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 Linear Programming

Linear PfOﬁ(amml'nﬁ (LFP) s a .;ne'l'hod
to find the optimum (max or min) value
of a linear function of variables, subject

to linear inezuah'ﬁes (consf'ra('nf's).

~

Standard form

Maximise /| Minimise P2 = e o by

Sub\jecf to constraints

/

a.x-f-b/y e g

a, x = b Yt e £ oo et

x 7= 0, v z= O '(non’neyaf’:'u:'r"y)

Key terms

/. Decsion variables - X, (onhnowns)
Okgjecﬂue ﬁ‘uncﬂon' o w2 = ax by

2
3. Constraints - linear inezualfh'es
(71

/Von_—neja'ﬁi/#y - X2 0 y 7= O

$ . Feasfble reytbn - set of all :
points Saf'fsaa/fny ALL constraints.
6. Opﬁma! solution - point in

7-»Cea_§::ble rEﬁlbn where_ Z i1s opt.
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[ Mediees A, B, €, D, E . are corner points

(6 Evalvate Z at ceach correr.

(‘7) VP:'cK. the max / min  valve.
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 Graphical Method

For LP problems in TWO variapbles,

we use the graphical method.

.S'feps

(/) f*ormulaf'e f'he LPP 1Crom word problem
(Z) Convert each mezuahf’y into egn.
and plot the line on graph.
(3) Shade the half-plare that satisfies
the mezuahf’y ( test orgm HC 0 .nof'he)
) Lntersect all .shac/ed reﬁfons =

f'hl.Sﬂ s f'he Qas:_bl_e _r_ey:on.

(5‘) Ff'nd corner points _(@/gr_'h'ces).
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Corner Point Method

|

The optimum of 2Z occurs at a cormer point

Procedure

(7 Find +easible reja'on ° @raph).

(i) Find all corner points of 7.

Giir) Compute 2 = a; + by at each correr.

Gv) Pick max / min as rezw'red.

Theorerm /
If KR is bounded, then 2 attains B0TH
ts maximum AMD  minimum  valves at

corner points or K.

Theorem 2

IFf R is unbounded, M = max valuve at a
_ cormer IS the maximum of 2 over R only A
the open ha/ﬁ-plane ax 1 by 7 "

has MO point in common with K.

Same rule for min : ax by < m must

have nro p_ofnf' in

Memwydeﬁd@b(eueryf’hmﬁ (bt?unded).
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Worked Example (Manvfacturing)

A Facfory' makes x chairs & s 8 tables.
Frohit' 2 = 30 x + $0 v.

|
.‘
i
|
|
|

i Constraints
| x 4+ 2 Y <= /0 ; (wood?
| 3 x + Y o I2 (lapbour)

e re O v 25 0

| Step / o Plot lines
L e 2 g D OB (0]
B F o e 2 - (90) (0)2)

Shep 2 ¢ Corner points

& Solve simultaneovsly
'x.+27fz'/0,3x+712/2

L =7 fom tyr L v % = /O - 2y

| = 0 - Zg) oy = 42

=2 30 - gy = )2 =2y = /¢
a2 S0 e 3?/5‘ = /s

COrners d O(OIOJI A(‘/,O)’ 8(/‘//5_; /3/5_)1
clo s ).

| : .

, | Ofee 2 : Eval 2

I 2B) = BPU/7/ZM-O(LT) = 269
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Worked Example (contd.)

o

e = 0 xv & = 2¢0

Comipare = O, [202¢9, 290

Maximum provqf' TR e at (/"7’/5"‘ : /3/5‘)

Step 9 - Conclusion
Mawe 19/$ 2.% chairs and 1575 3.6

tables (fnf’eyer roundinj i needed).
Maxirmum proﬁf’ = fe 269

ﬁehdfnq the inequality direction

Test or{gf'n.(0,0) n f'nezualffy.
Or{?fn satisties e or{gfn side

Ori’gfn_ fails bl g opposite side

Boundary vs  strict

<=, 7= : line incduded Csolid line/
=7 : line MOT included (dashed)

e
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Types of +asible regions
~ Bounded region 7
__Qosed po!yyon. Max AMD min of 2

~ both exist at corner points.

Unbounded region -
Extends to t'_nﬁ'nffy. Z may not have
- max / min.  Check the open half-plare

test (see theorem 2 ea_rh:er).

_ Mulh}:lé optimal solutions

I1C = ezuals the optimum at TWO0 acjja;enf

corners, then EVEW point on the edje
.__\joininﬁ f'hem_ s also optimum -7 |

fnﬁ_nﬁ'ely many soluf'ions.

Cavsed when 2 = ax + by 1s parallel

~do. 0 c_onsf_-ra;bf lire. v

Inteasible LPP

I Consf’rm}—;f‘s : co:;_)fradl'cf' each other.

. hf:eqsible rej:bp = empfy set.

Mo solution exists.
Bl ek afipamyiivysrBEFORE
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- Diet Problem (exémple)

Minimise diet cost.  Two foods F/, F2.
Lel x “ﬂ of F/ and 4 Kj of F2.
Minimise CiT 9 x b Y (cost in [Fs.)

Constraints (nutrition)

" S x4 6 v 2= V0 .7 (protein)

L 9 4 o y 7= /00 . (carbs)

x 720 . g o O

- Plot lines :

; 3x o+ ey =¥ ;. (30/5 O} (O '50/6)

L 9% + 3y = /OO A2e, O) D, 100/37

Find corners

\

‘: Region is unbounded (open to +inf).

| _Solve . 3xtoy = ¥O and Ix+3y = /00

 x = (200-50))s = 29, y = (50-72))6 = 9/3
| wait recompoute o ooltiply /st by 2

ox+/2y = /6O ,  YIx + 3y = /00

I

Subtract 2x .+ 77 = bl

c(o. /100/3])

|
|
|
J
Vertices - A(ZS‘, O), 8(2’7', ’7'/3),
| :
P Eval cost C = Yy by at each correr.
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Diet Problermn (contd.)

e

eld) — 900) — 0D
c(B) = 9029) + (9/3) = 96 + § = 109
cc) = o(/00/3) = 200

Min so Far = /OO at A.

ﬁeﬁfon unbounded -7 chec Ixt+oy < /00
intersects K or rot.

Origin (0,0) gives O < /OO but origin

is MOT in R (Fais constraints).

A € = fix /00 gt (2:, O .

Transportation problem

Goods shipped From ﬁodo:uns to shops.
Minimise total transport cost.
Use 2 decusion variables (x, 7/)

fest follow by demand 7/ supply.

Manu'pacfumbq - mixture problems

/Mixfny two producf's with limited
raw materials. Max proﬁf‘.
Kesources = <= constraints

Demand minimum =7 Z= consStraints
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Common m:.sf'ab(e.s (avo:d ')

(2)  Wrong half-plane while shading.

_ Always do the  origin test.

(327 Sb(tppmy a coirlefiopi%gf@/g reg.

(L L s o ineiial)

(9) Solw ng wrong pair oiC ezua_hons

Each cormer = 015 2 lines,

() 7_4@{:@100_?39 max QAS min or uvice versa.

= De-@ne declSlon uanables clearly.

* Write Z = @ A by

* Write constraints + non-ne ativity.
x Plof shade, chenhﬁy /("

 Corperss 7. iZvalves -7 compare.

S e

* Sfafe -Qna/ answer _'"’_,E’Efcff‘_'_
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Summary

Definitions

Opjective #n 2 = ax + by (linear)
Constraints linear fnezualf'ﬂes in i, v

Feasible req. © set of (x, 7/) saﬂsﬁymﬂ all

Corner poim“ verfex of -peasfble reﬁfon
Opﬁ'ma/ soln point where .Z 5 max / min
Theorems

F) o Boupded & =7 Loth a6 v
occur at cormer points. =

72 : Unrbounded R =7 use half-plarne test.

Solving steps ( qolden)

Tip

If two corrers yl’ue the same 2 value,

every point on the edye_bef’ween them 15

optimum ' intinite solu tions).

End ot Chapter /2
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