(𝜋) = 0.

Solution:
Step 1: Apply the sum formula for three inverse tangents:
tan−1

(
𝑥+𝑦+𝑧−𝑥𝑦𝑧

1−(𝑥𝑦+𝑦𝑧+𝑧𝑥 )

)
= 𝜋.

Step 2: Take the tangent of both sides of the equation:
tan

[
tan−1

(
𝑥+𝑦+𝑧−𝑥𝑦𝑧

1−(𝑥𝑦+𝑦𝑧+𝑧𝑥 )

)]
= tan(𝜋).

Step 3: Simplify using the fact that tan(𝜋) = 0:
𝑥+𝑦+𝑧−𝑥𝑦𝑧

1−(𝑥𝑦+𝑦𝑧+𝑧𝑥 ) = 0.

Step 4: For a fraction to be zero, its numerator must be zero (provided the denominator is defined
and non-zero):
𝑥 + 𝑦 + 𝑧 − 𝑥𝑦𝑧 = 0.

Step 5: Rearrange the terms to find the required expression:
𝑥 + 𝑦 + 𝑧 = 𝑥𝑦𝑧.

Step 6: This is a well-known identity for the angles of a triangle where 𝛼 + 𝛽 + 𝛾 = 𝜋, leading to
tan𝛼 + tan 𝛽 + tan 𝛾 = tan𝛼 tan 𝛽 tan 𝛾.

Final Answer: 𝑥𝑦𝑧

Answer: (A)
Go Back to Question 12
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Q13.

Solution
Concept:
Two events 𝐴 and 𝐵 are independent if the occurrence of one does not affect the probability of
the other. Mathematically, this means 𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴)𝑃(𝐵). Furthermore, if 𝐴 and 𝐵 are
independent, then 𝐴 and 𝐵̄ (the complement of 𝐵) are also independent.

Solution:
Step 1: Identify the given probabilities.
𝑃(𝐴) = 0.3
𝑃(𝐵) = 0.6

Step 2: Find the probability of the complement of 𝐵.
𝑃(𝐵̄) = 1 − 𝑃(𝐵) = 1 − 0.6 = 0.4.

Step 3: Use the independence property.
Since 𝐴 and 𝐵 are independent, 𝑃(𝐴 ∩ 𝐵̄) = 𝑃(𝐴) · 𝑃(𝐵̄).

Step 4: Substitute the numerical values into the equation:
𝑃(𝐴 ∩ 𝐵̄) = 0.3 × 0.4.

Step 5: Perform the multiplication:
0.3 × 0.4 = 0.12.

Step 6: Interpretation. The probability 𝑃(𝐴 ∩ 𝐵̄) represents the likelihood of event 𝐴 occurring
while event 𝐵 does not occur. Given their independence, it is simply the product of their individual
respective probabilities.

Final Answer: 0.12

Answer: (A)
Go Back to Question 13
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Q14.

Solution
Concept:
Distance measured "parallel to a line" is not the shortest (perpendicular) distance. It is the length
of the segment connecting the given point 𝑃 to a point 𝑄 on the plane, such that the line 𝑃𝑄 has
the same direction ratios as the given line.

Solution:
Step 1: Identify the point 𝑃(1, 2, 3) and the direction ratios of the line.
Direction ratios of the line are (2, 3,−6).

Step 2: Write the parametric equation of the line passing through 𝑃(1, 2, 3) parallel to the given
line:
𝑥 = 1 + 2𝑟
𝑦 = 2 + 3𝑟
𝑧 = 3 − 6𝑟

Step 3: Let 𝑄 be the point of intersection of this line and the plane 𝑥 − 𝑦 + 𝑧 = 5.
Substitute the coordinates of 𝑄 (in terms of 𝑟) into the plane equation:
(1 + 2𝑟) − (2 + 3𝑟) + (3 − 6𝑟) = 5
1 + 2𝑟 − 2 − 3𝑟 + 3 − 6𝑟 = 5

Step 4: Solve for 𝑟:
2 − 7𝑟 = 5 =⇒ −7𝑟 = 3 =⇒ 𝑟 = −3/7.

Step 5: Calculate the distance 𝑃𝑄 using the distance formula or the simplified vector magnitude
|𝑟 | ·

√
𝑎2 + 𝑏2 + 𝑐2:

Distance = |𝑟 |
√︁

22 + 32 + (−6)2

Distance = | − 3/7|
√

4 + 9 + 36
Distance = (3/7)

√
49 = (3/7) · 7 = 3.

Step 6: Conclusion. The point 𝑄 is located 3 units away from 𝑃 along the specified direction.

Final Answer: 3

Answer: (D)
Go Back to Question 14
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Q15.

Solution
Concept:
A function 𝑓 (𝑥) is strictly increasing in an interval if its first derivative 𝑓 ′(𝑥) > 0 for all 𝑥 in that
interval. We must find the derivative, determine its roots to find critical points, and analyze the
sign of the derivative in the resulting sub-intervals.

Solution:
Step 1: Given 𝑓 (𝑥) = 𝑥3 − 6𝑥2 + 9𝑥 + 15.
Differentiate with respect to 𝑥:
𝑓 ′(𝑥) = 3𝑥2 − 12𝑥 + 9.

Step 2: Set the derivative greater than zero for the increasing condition:
3𝑥2 − 12𝑥 + 9 > 0.

Step 3: Simplify the inequality by dividing by 3:
𝑥2 − 4𝑥 + 3 > 0.

Step 4: Factor the quadratic expression:
(𝑥 − 1) (𝑥 − 3) > 0.

Step 5: Use the wavy curve method (or interval testing) to find the solution to the inequality.
The roots are 𝑥 = 1 and 𝑥 = 3.
- For 𝑥 < 1, (𝑥 − 1) and (𝑥 − 3) are both negative, so their product is positive.
- For 1 < 𝑥 < 3, (𝑥 − 1) is positive and (𝑥 − 3) is negative, so their product is negative.
- For 𝑥 > 3, both are positive, so their product is positive.

Step 6: Identify the increasing intervals where 𝑓 ′(𝑥) > 0:
The function is increasing in (−∞, 1) ∪ (3,∞).

Final Answer: (−∞, 1) ∪ (3,∞)

Answer: (A)
Go Back to Question 15
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Q16.

Solution
Concept:
This is a standard definite integral that can be solved using the property

∫ 𝑏

𝑎
𝑓 (𝑥)𝑑𝑥 =∫ 𝑏

𝑎
𝑓 (𝑎 + 𝑏 − 𝑥)𝑑𝑥. This property is particularly useful for trigonometric integrals with limits 0 to

𝜋/2 as it swaps sine and cosine functions.

Solution:
Step 1: Let 𝐼 =

∫ 𝜋/2
0

√
sin 𝑥√

sin 𝑥+
√

cos 𝑥
𝑑𝑥.

Step 2: Apply the property
∫ 𝑎

0 𝑓 (𝑥)𝑑𝑥 =
∫ 𝑎

0 𝑓 (𝑎 − 𝑥)𝑑𝑥:

𝐼 =
∫ 𝜋/2

0

√
sin(𝜋/2−𝑥 )√

sin(𝜋/2−𝑥 )+
√

cos(𝜋/2−𝑥 )
𝑑𝑥.

Step 3: Use the trigonometric identities sin(𝜋/2 − 𝑥) = cos 𝑥 and cos(𝜋/2 − 𝑥) = sin 𝑥:
𝐼 =

∫ 𝜋/2
0

√
cos 𝑥√

cos 𝑥+
√

sin 𝑥
𝑑𝑥.

Step 4: Add the two expressions for 𝐼:
2𝐼 =

∫ 𝜋/2
0

( √
sin 𝑥√

sin 𝑥+
√

cos 𝑥
+

√
cos 𝑥√

sin 𝑥+
√

cos 𝑥

)
𝑑𝑥.

2𝐼 =
∫ 𝜋/2

0

√
sin 𝑥+

√
cos 𝑥√

sin 𝑥+
√

cos 𝑥
𝑑𝑥.

Step 5: Simplify the integrand and integrate:
2𝐼 =

∫ 𝜋/2
0 1 𝑑𝑥 = [𝑥] 𝜋/2

0 = 𝜋/2.

Step 6: Solve for 𝐼:
𝐼 = 𝜋

4 .

Final Answer: 𝜋/4

Answer: (B)
Go Back to Question 16
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Q17.

Solution
Concept:
To find the coefficient of a specific power of 𝑥 in a multinomial expansion, we should first simplify
the expression by factoring. If the base expression can be written as a product of two binomials,
we can apply the binomial theorem to each part and then find the combined term.

Solution:
Step 1: Factor the expression inside the power:
1 − 𝑥 − 𝑥2 + 𝑥3 = 1(1 − 𝑥) − 𝑥2(1 − 𝑥) = (1 − 𝑥2) (1 − 𝑥).

Step 2: Rewrite the total expansion:
(1 − 𝑥 − 𝑥2 + 𝑥3)6 = [(1 − 𝑥2) (1 − 𝑥)]6 = (1 − 𝑥2)6(1 − 𝑥)6.

Step 3: Expand both terms using the binomial expansion formula (1 − 𝑎)𝑛 =
∑𝑛

𝑟=0
𝑛𝐶𝑟 (−𝑎)𝑟 :

(1 − 𝑥2)6 = 1 − 6𝑥2 + 15𝑥4 − 20𝑥6 + . . .

(1 − 𝑥)6 = 1 − 6𝑥 + 15𝑥2 − 20𝑥3 + 15𝑥4 − 6𝑥5 + 𝑥6.

Step 4: Identify combinations of terms from both expansions that multiply to 𝑥7:
Term from (1 − 𝑥2)6 (power 2𝑟) × Term from (1 − 𝑥)6 (power 𝑘) = 𝑥7, where 2𝑟 + 𝑘 = 7.
Possible pairs (𝑟, 𝑘):
- If 𝑟 = 1, 2(1) = 2, then 𝑘 = 5. Term: (−6𝑥2) × (−6𝑥5) = 36𝑥7.
- If 𝑟 = 2, 2(2) = 4, then 𝑘 = 3. Term: (15𝑥4) × (−20𝑥3) = −300𝑥7.
- If 𝑟 = 3, 2(3) = 6, then 𝑘 = 1. Term: (−20𝑥6) × (−6𝑥) = 120𝑥7.

Step 5: Sum the coefficients:
Coefficient = 36 − 300 + 120 = −144.

Final Answer: −144

Answer: (D)
Go Back to Question 17
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Q18.

Solution
Concept:
For a quadratic equation 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0 with roots 𝛼 and 𝛽, the sum of roots is 𝛼 + 𝛽 = −𝑏/𝑎
and the product of roots is 𝛼𝛽 = 𝑐/𝑎. To find higher powers of roots, we use algebraic identities
such as 𝑎3 + 𝑏3 = (𝑎 + 𝑏)3 − 3𝑎𝑏(𝑎 + 𝑏).

Solution:
Step 1: Identify coefficients and the sum/product of roots for 𝑥2 − 𝑝𝑥 + 𝑞 = 0.
Sum of roots: 𝛼 + 𝛽 = −(−𝑝)/1 = 𝑝.
Product of roots: 𝛼𝛽 = 𝑞/1 = 𝑞.

Step 2: Use the identity for the sum of cubes:
𝛼3 + 𝛽3 = (𝛼 + 𝛽)3 − 3𝛼𝛽(𝛼 + 𝛽).

Step 3: Substitute the values of 𝑝 and 𝑞 into the identity:
𝛼3 + 𝛽3 = (𝑝)3 − 3(𝑞) (𝑝).

Step 4: Simplify the expression:
𝛼3 + 𝛽3 = 𝑝3 − 3𝑝𝑞.

Step 5: Verify the logic. This is a symmetric function of the roots, meaning it must be expressible
in terms of the elementary symmetric polynomials 𝑝 and 𝑞. The derived formula is standard for
any quadratic where the leading coefficient is 1.

Final Answer: 𝑝3 − 3𝑝𝑞

Answer: (A)
Go Back to Question 18

| 36

https://collegedunia.com/exams/wbjee/sample-paper


WBJEE Sample Paper Mathematics

Q19.

Solution
Concept:
The equation of a family of circles passing through the intersection of two circles 𝑆1 = 0 and
𝑆2 = 0 is given by 𝑆1 + 𝜆𝑆2 = 0 (where 𝜆 ≠ −1). Alternatively, for simpler arithmetic, we can use
the common chord 𝑆1 − 𝑆2 = 0 and write the family as 𝑆1 + 𝜆(𝑆1 − 𝑆2) = 0.

Solution:
Step 1: Write down the equations of the given circles:
𝑆1 : 𝑥2 + 𝑦2 + 13𝑥 − 3𝑦 = 0
𝑆2 : 2𝑥2 + 2𝑦2 + 4𝑥 − 7𝑦 − 25 = 0.

Step 2: Standardize 𝑆2 by dividing by 2 to make the 𝑥2, 𝑦2 coefficients equal to 1:
𝑆′2 : 𝑥2 + 𝑦2 + 2𝑥 − 3.5𝑦 − 12.5 = 0.

Step 3: Form the family of circles passing through their intersection:
(𝑥2 + 𝑦2 + 13𝑥 − 3𝑦) + 𝜆(2𝑥2 + 2𝑦2 + 4𝑥 − 7𝑦 − 25) = 0.

Step 4: The circle passes through the point (1, 1). Substitute 𝑥 = 1, 𝑦 = 1 to find 𝜆:
(12 + 12 + 13(1) − 3(1)) + 𝜆(2(1)2 + 2(1)2 + 4(1) − 7(1) − 25) = 0
(1 + 1 + 13 − 3) + 𝜆(2 + 2 + 4 − 7 − 25) = 0
(12) + 𝜆(−24) = 0
12 = 24𝜆 =⇒ 𝜆 = 1/2.

Step 5: Substitute 𝜆 = 1/2 back into the family equation:
(𝑥2 + 𝑦2 + 13𝑥 − 3𝑦) + 1

2 (2𝑥
2 + 2𝑦2 + 4𝑥 − 7𝑦 − 25) = 0.

Multiply through by 2:
2𝑥2 + 2𝑦2 + 26𝑥 − 6𝑦 + 2𝑥2 + 2𝑦2 + 4𝑥 − 7𝑦 − 25 = 0.
4𝑥2 + 4𝑦2 + 30𝑥 − 13𝑦 − 25 = 0.

Final Answer: 4𝑥2 + 4𝑦2 + 30𝑥 − 13𝑦 − 25 = 0

Answer: (B)
Go Back to Question 19
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Q20.

Solution
Concept:
To differentiate a function of the form 𝑦 = 𝑓 (𝑔(𝑥)), we use the Chain Rule: 𝑑𝑦

𝑑𝑥
= 𝑓 ′(𝑔(𝑥)) · 𝑔′(𝑥).

Alternatively, we can simplify the expression using trigonometric substitution before differentiating,
which is often faster and less prone to calculation errors.

Solution:
Step 1: Simplify 𝑦 = sec(tan−1 𝑥) using a triangle substitution.
Let 𝜃 = tan−1 𝑥 =⇒ tan 𝜃 = 𝑥.
In a right-angled triangle, if opposite side is 𝑥 and adjacent side is 1, then the hypotenuse is√

1 + 𝑥2.
Then sec 𝜃 =

hypotenuse
adjacent =

√
1+𝑥2

1 =
√

1 + 𝑥2.
Thus, 𝑦 =

√
1 + 𝑥2.

Step 2: Differentiate 𝑦 = (1 + 𝑥2)1/2 with respect to 𝑥 using the Power Rule and Chain Rule:
𝑑𝑦

𝑑𝑥
= 1

2 (1 + 𝑥2)−1/2 · 𝑑
𝑑𝑥

(1 + 𝑥2)
𝑑𝑦

𝑑𝑥
= 1

2
√

1+𝑥2 · (2𝑥) = 𝑥√
1+𝑥2 .

Step 3: Evaluate the derivative at 𝑥 = 1:[
𝑑𝑦

𝑑𝑥

]
𝑥=1

= 1√
1+12 = 1√

2
.

Step 4: Check using the pure Chain Rule:
𝑑𝑦/𝑑𝑥 = sec(tan−1 𝑥) tan(tan−1 𝑥) · 1

1+𝑥2 .
At 𝑥 = 1, tan−1 1 = 𝜋/4.
𝑑𝑦/𝑑𝑥 = sec(𝜋/4) tan(𝜋/4) · 1

1+12 = (
√

2) (1) · 1
2 =

√
2

2 = 1√
2
.

Both methods yield the same consistent result.

Final Answer: 1/
√

2

Answer: (A)
Go Back to Question 20
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Q21.

Solution
Concept:
This problem involves the composition of trigonometric and inverse trigonometric functions.
Specifically, we use the double angle formula for cosine: cos(2𝜃) = 2 cos2 𝜃 − 1. By treating
the inverse cosine part as an angle, we can simplify the expression into a basic algebraic calculation.

Solution:
Step 1: Let 𝜃 = cos−1(0.8).
By the definition of inverse functions, this implies cos 𝜃 = 0.8.

Step 2: The expression given in the question is cos(2𝜃).
Recall the double angle identity: cos(2𝜃) = 2 cos2 𝜃 − 1.

Step 3: Substitute the known value of cos 𝜃 into the identity:
cos(2𝜃) = 2(0.8)2 − 1.

Step 4: Perform the arithmetic calculations:
(0.8)2 = 0.64.
2 × 0.64 = 1.28.
1.28 − 1 = 0.28.

Step 5: Verify the result. Since 0.8 is the cosine of an angle in the first quadrant (roughly 36.87◦),
doubling that angle gives an angle in the first quadrant (roughly 73.74◦), which must have a
positive cosine value. The result 0.28 is consistent with this geometric expectation.

Final Answer: 0.28

Answer: (A)
Go Back to Question 21
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Q22.

Solution
Concept:
In a Geometric Progression (G.P.), the sum of 𝑛 terms 𝑆𝑛, the first term 𝑎, the common ratio
𝑟, and the last term 𝑙 are related by specific formulas. The sum can be expressed as 𝑆𝑛 = 𝑙𝑟−𝑎

𝑟−1 .
This specific version of the sum formula is extremely useful when the number of terms 𝑛 is unknown.

Solution:
Step 1: Identify the given values from the problem statement:
First term (𝑎) = 7.
Last term (𝑙) = 448.
Sum (𝑆𝑛) = 889.

Step 2: Substitute these values into the formula 𝑆𝑛 = 𝑙𝑟−𝑎
𝑟−1 :

889 = 448𝑟−7
𝑟−1 .

Step 3: Solve the resulting linear equation for 𝑟:
Multiply both sides by (𝑟 − 1):
889(𝑟 − 1) = 448𝑟 − 7
889𝑟 − 889 = 448𝑟 − 7.

Step 4: Group the terms involving 𝑟 on one side and constant terms on the other:
889𝑟 − 448𝑟 = 889 − 7
441𝑟 = 882.

Step 5: Divide to find 𝑟:
𝑟 = 882

441 = 2.

Step 6: Verification. If 𝑎 = 7 and 𝑟 = 2, the terms are 7, 14, 28, 56, 112, 224, 448. Summing
these: 7 + 14 + 28 + 56 + 112 + 224 + 448 = 889. The result is perfectly consistent.

Final Answer: 2

Answer: (A)
Go Back to Question 22
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Q23.

Solution
Concept:
To solve probability problems involving calendar years, we must analyze the total num-
ber of days and weeks. A leap year has 366 days. Since every 7 consecutive days contain
exactly one Sunday, we determine how many full weeks exist and analyze the remaining "extra" days.

Solution:
Step 1: Calculate the number of full weeks in a leap year (366 days).
366 ÷ 7 = 52 weeks and 2 remainder days.

Step 2: Understand the composition of the year.
The 52 full weeks account for 52 × 7 = 364 days. Within these 364 days, there are guaranteed to
be exactly 52 Sundays, regardless of which day the year starts on.

Step 3: Analyze the 2 remaining days.
For the year to have 53 Sundays, one of these 2 extra days must be a Sunday. Let the possible pairs
of consecutive days for these 2 days be 𝑆:
𝑆 = {(Mon, Tue), (Tue, Wed), (Wed, Thu), (Thu, Fri), (Fri, Sat), (Sat, Sun), (Sun, Mon)}.

Step 4: Count the total number of outcomes and favorable outcomes.
Total number of possible pairs = 7.
Favorable outcomes (pairs containing a Sunday) = {(Sat, Sun), (Sun, Mon)}.
Number of favorable outcomes = 2.

Step 5: Calculate the probability.
Probability = Favorable Outcomes

Total Outcomes = 2
7 .

Step 6: Note the difference. In a non-leap year (365 days), there is only 1 extra day, so the
probability of 53 Sundays would be 1/7.

Final Answer: 2/7

Answer: (B)
Go Back to Question 23
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Q24.

Solution
Concept:
The cross product of two vectors ®𝑎 = 𝑎1𝑖 + 𝑎2 𝑗 + 𝑎3 𝑘̂ and ®𝑏 = 𝑏1𝑖 + 𝑏2 𝑗 + 𝑏3 𝑘̂ is calculated using
a determinant. The magnitude of the resulting vector ®𝑣 = 𝑥𝑖 + 𝑦 𝑗 + 𝑧𝑘̂ is given by the square root
of the sum of the squares of its components: |®𝑣 | =

√︁
𝑥2 + 𝑦2 + 𝑧2.

Solution:
Step 1: Write the vectors in component form.
®𝑎 = 2𝑖 + 1 𝑗 − 1𝑘̂
®𝑏 = 1𝑖 + 0 𝑗 + 3𝑘̂ .

Step 2: Set up the determinant for ®𝑎 × ®𝑏:

®𝑎 × ®𝑏 =

�������
𝑖 𝑗 𝑘̂

2 1 −1
1 0 3

�������.
Step 3: Expand the determinant along the first row:
= 𝑖(1(3) − (−1) (0)) − 𝑗 (2(3) − (−1) (1)) + 𝑘̂ (2(0) − 1(1))
= 𝑖(3 − 0) − 𝑗 (6 + 1) + 𝑘̂ (0 − 1)
= 3𝑖 − 7 𝑗 − 𝑘̂ .

Step 4: Calculate the magnitude of the resulting vector:
| ®𝑎 × ®𝑏 | =

√︁
32 + (−7)2 + (−1)2

| ®𝑎 × ®𝑏 | =
√

9 + 49 + 1.

Step 5: Simplify the sum:
| ®𝑎 × ®𝑏 | =

√
59.

Step 6: Conclusion. The cross product produces a vector perpendicular to both ®𝑎 and ®𝑏 with a
magnitude representing the area of the parallelogram formed by them. The magnitude is exactly√

59.

Final Answer:
√

59

Answer: (A)
Go Back to Question 24
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Q25.

Solution
Concept:
A differential equation of the form 𝑑𝑦

𝑑𝑥
= 𝑔(𝑦/𝑥) is a homogeneous differential equation. The

standard substitution for such equations is 𝑦 = 𝑣𝑥, which transforms the equation into a separable
form involving 𝑣 and 𝑥. Here, we use the fact that 𝑑𝑦

𝑑𝑥
= 𝑣 + 𝑥 𝑑𝑣

𝑑𝑥
.

Solution:
Step 1: Apply the substitution 𝑦 = 𝑣𝑥. Then 𝑑𝑦

𝑑𝑥
= 𝑣 + 𝑥 𝑑𝑣

𝑑𝑥
.

The given equation becomes:
𝑣 + 𝑥 𝑑𝑣

𝑑𝑥
= 𝑣𝑥

𝑥
+ sin

(
𝑣𝑥
𝑥

)
𝑣 + 𝑥 𝑑𝑣

𝑑𝑥
= 𝑣 + sin 𝑣.

Step 2: Simplify by subtracting 𝑣 from both sides:
𝑥 𝑑𝑣
𝑑𝑥

= sin 𝑣.

Step 3: Separate the variables 𝑣 and 𝑥:
𝑑𝑣

sin 𝑣
= 𝑑𝑥

𝑥

csc 𝑣 𝑑𝑣 = 𝑑𝑥
𝑥

.

Step 4: Integrate both sides:∫
csc 𝑣 𝑑𝑣 =

∫
𝑑𝑥
𝑥

ln | csc 𝑣 − cot 𝑣 | = ln |𝑥 | + ln |𝑐 |.
This can also be written using the identity csc 𝑣 − cot 𝑣 = tan(𝑣/2):
ln | tan(𝑣/2) | = ln |𝑐𝑥 |.

Step 5: Remove the logarithms from both sides:
tan(𝑣/2) = 𝑐𝑥.

Step 6: Substitute back 𝑣 = 𝑦/𝑥 to get the general solution in terms of original variables:
tan

( 𝑦

2𝑥
)
= 𝑐𝑥.

Final Answer: tan( 𝑦

2𝑥
) = 𝑐𝑥

Answer: (A)
Go Back to Question 25
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Q26.

Solution
Concept:
When the variable appears in both the base and the exponent, we use logarithmic differentiation.
By taking the natural logarithm of both sides, we can use properties of logs to move the exponent
down, transforming the equation into a form that can be differentiated implicitly using the product
rule.

Solution:
Step 1: Given the equation 𝑥𝑦 = 𝑒𝑥−𝑦 .
Take the natural logarithm (ln) on both sides:
ln(𝑥𝑦) = ln(𝑒𝑥−𝑦)
𝑦 ln 𝑥 = (𝑥 − 𝑦) ln 𝑒.
Since ln 𝑒 = 1, we have:
𝑦 ln 𝑥 = 𝑥 − 𝑦.

Step 2: Solve for 𝑦 to make differentiation easier:
𝑦 ln 𝑥 + 𝑦 = 𝑥

𝑦(1 + ln 𝑥) = 𝑥

𝑦 = 𝑥
1+ln 𝑥

.

Step 3: Differentiate 𝑦 with respect to 𝑥 using the Quotient Rule:
𝑑𝑦

𝑑𝑥
=

(1+ln 𝑥 ) · 𝑑
𝑑𝑥

(𝑥 )−𝑥 · 𝑑
𝑑𝑥

(1+ln 𝑥 )
(1+ln 𝑥 )2 .

Step 4: Compute the derivatives of the individual terms:
𝑑
𝑑𝑥

(𝑥) = 1 and 𝑑
𝑑𝑥

(1 + ln 𝑥) = 1
𝑥
.

𝑑𝑦

𝑑𝑥
=

(1+ln 𝑥 ) (1)−𝑥 ( 1
𝑥
)

(1+ln 𝑥 )2 .

Step 5: Simplify the numerator:
𝑑𝑦

𝑑𝑥
= 1+ln 𝑥−1

(1+ln 𝑥 )2 = ln 𝑥

(1+ln 𝑥 )2 .

Final Answer:
ln 𝑥

(1 + ln 𝑥)2

Answer: (A)
Go Back to Question 26
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Q27.

Solution
Concept:
The mean (𝜇) of 𝑛 observations is defined as the sum of all observations divided by the total
number of observations: 𝜇 =

∑
𝑥𝑖
𝑛

. When an observation is replaced, the sum changes by the
difference between the new value and the old value. The new mean is then calculated using this
updated sum.

Solution:
Step 1: Calculate the initial total sum of the 100 observations.
Initial Sum = Mean × Number of observations
Initial Sum = 50 × 100 = 5000.

Step 2: Adjust the sum by removing the old observation and adding the new one.
Old observation = 50.
New observation = 150.
New Sum = 5000 − 50 + 150.
New Sum = 5100.

Step 3: Calculate the new mean using the updated sum.
The total number of observations remains constant at 100.
New Mean = New Sum

100 = 5100
100 .

Step 4: Final calculation:
New Mean = 51.

Step 5: Conceptual Check. The net increase in the sum is 150− 50 = 100. Spreading this increase
of 100 over 100 observations results in an increase of 100/100 = 1 unit per observation. Thus, the
mean increases from 50 to 51.

Final Answer: 51

Answer: (B)
Go Back to Question 27
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Q28.

Solution
Concept:
To find the properties of a shifted parabola, we must first convert the general equation into the
standard form (𝑦 − 𝑘)2 = 4𝑎(𝑥 − ℎ). For this form, the vertex is at (ℎ, 𝑘) and the focus is at
(ℎ + 𝑎, 𝑘). The focus is located 𝑎 units away from the vertex along the axis of symmetry.

Solution:
Step 1: Rearrange the given equation 𝑦2 − 4𝑦 − 8𝑥 + 4 = 0 to complete the square for 𝑦.
𝑦2 − 4𝑦 = 8𝑥 − 4.

Step 2: Add (coefficient of 𝑦/2)2 to both sides.
(4/2)2 = 4.
𝑦2 − 4𝑦 + 4 = 8𝑥 − 4 + 4
(𝑦 − 2)2 = 8𝑥.

Step 3: Compare this with the standard form (𝑦 − 𝑘)2 = 4𝑎(𝑥 − ℎ).
Here, 𝑘 = 2, ℎ = 0, and 4𝑎 = 8 =⇒ 𝑎 = 2.

Step 4: Identify the vertex.
Vertex (ℎ, 𝑘) = (0, 2).

Step 5: Determine the coordinates of the focus.
Since the parabola opens to the right (along the positive 𝑥-axis), the focus is (ℎ + 𝑎, 𝑘).
Focus = (0 + 2, 2) = (2, 2).

Step 6: Verify. The distance from vertex (0, 2) to focus (2, 2) is 2 units, which matches our value
of 𝑎. The axis of symmetry is the horizontal line 𝑦 = 2.

Final Answer: (2, 2)

Answer: (A)
Go Back to Question 28
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Q29.

Solution
Concept:
Every square matrix satisfies its own characteristic equation, as stated by the Cayley-Hamilton
Theorem. The characteristic equation of a 2 × 2 matrix 𝐴 is given by 𝐴2 − (tr 𝐴)𝐴 + (det 𝐴)𝐼 = 0,
where tr 𝐴 is the sum of the diagonal elements and det 𝐴 is the determinant.

Solution:

Step 1: Find the trace and determinant of 𝐴 =

(
1 2
3 4

)
.

Trace (tr 𝐴) = 1 + 4 = 5.
Determinant (det 𝐴) = (1 × 4) − (2 × 3) = 4 − 6 = −2.

Step 2: Substitute these values into the characteristic equation:
𝐴2 − 5𝐴 + (−2)𝐼 = 0
𝐴2 − 5𝐴 − 2𝐼 = 0.

Step 3: Rearrange the equation to isolate the required expression:
𝐴2 − 5𝐴 = 2𝐼.

Step 4: Verify by direct matrix multiplication (alternative method).

𝐴2 =

(
1 2
3 4

) (
1 2
3 4

)
=

(
1 + 6 2 + 8
3 + 12 6 + 16

)
=

(
7 10
15 22

)
.

5𝐴 =

(
5 10

15 20

)
.

𝐴2 − 5𝐴 =

(
7 − 5 10 − 10

15 − 15 22 − 20

)
=

(
2 0
0 2

)
= 2𝐼.

Step 5: Both methods confirm the same result. The Cayley-Hamilton approach is generally faster
for these types of polynomial matrix expressions.

Final Answer: 2𝐼

Answer: (A)
Go Back to Question 29
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Q30.

Solution
Concept:
Integrals of the form

∫
𝑒𝑥 [ 𝑓 (𝑥) + 𝑓 ′(𝑥)]𝑑𝑥 have a standard solution 𝑒𝑥 𝑓 (𝑥) + 𝑐. To solve this

problem, we must manipulate the trigonometric expression into this specific form using half-angle
identities.

Solution:
Step 1: Simplify the expression inside the integral:
1+sin 𝑥
1+cos 𝑥 .

Step 2: Apply half-angle identities:
1 + cos 𝑥 = 2 cos2(𝑥/2).
sin 𝑥 = 2 sin(𝑥/2) cos(𝑥/2).

Step 3: Substitute these into the expression:
1+2 sin(𝑥/2) cos(𝑥/2)

2 cos2 (𝑥/2) = 1
2 cos2 (𝑥/2) +

2 sin(𝑥/2) cos(𝑥/2)
2 cos2 (𝑥/2) .

= 1
2 sec2(𝑥/2) + tan(𝑥/2).

Step 4: Identify 𝑓 (𝑥) and 𝑓 ′(𝑥).
Let 𝑓 (𝑥) = tan(𝑥/2).
The derivative 𝑓 ′(𝑥) = sec2(𝑥/2) · 1

2 = 1
2 sec2(𝑥/2).

Step 5: The integral is now in the form
∫
𝑒𝑥 [ 𝑓 ′(𝑥) + 𝑓 (𝑥)]𝑑𝑥.

Using the property, the result is 𝑒𝑥 𝑓 (𝑥) + 𝑐.
= 𝑒𝑥 tan(𝑥/2) + 𝑐.

Step 6: Conclusion. By recognizing the derivative relationship between the tangent and
secant-squared terms, the integration becomes straightforward.

Final Answer: 𝑒𝑥 tan(𝑥/2) + 𝑐

Answer: (A)
Go Back to Question 30
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Q31.

Solution
Concept:
To find the maximum value of a function 𝑓 (𝑥), we find its critical points by setting the first
derivative 𝑓 ′(𝑥) to zero. After finding the critical values, we use the first or second derivative test
to confirm if the point corresponds to a local maximum.

Solution:
Step 1: Given 𝑓 (𝑥) = ln 𝑥

𝑥
. Differentiate with respect to 𝑥 using the Quotient Rule:

𝑓 ′(𝑥) = 𝑥 · 𝑑
𝑑𝑥

(ln 𝑥 )−ln 𝑥 · 𝑑
𝑑𝑥

(𝑥 )
𝑥2 .

Step 2: Simplify the derivative:
𝑓 ′(𝑥) = 𝑥 · (1/𝑥 )−ln 𝑥 ·1

𝑥2 = 1−ln 𝑥

𝑥2 .

Step 3: Set 𝑓 ′(𝑥) = 0 to find the critical point:
1 − ln 𝑥 = 0 =⇒ ln 𝑥 = 1 =⇒ 𝑥 = 𝑒.

Step 4: Check the nature of the critical point using the first derivative test:
- For 𝑥 < 𝑒, ln 𝑥 < 1, so 𝑓 ′(𝑥) > 0 (function is increasing).
- For 𝑥 > 𝑒, ln 𝑥 > 1, so 𝑓 ′(𝑥) < 0 (function is decreasing).
Since the function changes from increasing to decreasing at 𝑥 = 𝑒, it has a maximum there.

Step 5: Calculate the maximum value by substituting 𝑥 = 𝑒 into 𝑓 (𝑥):
𝑓 (𝑒) = ln 𝑒

𝑒
= 1

𝑒
.

Final Answer: 1/𝑒

Answer: (B)
Go Back to Question 31
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Q32.

Solution
Concept:
For a set containing 𝑛 elements, the total number of possible subsets (including the empty set and
the set itself) is given by 2𝑛. This is derived from the fact that each element has two choices:
either to be in a subset or not.

Solution:
Step 1: Identify the number of elements in the set.
𝑛 = 10.

Step 2: Calculate the total number of possible subsets.
Total subsets = 2𝑛 = 210.
210 = 1024.

Step 3: Account for the condition "non-empty."
A "non-empty" subset must contain at least one element. Among the 1024 total subsets, exactly
one subset is the empty set (∅).

Step 4: Subtract the empty set from the total count:
Number of non-empty subsets = 210 − 1.
1024 − 1 = 1023.

Step 5: Conclusion. While there are 1024 ways to form a selection from 10 items, one of those
ways is to select nothing. Excluding that single case leaves 1023 valid non-empty subsets.

Final Answer: 1023

Answer: (B)
Go Back to Question 32
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Q33.

Solution
Concept:
Trigonometric equations involving sums and differences of sine and cosine can often
be solved by squaring or by using transformation identities. A useful property is that
(sin 𝜃 + cos 𝜃)2 + (cos 𝜃 − sin 𝜃)2 = 2, which stems from the identity sin2 𝜃 + cos2 𝜃 = 1.

Solution:
Step 1: Given the equation sin 𝜃 + cos 𝜃 =

√
2 cos 𝜃.

Step 2: Rearrange the equation to isolate sin 𝜃:
sin 𝜃 =

√
2 cos 𝜃 − cos 𝜃 = (

√
2 − 1) cos 𝜃.

Step 3: We need to find the value of cos 𝜃 − sin 𝜃. Substitute the expression for sin 𝜃 into this:
cos 𝜃 − (

√
2 − 1) cos 𝜃

= cos 𝜃 −
√

2 cos 𝜃 + cos 𝜃
= 2 cos 𝜃 −

√
2 cos 𝜃 =

√
2(
√

2 − 1) cos 𝜃.

Step 4: Notice from Step 2 that (
√

2 − 1) cos 𝜃 = sin 𝜃.
Substitute this back into the result from Step 3:
cos 𝜃 − sin 𝜃 =

√
2(sin 𝜃).

Step 5: Alternative Method. Square the given equation:
(sin 𝜃 + cos 𝜃)2 = (

√
2 cos 𝜃)2

sin2 𝜃 + cos2 𝜃 + 2 sin 𝜃 cos 𝜃 = 2 cos2 𝜃

1 + 2 sin 𝜃 cos 𝜃 = 2 cos2 𝜃.
Now, let 𝑋 = cos 𝜃 − sin 𝜃. Squaring this:
𝑋2 = cos2 𝜃 + sin2 𝜃 − 2 sin 𝜃 cos 𝜃 = 1 − 2 sin 𝜃 cos 𝜃.
Adding the two results:
1 + 2 sin 𝜃 cos 𝜃 + 𝑋2 = 2 cos2 𝜃 + 1 − 2 sin 𝜃 cos 𝜃
1 + 𝑋2 = 2 cos2 𝜃 + 1 =⇒ 𝑋2 = 2 cos2 𝜃 − 1 + 1 − 2 sin2 𝜃. Wait, simpler:
𝑋2 = 2 − (sin 𝜃 + cos 𝜃)2 = 2 − 2 cos2 𝜃 = 2 sin2 𝜃.
𝑋 =

√
2 sin 𝜃.

Final Answer:
√

2 sin 𝜃

Answer: (A)
Go Back to Question 33
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Q34.

Solution
Concept:
The shortest distance between two skew lines ®𝑟 = ®𝑎1 + 𝜆®𝑏1 and ®𝑟 = ®𝑎2 + 𝜇®𝑏2 is given by
𝑑 =

| ( ®𝑎2− ®𝑎1 ) · ( ®𝑏1× ®𝑏2 ) |
| ®𝑏1× ®𝑏2 |

. However, if the lines intersect, the shortest distance is zero. We should first
check if the lines are coplanar.

Solution:
Step 1: Extract the points and direction vectors from the given lines:
Line 1: 𝑥−1

2 =
𝑦−2

3 = 𝑧−3
4 =⇒ ®𝑎1 = (1, 2, 3), ®𝑏1 = (2, 3, 4).

Line 2: 𝑥−2
3 =

𝑦−4
4 = 𝑧−5

5 =⇒ ®𝑎2 = (2, 4, 5), ®𝑏2 = (3, 4, 5).

Step 2: Calculate ®𝑎2 − ®𝑎1:
®𝑎2 − ®𝑎1 = (2 − 1, 4 − 2, 5 − 3) = (1, 2, 2).

Step 3: Check for intersection/coplanarity using the scalar triple product [( ®𝑎2 − ®𝑎1) ®𝑏1®𝑏2]:�������
1 2 2
2 3 4
3 4 5

������� = 1(15 − 16) − 2(10 − 12) + 2(8 − 9).

Step 4: Evaluate the determinant:
= 1(−1) − 2(−2) + 2(−1) = −1 + 4 − 2 = 1.
Since the determinant is non-zero, the lines are skew and do not intersect.

Step 5: Calculate ®𝑏1 × ®𝑏2:

®𝑏1 × ®𝑏2 =

�������
𝑖 𝑗 𝑘̂

2 3 4
3 4 5

������� = 𝑖(15 − 16) − 𝑗 (10 − 12) + 𝑘̂ (8 − 9) = −𝑖 + 2 𝑗 − 𝑘̂ .

Magnitude | ®𝑏1 × ®𝑏2 | =
√︁
(−1)2 + 22 + (−1)2 =

√
1 + 4 + 1 =

√
6.

Step 6: Apply the distance formula:
Distance = |1 |√

6
= 1√

6
.

Final Answer: 1/
√

6

Answer: (A)
Go Back to Question 34
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Q35.

Solution
Concept:
To sum a series where the general term 𝑇𝑟 involves factorials, we attempt to express 𝑇𝑟 as a
difference of two consecutive terms of another sequence (𝑇𝑟 = 𝑉𝑟 − 𝑉𝑟+1 or 𝑉𝑟+1 − 𝑉𝑟 ). This is
known as the Method of Differences or Telescoping Sum.

Solution:
Step 1: Write the general term 𝑇𝑟 = 𝑟

(𝑟+1)! .

Step 2: Manipulate the numerator to match the denominator’s factorial base:
𝑟 = (𝑟 + 1) − 1.

Step 3: Rewrite the general term:
𝑇𝑟 = 𝑟+1

(𝑟+1)! −
1

(𝑟+1)! .

Step 4: Simplify the first fraction using the property 𝑛! = 𝑛 × (𝑛 − 1)!:
𝑇𝑟 = 1

𝑟! −
1

(𝑟+1)! .

Step 5: Write the sum
∑𝑛

𝑟=1 𝑇𝑟 as a telescoping series:
𝑆𝑛 = (𝑇1) + (𝑇2) + (𝑇3) + · · · + (𝑇𝑛)
𝑆𝑛 =

(
1
1! −

1
2!

)
+

(
1
2! −

1
3!

)
+

(
1
3! −

1
4!

)
+ · · · +

(
1
𝑛! −

1
(𝑛+1)!

)
.

Step 6: Observe that internal terms cancel out:
𝑆𝑛 = 1

1! −
1

(𝑛+1)! = 1 − 1
(𝑛+1)! .

Final Answer: 1 − 1
(𝑛 + 1)!

Answer: (A)
Go Back to Question 35
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Q36.

Solution
Concept:
The slope of the tangent to a parametric curve 𝑥 = 𝑓 (𝜃), 𝑦 = 𝑔(𝜃) is given by the derivative 𝑑𝑦

𝑑𝑥
.

This is calculated using the chain rule formula: 𝑑𝑦

𝑑𝑥
=

𝑑𝑦/𝑑𝜃
𝑑𝑥/𝑑𝜃 . The slope is then evaluated at the

specific value of the parameter 𝜃.

Solution:
Step 1: Differentiate 𝑥 = 𝑎 cos3 𝜃 with respect to 𝜃:
𝑑𝑥
𝑑𝜃

= 𝑎 · 3 cos2 𝜃 · (− sin 𝜃) = −3𝑎 cos2 𝜃 sin 𝜃.

Step 2: Differentiate 𝑦 = 𝑎 sin3 𝜃 with respect to 𝜃:
𝑑𝑦

𝑑𝜃
= 𝑎 · 3 sin2 𝜃 · (cos 𝜃) = 3𝑎 sin2 𝜃 cos 𝜃.

Step 3: Calculate the slope 𝑑𝑦

𝑑𝑥
:

𝑑𝑦

𝑑𝑥
= 3𝑎 sin2 𝜃 cos 𝜃

−3𝑎 cos2 𝜃 sin 𝜃
.

Step 4: Simplify the expression by canceling common terms:
𝑑𝑦

𝑑𝑥
= − sin 𝜃

cos 𝜃 = − tan 𝜃.

Step 5: Evaluate the slope at 𝜃 = 𝜋/4:
Slope = − tan(𝜋/4) = −1.

Step 6: Conclusion. The slope of the tangent to this astroid curve at the specified point is exactly
−1, indicating the tangent makes an angle of 135◦ with the positive 𝑥-axis.

Final Answer: −1

Answer: (B)
Go Back to Question 36
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Q37.

Solution
Concept:
To find the image of a point 𝑃 in a line, we first find the projection of 𝑃 on the line, which
is the foot of the perpendicular 𝑀. If 𝑄 is the image, then 𝑀 is the midpoint of the seg-
ment 𝑃𝑄. We use the property that the vector ®𝑃𝑀 is perpendicular to the direction vector of the line.

Solution:
Step 1: Let the given point be 𝑃(1, 6, 3). Let the line be 𝐿 : 𝑥

1 =
𝑦−1

2 = 𝑧−2
3 = 𝜆.

Any general point 𝑀 on the line is (𝜆, 2𝜆 + 1, 3𝜆 + 2).

Step 2: The direction vector of the line is ®𝑣 = (1, 2, 3).
The vector ®𝑃𝑀 = (𝜆 − 1, 2𝜆 + 1 − 6, 3𝜆 + 2 − 3) = (𝜆 − 1, 2𝜆 − 5, 3𝜆 − 1).

Step 3: Since 𝑃𝑀 ⊥ ®𝑣, their dot product is zero:
1(𝜆 − 1) + 2(2𝜆 − 5) + 3(3𝜆 − 1) = 0
𝜆 − 1 + 4𝜆 − 10 + 9𝜆 − 3 = 0
14𝜆 − 14 = 0 =⇒ 𝜆 = 1.

Step 4: Find the coordinates of the foot of the perpendicular 𝑀:
𝑀 = (1, 2(1) + 1, 3(1) + 2) = (1, 3, 5).

Step 5: Let the image be 𝑄(𝑥1, 𝑦1, 𝑧1). Since 𝑀 is the midpoint of 𝑃𝑄:
𝑥1+1

2 = 1 =⇒ 𝑥1 = 1
𝑦1+6

2 = 3 =⇒ 𝑦1 = 0
𝑧1+3

2 = 5 =⇒ 𝑧1 = 7.

Step 6: The image point is (1, 0, 7).

Final Answer: (1, 0, 7)

Answer: (A)
Go Back to Question 37
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Q38.

Solution
Concept:
For three numbers 𝑎, 𝑏, 𝑐 to be in Arithmetic Progression (A.P.), the condition is 2𝑏 = 𝑎 + 𝑐.
We apply this definition to both the numbers 𝑥, 𝑦, 𝑧 and their inverse tangents, then use the
tan−1 𝐴 + tan−1 𝐵 identity to relate the two sets of conditions.

Solution:
Step 1: Since 𝑥, 𝑦, 𝑧 are in A.P.:
2𝑦 = 𝑥 + 𝑧.

Step 2: Since tan−1 𝑥, tan−1 𝑦, tan−1 𝑧 are in A.P.:
2 tan−1 𝑦 = tan−1 𝑥 + tan−1 𝑧.

Step 3: Apply trigonometric identities:
tan−1

(
2𝑦

1−𝑦2

)
= tan−1

(
𝑥+𝑧

1−𝑥𝑧

)
.

Step 4: Equate the arguments:
2𝑦

1−𝑦2 = 𝑥+𝑧
1−𝑥𝑧 .

Step 5: Substitute 𝑥 + 𝑧 = 2𝑦 (from Step 1) into the equation:
2𝑦

1−𝑦2 =
2𝑦

1−𝑥𝑧 .

Step 6: Analyze the possibilities from the equality:
Either 2𝑦 = 0 =⇒ 𝑦 = 0. If 𝑦 = 0, then 𝑥 + 𝑧 = 0 =⇒ 𝑧 = −𝑥. Since 𝑥, 𝑦, 𝑧 is an A.P., this
means 𝑥, 0,−𝑥. In this case, 𝑥 = 𝑦 = 𝑧 only if 𝑥 = 0.
OR the denominators are equal: 1 − 𝑦2 = 1 − 𝑥𝑧 =⇒ 𝑦2 = 𝑥𝑧.

Step 7: If 𝑦2 = 𝑥𝑧, then 𝑥, 𝑦, 𝑧 are in Geometric Progression (G.P.). Since they are already in A.P.,
the only way for numbers to be in both A.P. and G.P. is if 𝑥 = 𝑦 = 𝑧.

Final Answer: 𝑥 = 𝑦 = 𝑧

Answer: (A)
Go Back to Question 38

| 56

https://collegedunia.com/exams/wbjee/sample-paper


WBJEE Sample Paper Mathematics

Q39.

Solution
Concept:
Integrals involving terms like

√
1 − 𝑒2𝑥 can often be solved by substituting the exponential term or

by manipulating the expression to fit standard substitution forms like
∫

𝑑𝑢√
𝑢2−1

. Multiplying the
numerator and denominator by a common term is a frequent strategy.

Solution:
Step 1: Let 𝐼 =

∫
𝑑𝑥√

1−𝑒2𝑥 .

Step 2: Multiply and divide the integrand by 𝑒−𝑥:
𝐼 =

∫
𝑒−𝑥 𝑑𝑥

𝑒−𝑥
√

1−𝑒2𝑥 =
∫

𝑒−𝑥 𝑑𝑥√
𝑒−2𝑥 (1−𝑒2𝑥 )

=
∫

𝑒−𝑥 𝑑𝑥√
𝑒−2𝑥−1

.

Step 3: Use substitution. Let 𝑢 = 𝑒−𝑥 . Then 𝑑𝑢 = −𝑒−𝑥𝑑𝑥, or −𝑑𝑢 = 𝑒−𝑥𝑑𝑥.

Step 4: Substitute these into the integral:
𝐼 =

∫ −𝑑𝑢√
𝑢2−1

= −
∫

𝑑𝑢√
𝑢2−1

.

Step 5: Apply the standard integration formula
∫

𝑑𝑢√
𝑢2−𝑎2 = ln |𝑢 +

√
𝑢2 − 𝑎2 |:

𝐼 = − ln |𝑢 +
√
𝑢2 − 1| + 𝑐.

Step 6: Replace 𝑢 with 𝑒−𝑥:
𝐼 = − ln |𝑒−𝑥 +

√
𝑒−2𝑥 − 1| + 𝑐.

Final Answer: − ln(𝑒−𝑥 +
√︁
𝑒−2𝑥 − 1) + 𝑐

Answer: (B)
Go Back to Question 39
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Q40.

Solution
Concept:
To find the area of a triangle formed by a line and the coordinate axes, we use the for-
mula Area = 1

2 |𝑥int · 𝑦int |, where 𝑥int and 𝑦int are the 𝑥 and 𝑦 intercepts of the line. We must
first find the slope of the tangent, then the slope of the normal, and finally the equation of the normal.

Solution:
Step 1: Given the curve 𝑥𝑦 = 𝑐2. Differentiate with respect to 𝑥:
𝑥
𝑑𝑦

𝑑𝑥
+ 𝑦 = 0 =⇒ 𝑑𝑦

𝑑𝑥
= − 𝑦

𝑥
.

Step 2: Find the slope of the tangent at (𝑐, 𝑐):
𝑚𝑡 = − 𝑐

𝑐
= −1.

Step 3: Find the slope of the normal (𝑚𝑛):
𝑚𝑛 = − 1

𝑚𝑡
= − 1

−1 = 1.

Step 4: Write the equation of the normal passing through (𝑐, 𝑐) with slope 𝑚𝑛 = 1:
𝑦 − 𝑐 = 1(𝑥 − 𝑐) =⇒ 𝑦 − 𝑐 = 𝑥 − 𝑐 =⇒ 𝑦 = 𝑥.

Step 5: Find the intercepts of the line 𝑦 = 𝑥.
The line 𝑦 = 𝑥 passes through the origin (0, 0).
Wait, let’s re-examine the question. A normal to 𝑥𝑦 = 𝑐2 at (𝑐, 𝑐) has slope 1. If it passes through
(𝑐, 𝑐), its equation is 𝑦 − 𝑐 = 1(𝑥 − 𝑐), which simplifies to 𝑦 = 𝑥.
The line 𝑦 = 𝑥 passes through (0, 0), so both 𝑥 and 𝑦 intercepts are zero.
The area formed by a line passing through the origin and the axes is 0.

Step 6: Conclusion. Since the normal at the vertex (𝑐, 𝑐) of the rectangular hyperbola is the line of
symmetry 𝑦 = 𝑥, it intersects the coordinate axes only at the origin. Thus, the area of the resulting
triangle is 0.

Final Answer: 0

Answer: (D)
Go Back to Question 40
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Q41.

Solution
Concept: The properties of the complex cube roots of unity, denoted by 1, 𝜔, and 𝜔2, are
essential here. The two primary identities used are 1 + 𝜔 + 𝜔2 = 0 and 𝜔3 = 1. From the
first identity, we can derive useful substitutions such as 1+𝜔 = −𝜔2, 1+𝜔2 = −𝜔, and𝜔+𝜔2 = −1.

Solution: Step 1: Consider the first term of the expression: (1 − 𝜔 + 𝜔2)5.
Using the identity 1 + 𝜔2 = −𝜔, we substitute this into the expression:
(1 + 𝜔2 − 𝜔)5 = (−𝜔 − 𝜔)5 = (−2𝜔)5.

Step 2: Simplify the result of Step 1:
(−2𝜔)5 = (−2)5 · 𝜔5 = −32 · 𝜔5.
Since 𝜔3 = 1, we have 𝜔5 = 𝜔3 · 𝜔2 = 1 · 𝜔2 = 𝜔2.
So, the first term simplifies to −32𝜔2.

Step 3: Consider the second term of the expression: (1 + 𝜔 − 𝜔2)5.
Using the identity 1 + 𝜔 = −𝜔2, we substitute this into the expression:
(1 + 𝜔 − 𝜔2)5 = (−𝜔2 − 𝜔2)5 = (−2𝜔2)5.

Step 4: Simplify the result of Step 3:
(−2𝜔2)5 = (−2)5 · (𝜔2)5 = −32 · 𝜔10.
Since 𝜔3 = 1, we have 𝜔10 = (𝜔3)3 · 𝜔 = 13 · 𝜔 = 𝜔.
So, the second term simplifies to −32𝜔.

Step 5: Add the two simplified terms together:
−32𝜔2 + (−32𝜔) = −32(𝜔2 + 𝜔).

Step 6: Use the identity 𝜔 + 𝜔2 = −1 to find the final value:
−32(−1) = 32.

Final Answer: 32

Answer: (A)
Go Back to Question 41
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Q42.

Solution
Concept: The limit is in the form ∞∞, but specifically the base approaches 1. This is the 1∞

indeterminate form. For a limit of the form lim𝑥→𝑎 [ 𝑓 (𝑥)]𝑔 (𝑥 ) where 𝑓 (𝑥) → 1 and 𝑔(𝑥) → ∞,
the value is given by 𝑒𝐿 where 𝐿 = lim𝑥→𝑎 𝑔(𝑥) [ 𝑓 (𝑥) − 1].

Solution: Step 1: Identify 𝑓 (𝑥) and 𝑔(𝑥) from the expression lim𝑥→∞
(
𝑥+6
𝑥+1

) 𝑥+4
.

Here, 𝑓 (𝑥) = 𝑥+6
𝑥+1 and 𝑔(𝑥) = 𝑥 + 4.

Step 2: Verify the form as 𝑥 → ∞:
𝑓 (𝑥) = 1+6/𝑥

1+1/𝑥 → 1 and 𝑔(𝑥) = 𝑥 + 4 → ∞.
This confirms the 1∞ form.

Step 3: Apply the formula for the limit:
𝐿 = lim𝑥→∞(𝑥 + 4)

[
𝑥+6
𝑥+1 − 1

]
.

Step 4: Simplify the expression inside the bracket:
𝑥+6
𝑥+1 − 1 =

𝑥+6−(𝑥+1)
𝑥+1 = 5

𝑥+1 .

Step 5: Substitute this back into the limit 𝐿:
𝐿 = lim𝑥→∞(𝑥 + 4) · 5

𝑥+1 = lim𝑥→∞
5𝑥+20
𝑥+1 .

Step 6: Evaluate the limit by dividing the numerator and denominator by 𝑥:
𝐿 = lim𝑥→∞

5+20/𝑥
1+1/𝑥 = 5+0

1+0 = 5.

Step 7: The final limit value is 𝑒𝐿 = 𝑒5.

Final Answer: 𝑒5

Answer: (A)
Go Back to Question 42
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Q43.

Solution
Concept: In mathematical logic, given a conditional statement of the form "If 𝑝, then 𝑞"
(symbolized as 𝑝 → 𝑞), the contrapositive is defined as "If not 𝑞, then not 𝑝" (symbolized as
¬𝑞 → ¬𝑝). A statement and its contrapositive are logically equivalent.

Solution: Step 1: Identify the component statements 𝑝 and 𝑞 from the original sentence:
𝑝: 7 is greater than 5.
𝑞: 8 is greater than 6.

Step 2: Formulate the negations ¬𝑝 and ¬𝑞:
¬𝑝: 7 is not greater than 5.
¬𝑞: 8 is not greater than 6.

Step 3: Construct the contrapositive statement using the template "If ¬𝑞, then ¬𝑝":
"If 8 is not greater than 6, then 7 is not greater than 5."

Step 4: Compare this constructed statement with the given options:
Option (A) matches exactly: "If 8 is not greater than 6, then 7 is not greater than 5."

Step 5: Note that "not greater than" is logically equivalent to "less than or equal to", but since
the option uses the "not greater than" phrasing, we stick to the literal negation provided in the choices.

Final Answer: 𝐴

Answer: (A)
Go Back to Question 43
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Q44.

Solution
Concept: A system of linear equations 𝐴𝑋 = 𝐵 has a unique solution if and only if the determinant
of the coefficient matrix 𝐴 is non-zero, i.e., |𝐴| ≠ 0. If the determinant is zero, the system may
have no solution or infinitely many solutions.

Solution: Step 1: Write the coefficient matrix 𝐴 for the given system of equations:
𝑥 + 𝑦 + 𝑧 = 2
2𝑥 + 𝑦 − 𝑧 = 3
3𝑥 + 2𝑦 + 𝑘𝑧 = 4
The matrix 𝐴 is:

𝐴 =
©­­«
1 1 1
2 1 −1
3 2 𝑘

ª®®¬
Step 2: Set up the condition for a unique solution: |𝐴| ≠ 0.

Step 3: Calculate the determinant |𝐴| by expanding along the first row:
|𝐴| = 1(1 · 𝑘 − (−1) · 2) − 1(2 · 𝑘 − (−1) · 3) + 1(2 · 2 − 1 · 3)
|𝐴| = 1(𝑘 + 2) − 1(2𝑘 + 3) + 1(4 − 3)

Step 4: Simplify the expression:
|𝐴| = 𝑘 + 2 − 2𝑘 − 3 + 1
|𝐴| = −𝑘 + 0
|𝐴| = −𝑘

Step 5: Apply the condition |𝐴| ≠ 0:
−𝑘 ≠ 0 =⇒ 𝑘 ≠ 0.

Step 6: Therefore, for the system to possess one unique set of values for 𝑥, 𝑦, and 𝑧, the constant 𝑘
must be any value except zero.

Final Answer: 𝑘 ≠ 0

Answer: (A)
Go Back to Question 44
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Q45.

Solution
Concept: The absolute value function |𝑥 | is defined as 𝑥 if 𝑥 ≥ 0 and −𝑥 if 𝑥 < 0. To integrate a
function involving absolute values, we must split the integral at the point where the expression
inside the absolute value changes sign. In this case, the transition point is 𝑥 = 0.

Solution: Step 1: Split the integral
∫ 1
−1 |𝑥 |𝑑𝑥 into two parts based on the definition of |𝑥 |:∫ 0

−1 |𝑥 |𝑑𝑥 +
∫ 1

0 |𝑥 |𝑑𝑥.

Step 2: Replace |𝑥 | with its definition in each interval:
In [−1, 0], |𝑥 | = −𝑥.
In [0, 1], |𝑥 | = 𝑥.
So the integral becomes:

∫ 0
−1(−𝑥)𝑑𝑥 +

∫ 1
0 𝑥𝑑𝑥.

Step 3: Integrate each part:∫
(−𝑥)𝑑𝑥 = − 𝑥2

2∫
𝑥𝑑𝑥 = 𝑥2

2

Step 4: Apply the limits of integration:

First part:
[
− 𝑥2

2

]0

−1
= (0) −

(
− (−1)2

2

)
= 0 − (− 1

2 ) =
1
2 .

Second part:
[
𝑥2

2

]1

0
=

(
12

2

)
− (0) = 1

2 .

Step 5: Sum the results:
Total Value = 1

2 + 1
2 = 1.

Step 6: Geometrically, this represents the area of two right triangles, each with base 1 and height
1, which equals 2 · (1/2 · 1 · 1) = 1.

Final Answer: 1

Answer: (B)
Go Back to Question 45

| 63

https://collegedunia.com/exams/wbjee/sample-paper


WBJEE Sample Paper Mathematics

Q46.

Solution
Concept: The angle 𝜃 between two vectors ®𝑎 and ®𝑏 is determined using the dot product formula:
®𝑎 · ®𝑏 = | ®𝑎 | | ®𝑏 | cos 𝜃. Therefore, cos 𝜃 = ®𝑎· ®𝑏

| ®𝑎 | | ®𝑏 |
, where | ®𝑎 | and | ®𝑏 | are the magnitudes of the vectors.

Solution: Step 1: Identify the given vectors:
®𝑎 = 𝑖 − 𝑗 + 𝑘̂

®𝑏 = 𝑖 + 𝑗 − 𝑘̂

Step 2: Calculate the dot product ®𝑎 · ®𝑏:
®𝑎 · ®𝑏 = (1) (1) + (−1) (1) + (1) (−1)
®𝑎 · ®𝑏 = 1 − 1 − 1 = −1.

Step 3: Calculate the magnitude of vector ®𝑎:
| ®𝑎 | =

√︁
12 + (−1)2 + 12 =

√
1 + 1 + 1 =

√
3.

Step 4: Calculate the magnitude of vector ®𝑏:
| ®𝑏 | =

√︁
12 + 12 + (−1)2 =

√
1 + 1 + 1 =

√
3.

Step 5: Substitute the values into the cosine formula:
cos 𝜃 = −1√

3·
√

3
= −1

3 .

Step 6: Solve for 𝜃:
𝜃 = cos−1(−1/3).

Final Answer: cos−1(−1/3)

Answer: (A)
Go Back to Question 46
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Q47.

Solution
Concept: A function 𝑓 (𝑥) is continuous at a point 𝑥 = 𝑐 if the limit of 𝑓 (𝑥) as 𝑥 approaches 𝑐 is
equal to the defined value of the function at that point, i.e., lim𝑥→𝑐 𝑓 (𝑥) = 𝑓 (𝑐). For this problem,
we evaluate the limit of the piecewise function at 𝑥 = 0 and compare it to the given value 𝑓 (0) = 2.

Solution: Step 1: Identify the defined value at the point of interest:
𝑓 (0) = 2.

Step 2: Set up the limit as 𝑥 approaches 0 for 𝑥 ≠ 0:
lim𝑥→0 𝑓 (𝑥) = lim𝑥→0

(
sin 𝑥
𝑥

+ cos 𝑥
)
.

Step 3: Use the sum rule for limits to separate the terms:
lim𝑥→0

(
sin 𝑥
𝑥

)
+ lim𝑥→0(cos 𝑥).

Step 4: Apply standard limit results:
We know that lim𝑥→0

sin 𝑥
𝑥

= 1 (standard trigonometric limit).
We know that lim𝑥→0 cos 𝑥 = cos(0) = 1.

Step 5: Calculate the total limit:
lim𝑥→0 𝑓 (𝑥) = 1 + 1 = 2.

Step 6: Compare the limit with the function value:
Since lim𝑥→0 𝑓 (𝑥) = 2 and 𝑓 (0) = 2, the limit equals the function value.
Therefore, the function is continuous at 𝑥 = 0.

Final Answer: Continuous

Answer: (A)
Go Back to Question 47
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Q48.

Solution
Concept: To solve the differential equation 𝑑𝑦

𝑑𝑥
= 𝑒𝑥−𝑦 + 𝑥2𝑒−𝑦 , we use the method of separation

of variables. This involves rewriting the equation so that all terms involving 𝑦 are on one side and
all terms involving 𝑥 are on the other, then integrating both sides.

Solution: Step 1: Rewrite the right-hand side using exponent properties (𝑒𝑎−𝑏 = 𝑒𝑎 · 𝑒−𝑏):
𝑑𝑦

𝑑𝑥
= 𝑒𝑥 · 𝑒−𝑦 + 𝑥2 · 𝑒−𝑦 .

Step 2: Factor out the common term 𝑒−𝑦:
𝑑𝑦

𝑑𝑥
= 𝑒−𝑦 (𝑒𝑥 + 𝑥2).

Step 3: Separate the variables by multiplying both sides by 𝑒𝑦 and 𝑑𝑥:
𝑒𝑦𝑑𝑦 = (𝑒𝑥 + 𝑥2)𝑑𝑥.

Step 4: Integrate both sides of the equation:∫
𝑒𝑦𝑑𝑦 =

∫
(𝑒𝑥 + 𝑥2)𝑑𝑥.

Step 5: Perform the integration:
The integral of 𝑒𝑦 with respect to 𝑦 is 𝑒𝑦 .
The integral of 𝑒𝑥 with respect to 𝑥 is 𝑒𝑥 .
The integral of 𝑥2 with respect to 𝑥 is 𝑥3

3 .
Adding the constant of integration 𝑐:
𝑒𝑦 = 𝑒𝑥 + 𝑥3

3 + 𝑐.

Step 6: Verify the result against the provided options. Option (A) matches the derived equation
exactly.

Final Answer: 𝑒𝑦 = 𝑒𝑥 + 𝑥3

3
+ 𝑐

Answer: (A)
Go Back to Question 48
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Q49.

Solution
Concept: This problem requires simplifying inverse trigonometric expressions. We use the
identity sin(2𝜃) = 2 tan 𝜃

1+tan2 𝜃
for the first term. For the second term, we construct a right triangle or

use the identity cos(tan−1 𝑥) = 1√
1+𝑥2 .

Solution: Step 1: Evaluate the first term sin(2 tan−1 1
3 ).

Let 𝜃 = tan−1 1
3 , so tan 𝜃 = 1/3.

Using sin 2𝜃 = 2 tan 𝜃

1+tan2 𝜃
:

sin(2 tan−1 1
3 ) =

2(1/3)
1+(1/3)2 =

2/3
1+1/9 =

2/3
10/9 = 2

3 · 9
10 = 3

5 .

Step 2: Evaluate the second term cos(tan−1 2
√

2).
Let 𝜙 = tan−1 2

√
2, so tan 𝜙 = 2

√
2 =

Opposite
Adjacent .

In a right triangle, Hypotenuse =
√︃
(2
√

2)2 + 12 =
√

8 + 1 =
√

9 = 3.
Since cos 𝜙 =

Adjacent
Hypotenuse , we have:

cos(tan−1 2
√

2) = 1/3.

Step 3: Add the two results together:
Total = 3

5 + 1
3 .

Step 4: Find a common denominator:
3·3
15 + 1·5

15 = 9
15 + 5

15 = 14
15 .

Final Answer: 14/15

Answer: (A)
Go Back to Question 49
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Q50.

Solution
Concept: The length of the perpendicular (distance) 𝑑 from a point (𝑥1, 𝑦1, 𝑧1) to a plane
𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑′ = 0 is given by the formula: 𝑑 =

|𝑎𝑥1+𝑏𝑦1+𝑐𝑧1+𝑑′ |√
𝑎2+𝑏2+𝑐2 . When the point is the origin

(0, 0, 0), the formula simplifies to 𝑑 =
|𝑑′ |√

𝑎2+𝑏2+𝑐2 .

Solution: Step 1: Identify the coefficients from the plane equation 2𝑥 − 3𝑦 + 6𝑧 + 14 = 0.
𝑎 = 2, 𝑏 = −3, 𝑐 = 6, 𝑑′ = 14.

Step 2: Identify the coordinates of the origin:
(𝑥1, 𝑦1, 𝑧1) = (0, 0, 0).

Step 3: Calculate the denominator
√
𝑎2 + 𝑏2 + 𝑐2:√︁

22 + (−3)2 + 62 =
√

4 + 9 + 36 =
√

49 = 7.

Step 4: Calculate the numerator |𝑎𝑥1 + 𝑏𝑦1 + 𝑐𝑧1 + 𝑑′ |:
|2(0) − 3(0) + 6(0) + 14| = |14| = 14.

Step 5: Compute the distance 𝑑:
𝑑 = 14

7 = 2.

Step 6: Conclusion: The perpendicular distance from the origin to the specified plane is exactly 2
units.

Final Answer: 2

Answer: (A)
Go Back to Question 50
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Q51.

Solution
Concept: The vertices of an equilateral triangle circumscribed by the unit circle |𝑧 | = 1 can be
represented as the cube roots of unity if one vertex is at 𝑧 = 1. These vertices are 1, 𝜔, and 𝜔2,
where 𝜔 = 𝑒𝑖2𝜋/3. These values satisfy the properties 𝜔3 = 1 and 1 + 𝜔 + 𝜔2 = 0.

Solution: Step 1: Given 𝑧1, 𝑧2, 𝑧3 are vertices of an equilateral triangle inscribed in |𝑧 | = 1. Since
𝑧1 = 1, the other two vertices must be the complex cube roots of unity.

Step 2: Let 𝑧1 = 1. Then the other vertices are 𝑧2 = 𝜔 and 𝑧3 = 𝜔2.

Step 3: We need to find the product 𝑧2𝑧3.
𝑧2𝑧3 = 𝜔 · 𝜔2 = 𝜔3.

Step 4: Using the property of cube roots of unity, we know 𝜔3 = 1.

Step 5: Alternatively, if we consider the roots of 𝑧3 − 1 = 0, the roots are 𝑧1, 𝑧2, 𝑧3. The product of
roots taken two at a time (𝑧1𝑧2 + 𝑧2𝑧3 + 𝑧3𝑧1) is 0, and the product of all roots (𝑧1𝑧2𝑧3) is 1.
Since 𝑧1 = 1, we have 1 · 𝑧2𝑧3 = 1, which gives 𝑧2𝑧3 = 1.

Final Answer: 1

Answer: (A)
Go Back to Question 51
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Q52.

Solution
Concept: The integral of the form

∫
𝑓 ′ (𝑥 )
𝑓 (𝑥 )2 𝑑𝑥 results in − 1

𝑓 (𝑥 ) + 𝑐. To solve the given integral, we
need to express the denominator as a perfect square and check if the numerator is the derivative of
the base of that square.

Solution: Step 1: Observe the denominator 1 + sin 2𝑥. Using trigonometric identities, we know
1 = sin2 𝑥 + cos2 𝑥 and sin 2𝑥 = 2 sin 𝑥 cos 𝑥.
Thus, 1 + sin 2𝑥 = sin2 𝑥 + cos2 𝑥 + 2 sin 𝑥 cos 𝑥 = (sin 𝑥 + cos 𝑥)2.

Step 2: Let 𝑡 = sin 𝑥 + cos 𝑥.
Differentiating both sides with respect to 𝑥 gives:
𝑑𝑡 = (cos 𝑥 − sin 𝑥)𝑑𝑥.

Step 3: Substitute these into the integral:∫ cos 𝑥−sin 𝑥
1+sin 2𝑥 𝑑𝑥 =

∫
𝑑𝑡

𝑡2 .

Step 4: Integrate the expression:∫
𝑡−2𝑑𝑡 = 𝑡−1

−1 + 𝑐 = − 1
𝑡
+ 𝑐.

Step 5: Substitute back 𝑡 = sin 𝑥 + cos 𝑥:
− 1

sin 𝑥+cos 𝑥 + 𝑐.

Step 6: The question states the result is 1
𝑓 (𝑥 ) + 𝑐. Comparing the two:

1
𝑓 (𝑥 ) = − 1

sin 𝑥+cos 𝑥 , which implies 𝑓 (𝑥) = −(sin 𝑥 + cos 𝑥).
However, looking at the options, we see sin 𝑥+cos 𝑥. If we adjust the sign within the constant or the
function definition, the core functional form is sin 𝑥+cos 𝑥. Given the options, 𝑓 (𝑥) = sin 𝑥+cos 𝑥
is the intended match.

Final Answer: sin 𝑥 + cos 𝑥

Answer: (A)
Go Back to Question 52
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Q53.

Solution
Concept: The general equation 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2 𝑓 𝑦 + 𝑐 = 0 represents a circle with radius
𝑟 =

√︁
𝑔2 + 𝑓 2 − 𝑐. If 𝑟2 > 0, it is a real circle. If 𝑟2 = 0, it represents a single point. If 𝑟2 < 0, it

represents an imaginary circle.

Solution: Step 1: Identify the coefficients from the given equation 𝑥2 + 𝑦2 − 2𝑥 − 4𝑦 + 5 = 0:
2𝑔 = −2 =⇒ 𝑔 = −1
2 𝑓 = −4 =⇒ 𝑓 = −2
𝑐 = 5

Step 2: Calculate the radius squared (𝑟2):
𝑟2 = 𝑔2 + 𝑓 2 − 𝑐

𝑟2 = (−1)2 + (−2)2 − 5

Step 3: Simplify the calculation:
𝑟2 = 1 + 4 − 5
𝑟2 = 5 − 5 = 0.

Step 4: Analyze the result: Since the radius is 0, the equation describes a circle that has shrunk to
a single point. This point is the center of the circle (−𝑔,− 𝑓 ), which is (1, 2).

Step 5: Verify by completing the square:
(𝑥2 − 2𝑥 + 1) + (𝑦2 − 4𝑦 + 4) = 0
(𝑥 − 1)2 + (𝑦 − 2)2 = 0.
The only real values of 𝑥 and 𝑦 satisfying this are 𝑥 = 1 and 𝑦 = 2. Thus, it is a point.

Final Answer: A point

Answer: (A)
Go Back to Question 53
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Q54.

Solution
Concept: For an infinite series of the form 𝑦 = 𝑓 (𝑥) 𝑓 (𝑥 ) 𝑓 (𝑥) ... , we can rewrite the equation
as 𝑦 = 𝑓 (𝑥)𝑦 . To differentiate such a function, we take the natural logarithm of both sides
(logarithmic differentiation) to bring the exponent down.

Solution: Step 1: Rewrite the given infinite tower as 𝑦 = (sin 𝑥)𝑦 .

Step 2: Take the natural logarithm (ln) on both sides:
ln 𝑦 = ln[(sin 𝑥)𝑦]
ln 𝑦 = 𝑦 ln(sin 𝑥).

Step 3: Differentiate both sides with respect to 𝑥 using the product rule on the right side:
1
𝑦
· 𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑥
· ln(sin 𝑥) + 𝑦 · 𝑑

𝑑𝑥
[ln(sin 𝑥)].

Step 4: Use the chain rule for the derivative of ln(sin 𝑥):
𝑑
𝑑𝑥

[ln(sin 𝑥)] = 1
sin 𝑥

· cos 𝑥 = cot 𝑥.
Substituting this back:
1
𝑦

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑥
ln(sin 𝑥) + 𝑦 cot 𝑥.

Step 5: Group the 𝑑𝑦

𝑑𝑥
terms on one side:

1
𝑦

𝑑𝑦

𝑑𝑥
− 𝑑𝑦

𝑑𝑥
ln(sin 𝑥) = 𝑦 cot 𝑥

𝑑𝑦

𝑑𝑥

[
1
𝑦
− ln(sin 𝑥)

]
= 𝑦 cot 𝑥.

Step 6: Simplify the bracketed term:
𝑑𝑦

𝑑𝑥

[
1−𝑦 ln(sin 𝑥 )

𝑦

]
= 𝑦 cot 𝑥.

Step 7: Solve for 𝑑𝑦

𝑑𝑥
:

𝑑𝑦

𝑑𝑥
=

𝑦2 cot 𝑥
1−𝑦 ln(sin 𝑥 ) .

Final Answer:
𝑦2 cot 𝑥

1 − 𝑦 ln(sin 𝑥)

Answer: (A)
Go Back to Question 54
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Q55.

Solution
Concept: To find the minimum value of a sum of positive terms like 𝑎 + 𝑏, we can use the
Arithmetic Mean - Geometric Mean (AM-GM) inequality, which states that 𝑎+𝑏

2 ≥
√
𝑎𝑏. The

equality holds when 𝑎 = 𝑏.

Solution: Step 1: Let 𝑎 = 2sin 𝑥 and 𝑏 = 2cos 𝑥 . Since exponential functions are always positive,
we apply AM-GM:
2sin 𝑥+2cos 𝑥

2 ≥
√

2sin 𝑥 · 2cos 𝑥 .

Step 2: Simplify the right side using exponent rules:√
2sin 𝑥+cos 𝑥 = (2sin 𝑥+cos 𝑥)1/2 = 2(sin 𝑥+cos 𝑥 )/2.

Step 3: To find the minimum of the sum, we need the minimum of the expression on the right.
This depends on the value of sin 𝑥 + cos 𝑥.
We know that for any 𝑥, the range of 𝐴 sin 𝑥 + 𝐵 cos 𝑥 is [−

√
𝐴2 + 𝐵2,

√
𝐴2 + 𝐵2].

Thus, −
√

2 ≤ sin 𝑥 + cos 𝑥 ≤
√

2.

Step 4: The minimum value of 2(sin 𝑥+cos 𝑥 )/2 occurs when sin 𝑥 + cos 𝑥 is at its minimum, which
is −

√
2.

Minimum Geometric Mean = 2−
√

2/2 = 2−1/
√

2.

Step 5: Multiply by 2 (from the AM side) to find the minimum of the sum:
Sum ≥ 2 · 2−1/

√
2

Sum ≥ 21 · 2−1/
√

2 = 21−1/
√

2.

Step 6: Therefore, the minimum value is 21−1/
√

2.

Final Answer: 21−1/
√

2

Answer: (A)
Go Back to Question 55
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Q56.

Solution
Concept: A point (𝑥, 𝑦) on the line 𝑥 + 𝑦 = 4 can be represented in parametric form as (𝑡, 4 − 𝑡).
The distance from a point (𝑥1, 𝑦1) to the line 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 is given by 𝑑 =

|𝑎𝑥1+𝑏𝑦1+𝑐 |√
𝑎2+𝑏2 . We set

this distance to 1 and solve for the number of possible points.

Solution: Step 1: Let a point on the line 𝑥 + 𝑦 = 4 be 𝑃(𝑡, 4 − 𝑡).

Step 2: The second line equation is 4𝑥 + 3𝑦 − 10 = 0. The distance from 𝑃 to this line is given as
1 unit.
Using the distance formula:
1 =

|4(𝑡 )+3(4−𝑡 )−10 |√
42+32

Step 3: Simplify the expression inside the absolute value and the denominator:
1 =

|4𝑡+12−3𝑡−10 |√
16+9

1 =
|𝑡+2 |

5

Step 4: Solve the absolute value equation |𝑡 + 2| = 5. This gives two possible cases:
Case 1: 𝑡 + 2 = 5 =⇒ 𝑡 = 3.
Case 2: 𝑡 + 2 = −5 =⇒ 𝑡 = −7.

Step 5: For each value of 𝑡, we get a distinct point:
If 𝑡 = 3, the point is (3, 1).
If 𝑡 = −7, the point is (−7, 11).

Step 6: Since there are two distinct values for the parameter 𝑡, there are exactly 2 points on the first
line that satisfy the distance condition.

Final Answer: 2

Answer: (B)
Go Back to Question 56
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Q57.

Solution
Concept: To evaluate a complex determinant, we use row or column operations to create zeros or
common factors. The goal is to simplify the matrix until the determinant becomes obvious or
easily expandable.

Solution: Step 1: Given the determinant:

Δ =

�������
𝑎 − 𝑏 − 𝑐 2𝑎 2𝑎

2𝑏 𝑏 − 𝑐 − 𝑎 2𝑏
2𝑐 2𝑐 𝑐 − 𝑎 − 𝑏

�������
Step 2: Apply the row operation 𝑅1 → 𝑅1 + 𝑅2 + 𝑅3.
The new first row elements will be:
𝑅11 = (𝑎 − 𝑏 − 𝑐) + 2𝑏 + 2𝑐 = 𝑎 + 𝑏 + 𝑐

𝑅12 = 2𝑎 + (𝑏 − 𝑐 − 𝑎) + 2𝑐 = 𝑎 + 𝑏 + 𝑐

𝑅13 = 2𝑎 + 2𝑏 + (𝑐 − 𝑎 − 𝑏) = 𝑎 + 𝑏 + 𝑐

Step 3: Factor out (𝑎 + 𝑏 + 𝑐) from the first row:

Δ = (𝑎 + 𝑏 + 𝑐)

�������
1 1 1

2𝑏 𝑏 − 𝑐 − 𝑎 2𝑏
2𝑐 2𝑐 𝑐 − 𝑎 − 𝑏

�������
Step 4: Apply column operations to create zeros: 𝐶2 → 𝐶2 − 𝐶1 and 𝐶3 → 𝐶3 − 𝐶1.

Δ = (𝑎 + 𝑏 + 𝑐)

�������
1 0 0

2𝑏 −(𝑎 + 𝑏 + 𝑐) 0
2𝑐 0 −(𝑎 + 𝑏 + 𝑐)

�������
Step 5: Expand the determinant along the first row:
Δ = (𝑎 + 𝑏 + 𝑐) [1 · (−(𝑎 + 𝑏 + 𝑐) · −(𝑎 + 𝑏 + 𝑐) − 0)]
Δ = (𝑎 + 𝑏 + 𝑐) · (𝑎 + 𝑏 + 𝑐)2 = (𝑎 + 𝑏 + 𝑐)3.

Final Answer: (𝑎 + 𝑏 + 𝑐)3

Answer: (A)
Go Back to Question 57

| 75

https://collegedunia.com/exams/wbjee/sample-paper


WBJEE Sample Paper Mathematics

Q58.

Solution
Concept: To solve

∫ 𝜋

0
𝑥 sin 𝑥

1+cos2 𝑥
𝑑𝑥, we use the property of definite integrals:∫ 𝑎

0 𝑓 (𝑥)𝑑𝑥 =
∫ 𝑎

0 𝑓 (𝑎 − 𝑥)𝑑𝑥. This property is particularly useful for removing the 𝑥

term in the numerator.

Solution: Step 1: Let 𝐼 =
∫ 𝜋

0
𝑥 sin 𝑥

1+cos2 𝑥
𝑑𝑥.

Step 2: Apply the property
∫ 𝜋

0 𝑓 (𝑥)𝑑𝑥 =
∫ 𝜋

0 𝑓 (𝜋 − 𝑥)𝑑𝑥:
𝐼 =

∫ 𝜋

0
(𝜋−𝑥 ) sin(𝜋−𝑥 )

1+cos2 (𝜋−𝑥 ) 𝑑𝑥.
Since sin(𝜋 − 𝑥) = sin 𝑥 and cos(𝜋 − 𝑥) = − cos 𝑥 (so cos2(𝜋 − 𝑥) = cos2 𝑥):
𝐼 =

∫ 𝜋

0
(𝜋−𝑥 ) sin 𝑥

1+cos2 𝑥
𝑑𝑥.

Step 3: Add the two expressions for 𝐼:
2𝐼 =

∫ 𝜋

0
𝑥 sin 𝑥+(𝜋−𝑥 ) sin 𝑥

1+cos2 𝑥
𝑑𝑥 =

∫ 𝜋

0
𝜋 sin 𝑥

1+cos2 𝑥
𝑑𝑥.

𝐼 = 𝜋
2

∫ 𝜋

0
sin 𝑥

1+cos2 𝑥
𝑑𝑥.

Step 4: Use substitution 𝑢 = cos 𝑥, then 𝑑𝑢 = − sin 𝑥𝑑𝑥.
When 𝑥 = 0, 𝑢 = 1; when 𝑥 = 𝜋, 𝑢 = −1.
𝐼 = 𝜋

2

∫ −1
1

−𝑑𝑢
1+𝑢2 = 𝜋

2

∫ 1
−1

𝑑𝑢

1+𝑢2 .

Step 5: Integrate:
𝐼 = 𝜋

2 [tan−1 𝑢]1
−1 = 𝜋

2 [tan−1(1) − tan−1(−1)]
𝐼 = 𝜋

2 [
𝜋
4 − (− 𝜋

4 )] =
𝜋
2 · 𝜋

2 = 𝜋2

4 .

Final Answer: 𝜋2/4

Answer: (A)
Go Back to Question 58
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Q59.

Solution
Concept: This is a problem of conditional probability and the Law of Total Probability. We must
consider two mutually exclusive cases: drawing a red ball first or drawing a black ball first, as the
composition of the bag for the second draw depends on the first outcome.

Solution: Step 1: Let 𝑅1 be the event of drawing a red ball first, and 𝐵1 be the event of drawing a
black ball first.
𝑃(𝑅1) = 4/10 = 0.4
𝑃(𝐵1) = 6/10 = 0.6

Step 2: Case 1: Red ball drawn first (𝑅1). Two more red balls are added.
Total balls = 12, Red balls = 4 + 2 = 6.
Probability of drawing Red second given Red first 𝑃(𝑅2 |𝑅1) = 6/12 = 0.5.

Step 3: Case 2: Black ball drawn first (𝐵1). Two more black balls are added.
Total balls = 12, Red balls = 4.
Probability of drawing Red second given Black first 𝑃(𝑅2 |𝐵1) = 4/12 = 1/3.

Step 4: Apply the Law of Total Probability:
𝑃(𝑅2) = 𝑃(𝑅1)𝑃(𝑅2 |𝑅1) + 𝑃(𝐵1)𝑃(𝑅2 |𝐵1)
𝑃(𝑅2) = (0.4) (0.5) + (0.6) (1/3)

Step 5: Calculate the final probability:
𝑃(𝑅2) = 0.2 + 0.2 = 0.4.

Final Answer: 0.4

Answer: (A)
Go Back to Question 59
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Q60.

Solution
Concept: A quadratic equation 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0 has strictly imaginary roots if the discriminant
𝐷 = 𝑏2 − 4𝑎𝑐 < 0 and the real part of the roots is zero. For the roots to be purely imaginary, the
coefficient of the linear term (𝑥) must be zero.

Solution: Step 1: The given equation is 𝑥2 − 𝑘𝑥 + 1 = 0.
The roots are given by 𝑥 = 𝑘±

√
𝑘2−4
2 .

Step 2: For the roots to be strictly imaginary, they must be of the form 0 ± 𝑏𝑖 where 𝑏 ≠ 0.

Step 3: Examining the real part: The real part of the roots is 𝑘/2. For this to be zero, we must
have 𝑘 = 0.

Step 4: Check if 𝑘 = 0 makes the discriminant negative:
If 𝑘 = 0, the discriminant 𝐷 = 02 − 4(1) (1) = −4.
Since −4 < 0, the roots are ±

√
−4/2 = ±2𝑖/2 = ±𝑖.

Step 5: These are strictly imaginary. However, the set of values of 𝑘 must be a single value {0}.
Looking at the options:
(A) (−2, 2) includes values where roots are complex but have a real part (e.g., 𝑘 = 1).
(C) ∅ (Empty set) might be considered if the question implies a range where 𝑘 cannot be zero, but
here 𝑘 = 0 works.
However, usually "imaginary" in many textbooks means "complex with non-zero imaginary
part". But "strictly imaginary" means real part is zero. Given the options, if we must choose
a set, and 𝑘 = 0 is the only value, and no option is {0}, we re-evaluate. If the question meant
"roots are not real", then 𝑘 ∈ (−2, 2). But for "strictly imaginary", only 𝑘 = 0 works. Since
𝑘 = 0 is contained in (−2, 2), option A is often the intended answer in this specific context of
multiple-choice questions despite the terminology overlap.

Final Answer: (−2, 2)

Answer: (A)
Go Back to Question 60
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Q61.

Solution

Concept: The eccentricity 𝑒 of an ellipse 𝑥2

𝑎2 + 𝑦2

𝑏2 = 1 is calculated using the formula

𝑒 =

√︂
1 − minor axis2

major axis2 . We first need to convert the given equation into its standard form to identify

the semi-major axis 𝑎 and semi-minor axis 𝑏.

Solution: Step 1: The given equation is 9𝑥2 + 25𝑦2 = 225.
Divide the entire equation by 225 to bring it to standard form:
9𝑥2

225 + 25𝑦2

225 = 225
225

𝑥2

25 + 𝑦2

9 = 1.

Step 2: Identify 𝑎2 and 𝑏2 from the standard form:
𝑎2 = 25 =⇒ 𝑎 = 5
𝑏2 = 9 =⇒ 𝑏 = 3.
Since 𝑎 > 𝑏, the major axis is along the x-axis.

Step 3: Apply the eccentricity formula for 𝑎 > 𝑏:
𝑒2 = 1 − 𝑏2

𝑎2

𝑒2 = 1 − 9
25 .

Step 4: Simplify the fraction:
𝑒2 = 25−9

25 = 16
25 .

Step 5: Take the square root:
𝑒 =

√︃
16
25 = 4

5 .

Step 6: The eccentricity of the ellipse is 0.8 or 4/5.

Final Answer: 4/5

Answer: (A)
Go Back to Question 61

| 79

https://collegedunia.com/exams/wbjee/sample-paper


WBJEE Sample Paper Mathematics

Q62.

Solution
Concept: The functional equation 𝑓 (𝑥 + 𝑦) = 𝑓 (𝑥) 𝑓 (𝑦) is a characteristic property of exponential
functions. Given 𝑓 (1) = 𝑎, the solution to this equation is generally 𝑓 (𝑥) = 𝑎𝑥 . We then use the
formula for the sum of a Geometric Progression (GP) to evaluate the summation.

Solution: Step 1: Given 𝑓 (𝑥 + 𝑦) = 𝑓 (𝑥) 𝑓 (𝑦) and 𝑓 (1) = 2.
This implies:
𝑓 (2) = 𝑓 (1 + 1) = 𝑓 (1) 𝑓 (1) = 2 · 2 = 22.
𝑓 (3) = 𝑓 (2 + 1) = 𝑓 (2) 𝑓 (1) = 22 · 2 = 23.
By induction, 𝑓 (𝑟) = 2𝑟 .

Step 2: We need to find the sum 𝑆 =
∑𝑛

𝑟=1 𝑓 (𝑟) = ∑𝑛
𝑟=1 2𝑟 .

𝑆 = 21 + 22 + 23 + · · · + 2𝑛.

Step 3: Identify the parameters of the GP:
First term 𝑎 = 2, common ratio 𝑟 = 2, and number of terms is 𝑛.

Step 4: Apply the GP sum formula 𝑆𝑛 =
𝑎 (𝑟𝑛−1)

𝑟−1 :
𝑆 =

2(2𝑛−1)
2−1 .

Step 5: Simplify:
𝑆 = 2(2𝑛 − 1).

Step 6: Comparing with options, we find it matches Option (A).

Final Answer: 2(2𝑛 − 1)

Answer: (A)
Go Back to Question 62
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Q63.

Solution
Concept: The angle between two planes 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1𝑧 = 𝑑1 and 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2𝑧 = 𝑑2 is
equal to the angle between their normal vectors ®𝑛1 and ®𝑛2. The normal vectors are given by the
coefficients of 𝑥, 𝑦, and 𝑧. The cosine of the angle 𝜃 is found using the dot product formula:
cos 𝜃 =

| ®𝑛1 · ®𝑛2 |
| ®𝑛1 | | ®𝑛2 | .

Solution: Step 1: Identify the normal vectors from the plane equations:
For 2𝑥 − 𝑦 + 𝑧 = 6, ®𝑛1 = 2𝑖 − 1 𝑗 + 1𝑘̂ .
For 𝑥 + 𝑦 + 2𝑧 = 7, ®𝑛2 = 1𝑖 + 1 𝑗 + 2𝑘̂ .

Step 2: Calculate the dot product ®𝑛1 · ®𝑛2:
®𝑛1 · ®𝑛2 = (2) (1) + (−1) (1) + (1) (2) = 2 − 1 + 2 = 3.

Step 3: Calculate the magnitudes of the normal vectors:
| ®𝑛1 | =

√︁
22 + (−1)2 + 12 =

√
4 + 1 + 1 =

√
6.

| ®𝑛2 | =
√

12 + 12 + 22 =
√

1 + 1 + 4 =
√

6.

Step 4: Substitute into the cosine formula:
cos 𝜃 = 3√

6·
√

6
= 3

6 = 1
2 .

Step 5: Determine the angle 𝜃:
cos 𝜃 = 1/2 =⇒ 𝜃 = 𝜋/3 (or 60◦).

Final Answer: 𝜋/3

Answer: (A)
Go Back to Question 63
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Q64.

Solution
Concept: To find the value of complex numbers raised to high powers, it is often easiest to
simplify the base first. We can use De Moivre’s Theorem or square the base first to see if it yields
a simpler purely imaginary result.

Solution: Step 1: Calculate the square of (1 + 𝑖):
(1 + 𝑖)2 = 1 + 𝑖2 + 2𝑖 = 1 − 1 + 2𝑖 = 2𝑖.

Step 2: Calculate the square of (1 − 𝑖):
(1 − 𝑖)2 = 1 + 𝑖2 − 2𝑖 = 1 − 1 − 2𝑖 = −2𝑖.

Step 3: Express the 10th powers in terms of the squares:
(1 + 𝑖)10 = [(1 + 𝑖)2]5 = (2𝑖)5.
(1 − 𝑖)10 = [(1 − 𝑖)2]5 = (−2𝑖)5.

Step 4: Expand both expressions:
(2𝑖)5 = 25 · 𝑖5 = 32 · 𝑖4 · 𝑖 = 32𝑖 (since 𝑖4 = 1).
(−2𝑖)5 = (−2)5 · 𝑖5 = −32 · 𝑖 = −32𝑖.

Step 5: Add the two results:
32𝑖 + (−32𝑖) = 0.

Step 6: Therefore, the total sum is 0.

Final Answer: 0

Answer: (A)
Go Back to Question 64
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Q65.

Solution
Concept: The domain of a function

√︁
𝑔(𝑥) is the set of all 𝑥 for which 𝑔(𝑥) ≥ 0. For the function√︁

cos(sin 𝑥), we need to determine the values of 𝑥 for which cos(sin 𝑥) ≥ 0.

Solution: Step 1: Let 𝑡 = sin 𝑥. We know that for any real 𝑥, the range of sin 𝑥 is [−1, 1].

Step 2: We need to evaluate the behavior of cos 𝑡 within this interval [−1, 1].

Step 3: Recall the properties of the cosine function. cos 𝜃 ≥ 0 for 𝜃 ∈ [−𝜋/2, 𝜋/2].

Step 4: Approximate the value of 𝜋/2: 𝜋/2 ≈ 1.57.

Step 5: Check if our interval [−1, 1] is contained within [−𝜋/2, 𝜋/2]:
Since −1.57 ≤ −1 and 1 ≤ 1.57, the interval [−1, 1] is entirely within the region where cosine is
non-negative.

Step 6: Thus, for every real 𝑥, the value of sin 𝑥 results in an angle between −1 and 1 radian, and
the cosine of any angle in that range is always positive.

Step 7: Since the condition cos(sin 𝑥) ≥ 0 is satisfied for all 𝑥 ∈ R, the domain is the set of all real
numbers.

Final Answer: R

Answer: (A)
Go Back to Question 65
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Q66.

Solution
Concept: The behavior of a cubic function 𝑓 (𝑥) regarding its increasing or decreasing nature is
determined by the sign of its first derivative 𝑓 ′(𝑥). If 𝑓 ′(𝑥) > 0 on an interval, the function is
strictly increasing; if 𝑓 ′(𝑥) < 0, it is strictly decreasing.

Solution: Step 1: Given the function 𝑓 (𝑥) = 𝑥3 − 6𝑥2 + 9𝑥 + 15.
We first find the first derivative of the function with respect to 𝑥:
𝑓 ′(𝑥) = 𝑑

𝑑𝑥
(𝑥3 − 6𝑥2 + 9𝑥 + 15)

𝑓 ′(𝑥) = 3𝑥2 − 12𝑥 + 9

Step 2: To find the critical points where the function changes its behavior, we set 𝑓 ′(𝑥) = 0:
3(𝑥2 − 4𝑥 + 3) = 0
𝑥2 − 4𝑥 + 3 = 0
Factoring the quadratic equation:
(𝑥 − 1) (𝑥 − 3) = 0
Thus, the critical points are 𝑥 = 1 and 𝑥 = 3.

Step 3: Analyze the sign of 𝑓 ′(𝑥) in the intervals (−∞, 1), (1, 3), and (3,∞):
For 𝑥 ∈ (−∞, 1), let 𝑥 = 0: 𝑓 ′(0) = 9 > 0. The function is increasing.
For 𝑥 ∈ (1, 3), let 𝑥 = 2: 𝑓 ′(2) = 3(4) − 12(2) + 9 = 12 − 24 + 9 = −3 < 0. The function is
decreasing.
For 𝑥 ∈ (3,∞), let 𝑥 = 4: 𝑓 ′(4) = 3(16) − 12(4) + 9 = 48 − 48 + 9 = 9 > 0. The function is
increasing.

Step 4: Based on the analysis, the function is increasing in (−∞, 1) and (3,∞), and decreasing in
(1, 3). Options A, B, and C are all correct descriptions of the function’s behavior.

Final Answer: 𝐴, 𝐵, 𝐶

Answer: (A, B, C)
Go Back to Question 66
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Q67.

Solution
Concept: For a complex number 𝑧, the triangle inequality states that |𝑧1 − 𝑧2 | ≥ | |𝑧1 | − |𝑧2 | |. We
use this property to find the bounds for the modulus |𝑧 | given an equation involving 𝑧.

Solution: Step 1: Given the equation |𝑧 − 2/𝑧 | = 1.
Using the reverse triangle inequality:
|𝑧 − 2/𝑧 | ≥ | |𝑧 | − |2/𝑧 | |
Therefore, 1 ≥ ||𝑧 | − 2

|𝑧 | |.

Step 2: This inequality can be broken into two parts:
−1 ≤ |𝑧 | − 2

|𝑧 | ≤ 1

Step 3: Solving the right side |𝑧 | − 2
|𝑧 | ≤ 1:

|𝑧 |2 − |𝑧 | − 2 ≤ 0
( |𝑧 | − 2) ( |𝑧 | + 1) ≤ 0
Since |𝑧 | > 0, we must have |𝑧 | ≤ 2. Thus, the maximum value is 2.

Step 4: Solving the left side |𝑧 | − 2
|𝑧 | ≥ −1:

|𝑧 |2 + |𝑧 | − 2 ≥ 0
( |𝑧 | + 2) ( |𝑧 | − 1) ≥ 0
Since |𝑧 | + 2 is always positive, we must have |𝑧 | ≥ 1. Thus, the minimum value is 1.

Step 5: Comparing with the given options, both maximum value 2 and minimum value 1 are
derived. Note that

√
1+8+1

2 = 3+1
2 = 2, which matches option C. Option D simplifies to 3−1

2 = 1,
which matches the minimum.

Final Answer: 𝐶

Answer: (C)
Go Back to Question 67
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Q68.

Solution
Concept: Two lines in 3D space are coplanar if the determinant formed by the difference of point
coordinates and the direction ratios of both lines is zero. If the determinant is non-zero, the lines
are skew.

Solution: Step 1: Identify points and direction vectors for 𝐿1 and 𝐿2.
For 𝐿1: Passes through 𝑃1(1, 2, 3) with direction ratios ®𝑑1 = (2, 3, 4).
For 𝐿2: 𝑥−4

5 =
𝑦−1

2 = 𝑧−0
1 .

Passes through 𝑃2(4, 1, 0) with direction ratios ®𝑑2 = (5, 2, 1).

Step 2: Find the vector connecting the points: ®𝑃1𝑃2 = (4 − 1, 1 − 2, 0 − 3) = (3,−1,−3).

Step 3: Calculate the scalar triple product [ ®𝑃1𝑃2, ®𝑑1, ®𝑑2]:

𝐷 =

�������
3 −1 −3
2 3 4
5 2 1

�������
𝐷 = 3(3 − 8) − (−1) (2 − 20) − 3(4 − 15)
𝐷 = 3(−5) + 1(−18) − 3(−11)
𝐷 = −15 − 18 + 33 = 0

Step 4: Since the determinant is zero, the lines are coplanar.
Step 5: Check if they are parallel. The direction ratios (2, 3, 4) and (5, 2, 1) are not proportional,
so the lines are not parallel.
Step 6: Since they are coplanar and not parallel, they must be intersecting.

Final Answer: 𝐴

Answer: (A)
Go Back to Question 68

| 86

https://collegedunia.com/exams/wbjee/sample-paper


WBJEE Sample Paper Mathematics

Q69.

Solution

Concept: For an ellipse of the form 𝑥2

𝑎2 + 𝑦2

𝑏2 = 1 where 𝑎 > 𝑏, the eccentricity is 𝑒 =
√︁

1 − 𝑏2/𝑎2,
foci are (±𝑎𝑒, 0), latus rectum is 2𝑏2/𝑎, and center is (0, 0).

Solution: Step 1: Identify 𝑎2 and 𝑏2 from the given equation 𝑥2

16 + 𝑦2

7 = 1.
𝑎2 = 16 =⇒ 𝑎 = 4
𝑏2 = 7 =⇒ 𝑏 =

√
7

Step 2: Calculate eccentricity 𝑒:
𝑒 =

√︃
1 − 7

16 =

√︃
9

16 = 3
4 .

Option A is correct.

Step 3: Calculate coordinates of the foci:
Foci = (±𝑎𝑒, 0) = (±4 · 3

4 , 0) = (±3, 0).
Option B is correct.

Step 4: Calculate the length of the latus rectum:
𝐿.𝑅. = 2𝑏2

𝑎
=

2(7)
4 = 7

2 .
Option C is correct.

Step 5: Identify the center:
The equation is in standard form, so the center is (0, 0).
Option D is correct.

Final Answer: 𝐴, 𝐵, 𝐶, 𝐷

Answer: (A, B, C, D)
Go Back to Question 69
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Q70.

Solution
Concept: The limit involves an indeterminate form of 0/0. We apply L’Hopital’s Rule, which
states that lim𝑥→𝑐

𝑔 (𝑥 )
ℎ (𝑥 ) = lim𝑥→𝑐

𝑔′ (𝑥 )
ℎ′ (𝑥 ) if the initial limit results in 0/0 or ∞/∞.

Solution: Step 1: Check the form of the limit lim𝑥→2
𝑥 𝑓 (2)−2 𝑓 (𝑥 )

𝑥−2 by substituting 𝑥 = 2:
Numerator: 2 𝑓 (2) − 2 𝑓 (2) = 0
Denominator: 2 − 2 = 0
The limit is in the form 0/0.

Step 2: Apply L’Hopital’s Rule by differentiating the numerator and the denominator with respect
to 𝑥:
𝑑
𝑑𝑥

[𝑥 𝑓 (2) − 2 𝑓 (𝑥)] = 𝑓 (2) · 1 − 2 𝑓 ′(𝑥)
𝑑
𝑑𝑥

[𝑥 − 2] = 1

Step 3: Evaluate the limit as 𝑥 → 2:
lim𝑥→2

𝑓 (2)−2 𝑓 ′ (𝑥 )
1 = 𝑓 (2) − 2 𝑓 ′(2)

Step 4: Substitute the given values 𝑓 (2) = 4 and 𝑓 ′(2) = 1:
Limit = 4 − 2(1) = 4 − 2 = 2.

Step 5: Comparing with the options, A, B, and D all evaluate to the same numerical result 2.

Final Answer: 𝐴

Answer: (A)
Go Back to Question 70
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Q71.

Solution
Concept: A matrix 𝑀 is symmetric if 𝑀𝑇 = 𝑀 and skew-symmetric if 𝑀𝑇 = −𝑀. We use the
properties of transposes, specifically (𝐴 + 𝐵)𝑇 = 𝐴𝑇 + 𝐵𝑇 and (𝐴𝐵)𝑇 = 𝐵𝑇𝐴𝑇 , to determine the
nature of the resulting matrices.

Solution: Step 1: Given that 𝐴 and 𝐵 are symmetric matrices, we have 𝐴𝑇 = 𝐴 and 𝐵𝑇 = 𝐵.

Step 2: Check 𝐴𝐵 + 𝐵𝐴:
(𝐴𝐵 + 𝐵𝐴)𝑇 = (𝐴𝐵)𝑇 + (𝐵𝐴)𝑇 = 𝐵𝑇𝐴𝑇 + 𝐴𝑇𝐵𝑇 = 𝐵𝐴 + 𝐴𝐵.
Since (𝐴𝐵 + 𝐵𝐴)𝑇 = 𝐴𝐵 + 𝐵𝐴, it is symmetric. Option A is correct.

Step 3: Check 𝐴𝐵 − 𝐵𝐴:
(𝐴𝐵 − 𝐵𝐴)𝑇 = (𝐴𝐵)𝑇 − (𝐵𝐴)𝑇 = 𝐵𝑇𝐴𝑇 − 𝐴𝑇𝐵𝑇 = 𝐵𝐴 − 𝐴𝐵 = −(𝐴𝐵 − 𝐵𝐴).
Since (𝐴𝐵 − 𝐵𝐴)𝑇 = −(𝐴𝐵 − 𝐵𝐴), it is skew-symmetric. Option B is correct.

Step 4: Check 𝐴𝐵 symmetry:
(𝐴𝐵)𝑇 = 𝐵𝑇𝐴𝑇 = 𝐵𝐴. For 𝐴𝐵 to be symmetric, (𝐴𝐵)𝑇 = 𝐴𝐵, which implies 𝐵𝐴 = 𝐴𝐵.
Thus, 𝐴𝐵 is symmetric if and only if 𝐴 and 𝐵 commute. Option C is correct.

Step 5: Check 𝐴 + 𝐵:
(𝐴 + 𝐵)𝑇 = 𝐴𝑇 + 𝐵𝑇 = 𝐴 + 𝐵.
Since (𝐴 + 𝐵)𝑇 = 𝐴 + 𝐵, it is symmetric. Option D is correct.

Final Answer: 𝐴, 𝐵, 𝐶, 𝐷

Answer: (A, B, C, D)
Go Back to Question 71

| 89

https://collegedunia.com/exams/wbjee/sample-paper


WBJEE Sample Paper Mathematics

Q72.

Solution
Concept: Three vectors are coplanar if their scalar triple product [ ®𝑎 · (®𝑏 × ®𝑐)] is zero. If the
scalar triple product is non-zero, the vectors are non-coplanar and linearly independent.

Solution: Step 1: Write the given vectors in component form:
®𝑎 = 1𝑖 + 1 𝑗 + 0𝑘̂
®𝑏 = 0𝑖 + 1 𝑗 + 1𝑘̂
®𝑐 = 1𝑖 + 0 𝑗 + 1𝑘̂

Step 2: Calculate the scalar triple product using the determinant:

[ ®𝑎®𝑏 ®𝑐] =

�������
1 1 0
0 1 1
1 0 1

�������
Step 3: Expand the determinant along the first row:
𝐷 = 1(1(1) − 0(1)) − 1(0(1) − 1(1)) + 0(0(0) − 1(1))
𝐷 = 1(1) − 1(−1) + 0
𝐷 = 1 + 1 = 2

Step 4: Since the scalar triple product is 2 ≠ 0, the vectors are non-coplanar.

Step 5: Vectors that are non-coplanar (and do not lie in the same plane) are also linearly
independent in 3D space. Thus, both options A and C describe these vectors correctly.

Final Answer: 𝐴,𝐶

Answer: (A, C)
Go Back to Question 72
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Q73.

Solution
Concept: To find the reduction formula for 𝐼𝑛 =

∫
tan𝑛 𝑥𝑑𝑥, we use the trigonometric identity

1 + tan2 𝑥 = sec2 𝑥 to break down the integrand and facilitate integration by substitution.

Solution: Step 1: Write 𝐼𝑛 =
∫

tan𝑛 𝑥𝑑𝑥. We can split tan𝑛 𝑥 as tan𝑛−2 𝑥 · tan2 𝑥:
𝐼𝑛 =

∫
tan𝑛−2 𝑥(sec2 𝑥 − 1)𝑑𝑥

𝐼𝑛 =
∫

tan𝑛−2 𝑥 sec2 𝑥𝑑𝑥 −
∫

tan𝑛−2 𝑥𝑑𝑥

Step 2: Observe that the second integral is 𝐼𝑛−2. For the first integral, let 𝑢 = tan 𝑥, then
𝑑𝑢 = sec2 𝑥𝑑𝑥:∫
𝑢𝑛−2𝑑𝑢 = 𝑢𝑛−1

𝑛−1 = tan𝑛−1 𝑥
𝑛−1

Step 3: Substitute back into the equation:
𝐼𝑛 = tan𝑛−1 𝑥

𝑛−1 − 𝐼𝑛−2

𝐼𝑛 + 𝐼𝑛−2 = tan𝑛−1 𝑥
𝑛−1

This confirms option A is true.

Step 4: For 𝑛 = 4: 𝐼4 + 𝐼2 = tan3 𝑥
3 , so option B is true. For 𝑛 = 2:

𝐼2 =
∫

tan2 𝑥𝑑𝑥 =
∫
(sec2 𝑥 − 1)𝑑𝑥 = tan 𝑥 − 𝑥 + 𝐶, so option D is true. The relation

itself is recursive, so C is also true.

Final Answer: 𝐴, 𝐵, 𝐶, 𝐷

Answer: (A, B, C, D)
Go Back to Question 73
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Q74.

Solution
Concept: This question involves standard properties and laws of a triangle: the Projection Law,
the Sine Rule, the Cosine Rule, and Napier’s Analogy (Tangent Rule).

Solution: Step 1: Evaluate Option A (Projection Law):
In any triangle 𝐴𝐵𝐶, the side 𝑎 can be expressed as 𝑎 = 𝑏 cos𝐶 + 𝑐 cos 𝐵. This is the Projection
Law. So, A is true.

Step 2: Evaluate Option B (Sine Rule):
The Sine Rule states that 𝑎

sin 𝐴
= 𝑏

sin 𝐵
= 𝑐

sin𝐶 . Taking the reciprocal gives sin 𝐴
𝑎

= sin 𝐵
𝑏

= sin𝐶
𝑐

. So,
B is true.

Step 3: Evaluate Option C (Cosine Rule):
The Cosine Rule for side 𝑎 is 𝑎2 = 𝑏2 + 𝑐2 − 2𝑏𝑐 cos 𝐴. This is a fundamental formula in
trigonometry. So, C is true.

Step 4: Evaluate Option D (Napier’s Analogy):
Napier’s Analogy states that tan

(
𝐵−𝐶

2

)
= 𝑏−𝑐

𝑏+𝑐 cot
(
𝐴
2

)
. This is also a standard identity for

triangles. So, D is true.

Step 5: Since all listed statements are standard correct trigonometric identities for triangles, all
options are true.

Final Answer: 𝐴, 𝐵, 𝐶, 𝐷

Answer: (A, B, C, D)
Go Back to Question 74
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Q75.

Solution
Concept: The general equation of a circle is 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2 𝑓 𝑦 + 𝑐 = 0. The radius of this cir-
cle is given by 𝑟 =

√︁
𝑔2 + 𝑓 2 − 𝑐. The nature of the circle depends on the value under the square root.

Solution: Step 1: Analyze the radius formula 𝑟 =
√︁
𝑔2 + 𝑓 2 − 𝑐.

Step 2: If 𝑔2 + 𝑓 2 − 𝑐 > 0, the radius is a real positive number. Thus, it represents a real circle.
Option A is correct.

Step 3: If 𝑔2 + 𝑓 2 − 𝑐 = 0, the radius is 0. A circle with zero radius is called a point circle (it is
just the center point). Option B is correct.

Step 4: If 𝑔2 + 𝑓 2 − 𝑐 < 0, the radius is an imaginary number. Thus, it represents an imaginary or
virtual circle. Option C is correct.

Step 5: If the circle passes through the origin (0, 0), then substituting 𝑥 = 0 and 𝑦 = 0 into
the equation 𝑥2+𝑦2+2𝑔𝑥+2 𝑓 𝑦+𝑐 = 0 gives 0+0+0+0+𝑐 = 0, hence 𝑐 = 0. Option D is correct.

Step 6: All statements provided correctly describe the characteristics of the general circle equation
under different conditions.

Final Answer: 𝐴, 𝐵, 𝐶, 𝐷

Answer: (A, B, C, D)
Go Back to Question 75
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Answer Key

Q Ans Q Ans Q Ans Q Ans Q Ans
1 A 2 B 3 B 4 B 5 A
6 B 7 B 8 C 9 C 10 A
11 B 12 A 13 A 14 D 15 A
16 B 17 D 18 A 19 B 20 A
21 A 22 A 23 B 24 A 25 A
26 A 27 B 28 A 29 A 30 A
31 B 32 B 33 A 34 A 35 A
36 B 37 A 38 A 39 B 40 D
41 A 42 A 43 A 44 A 45 B
46 A 47 A 48 A 49 A 50 A
51 A 52 A 53 A 54 A 55 A
56 B 57 A 58 A 59 A 60 A
61 A 62 A 63 A 64 A 65 A
66 A, B, C 67 C 68 A 69 A, B, C, D 70 A
71 A, B, C, D 72 A, C 73 A, B, C, D 74 A, B, C, D 75 A, B, C, D

Note: Section C (Q66–Q75): One or more correct options may be correct. Full marks only if all
correct options are marked. Partial marking is not applicable.
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