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Chapter ©
Application of Derivatives

WHhat s this chapter about? .

The derivative dy/dx of a Function tells how y
chanﬂes with x. Here we app!y this idea  to

(/) FRate of chanye of one Zuanﬁfy w.r.T.
another (re/m"ed rates).

(2) Whether a Function is :'ncreasfny or
de(reasfnj on an interval.

(3) f:f'nc/fnﬂ maximom / mlh‘fﬂ?um valves
of a Function 'UFH'??ET‘FI‘F (opf't'mf'sah'on).

() Behaviour of curves : tangents,

normals, concaw'fy, intlection points.

P re-req iisifes

X DifRrentiation rules from Ch <.
* Chairn rule dy/dx = (dy/du)(du/dx)

x Standard derivatives

=

S dlx. »n) = nx (n-)) 5 d/dx(sin x) = |&xy

d/dx(e  x) d/dxlin x) = 7/x

€ x

bl
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6./ FRate of change

A y = Hx)

s the instantaneous rate of chanﬂe of

then dy/dx gt % =%l

1

J w.rit. . at that  point

l C—fKey formula

rate of chanye = dy/dx

£ % and y _are both functions of t
Gl = ) Ghfdr) | <

Edq. expandfnq circle

ff';dfus r of a cdrle grows at 2 cm/s
Find rate of change of area when r = $
A=A = e @
dAa/dt = 2 TT r (dr/dt)
At nz & dildl =0
daldls =2 7] (a)2) = 26 01 i DU

Common gquantities & their rates

X dx/dt -7 linear speed

* v/dt -7 volume rate (Filling/draining)
X JA/dt+ -7 area rate (eﬂ spilled oil)
* dO/dt -7 angular speed (rad/s) .

Scanned with CamScanner



Date : Page :

Sliding ladder problem

A < m ladder rests on a wall

Foot is pulled away at {3 < m/.S

3

Ft'nd rate at which top shides down H

when +oot is 3 m from wall y

T

Y= wall he{ghf‘

Let x = foof distance

% 9wl 7, 9 = grs C»ny'ha\goras

Differentiate w.r.t. + .
2 x (dx/dt) + 2 V% (a’y/df) =80
dy/df = - (x/y)(dx/df)

At x = 3 7 y = szn"(z.(-‘ L 9) oy
dyjdt = - (3/9NOc) = - D375 s
Neﬂﬂftbe <57 Top s ’PF_’FH'? ﬁalh'ny

Ma(q:'nal cost & revenue

Zf ¢lx) = total cost .°’E producmﬂ x units
o = dC/dx /' /l/’ﬁ = dﬁ/dx ] < -economics

/Marﬂa'nal = rate of chanye of cost (or
revenve) per extra unit produced

Lt is an important application in CE3SE ?
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2 Increa.smq & decrea.ﬂ'rgq Ffunctions

£ gt t'ncreasfnﬂ Bl

—_—

S/l = 7 In L

—
-

= s Sf’rfcf'ly thcreasfnj

7

He)) <=

H(x2)
B el factead

S:]rm'lar/y for decrea_ﬂ'nj (replace <= by 7:).

\

Derivative test

el =7 0O on e i £ Sf'n'd'!y J'ncreasmj
L) = O on TE on £ sf’n'cf'/y decreasfny
L) = O on I = £ /s constant

These hold on any open interval (a, b))
On a closed interval [a, bl we addt'h'onally

rezwlre £ continuous on [a, bj.

incred ;mﬂ

L) 7. O

Slope 7 O -7 rising

Slope < O -7 falling .

decre(}f.(fnﬁ
Fle)- e -0
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Method to Hind intervals

Step / Find F(x)

Siep 2 solve £ix) = O -7 crtical phs
Step S mark them on a number line

Step 9 test sign of £ in each interval

Step 5= + -7 inordsing g = o7 decreasfnj

Eg. Hx) = %o % - By 2 +

Pho) = 2% 2 - bw = Rl oo J)
Ele)a0O——="% =

f\"eadfn;g the chart

e Al s (-fmc, O) -2 increanny
* £ <« 0 on (0 2] 7 deamdiing
= £ - 0 on (2, inf) -7 f'ncreasf'ny

Common mistackes
= Styn e , not £ itself ?

X Domain matters - exclude pts where + undefined.

= Endpofnf’: 2 use [a, bj with conﬂr:w'fy
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More worked exa mple.s

Eg / . ) = 5ip % on IO %ﬂj.

L) = cos x ; oS Xy = 0

Eo e = T2 B2

Siyn of s x

X+ on L0, pif2) -7 Jreasing
X - on (pt'/Z, S'pf/Z) =57 decreasfny
X 4L ion [ Bpt'/Z, Zpt') -7 :]ncreasfny

Eg 2. R == | (U 4 x 2

a

Fle) = () =% 20 o) 4 % 7) 2
Flx) = O = x = sy

f'ncrea.sfnﬂ on (-/, /)
= decreasfnﬂ on (-f'rnD, -/2 énd (/, int)

Mote 4 numerator decides ngn here .

denominator is always o)
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6.3 Tanqenf's & normals

Tangent at PGB, 9O on i Hx)
Slope m = F(x0).

y - yOe= EOe0) e = xi) J <= fangent. Hee

NMormal at P s perpendt'cular to f'anvqenf'
7 = 7’0 e (/ / p(xO)) (X i xdj < -mormal line

Special cases
® FLD) = O -7 tangent is horizontal .

normal S x = "%0 luerticaltl
X F(x0) infinite -7 tangent x = xO

normal s y = yO

\& fﬂnﬂenf
0 &

\ X
normal

,_Ar}gle between curves

tan(t) = (ond =i I 4 il mZI)

m/ , m2 = slopes of the two tangents at

the intersection point
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Worked example

Find EZ. of f'anyenf' & nAbronal to
7 = R Dt at e =9

Tanqenf’ 2 St A b 0 (x o 3)

Mormal Ly /.z - (//2)()( . 2)

i.e. x + 27/ - 9 = O| <-answer

Useful tip

L problem says tangent is parallel to a
ﬂiuen line of Slope ‘W Ser Ple) = W
A perpendfcu/ar . set £ilx) = il .

Tanqenf at a point on a crcle

—

gd e 2 -y 2 <=.a 2 ar poinl (x0, 70).'

xxO-f—7/7/Oza 7 <-T = O itrin
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0.9  Approximations (linear)

Small cha nge formula

dy : £l) . d%

< -linearisation

Used to esf'.fr'nafe e b)) o R
Fsc+dx) B L) e

Eqg. approx sqrt(2$.3)
Lot ) = szrf(x), = 28 de = 0%

Ble) = § | (2 Ssz'(x)) = ///Q
de = O3 / /O = 003
Szrf,'(Zé—._?) Vel iEig el e Ve (0

Error in measvrement
TE s Ll and e hazx errer dr
{ dv £(r) dr

S o = ) W 00

g sphere ;. VW = (230 Bl =
NN = 2 defr =7 D evror in V
= = (7 error in v)

x note & 2 3 becavse V r =
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6.5 Maxima & minima — intro

et - 7 - 0 A point & n 75 j;'ves
®e' local max £ ) 2= Hx) near <

®  Jocal min A Rc) <= Rx) near ¢
® abs @lobal) max on L A Q) o Hix) all x v B
P S —

abs @/oba/) i on Chmal s ) <= £c) all x

Critical (stationary) points
£lc) = O or £() doeSn'f"exfsf‘ <-candidates

Fermat's theorem 2 guery interior local
extremum 1S a critical point

(Converse is MOT true - €.9- x' 20t 0 )

MAX
FlJI=0

Fl)=0
LML

Both wvertices have £() = O but very different

I

shapes around ¢ . We need a test to tell apart .

- »
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First-derivative test

Let ¢ be a critical pofm".oa’: £
Check  the 5{9:0 of £ on ef'i"he( side

(a) £ chanﬁes -+ Jo = at < -7 local MAX
e b changes - to +  af e ->  local MIpN
(<) no 5{7” chanye -7 MOT  extremum

(poinf of inflecti

+ > A - MM <~ memorise

Eg. Hx) = x 3 2
Flc) = 2« 2> 2 — 30 - YUy F i

Critical . pts o= +/- b

Ar s = «f = Loz 20 .5 Teeal MAX
H-7) = sl s 2

e = 1) - ooz ez oAl TN
Ry} =/ === 2

Visvalise on the cubic curve next page .
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Second-derivative test

Let ¢ be a critical point with £(J = O
Compute +'(c)

£l) = D == local MIN at ¢ <-shortcut ¥

Bl = 0 =7 local MVIAX at ¢

= test fails = Use /st fest

£

fl
&)

MUnemonic +uve £ -7 bowl Cratn) 2
e £ -7 e arch (max)

Same eg revisited
Hel = o« A B
p'(x) = bx

At x sy D) s e s AIAX

At ox = Vi £ = 46 i 2 == LN
7

¥

Matches the /.ff"derfuaﬁ'ue test -t ax

L &
,/-

local min

Alway s guote F' valve while writing answer .
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Absolute max & min on [a, bj

If £ is continvous on closed [a, b
then + attains s max and min on [a, bj

(Extrerme value theorem).

Procedure

(1) Find all critical pts in (a, b).

(27 Evalvate £ at crifical s o+ . a .  b
(3) The /arjesf valve = abs MAX

The smallest valve = abs MINV

abs extrema in (CP) U ((a, b} < -checlist

Eg. HAx) = x =2 - 12 on -2 3]

£h) = 2% 2 - 12 = 22l 2]

Critical pfs iin. (-3, 21 % = 2., 2
Mow evaluate

a9 = g7 L2 )

o)~ Ly e 25— G <- abs MAX

e ) - 5 29 = /b <- abs MIN
& - 27 - 36 = -]

e = /o at x = -2 MIEA = /6 al s &
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Concaw'fy & inflection (| extral

£ is concave up jon L - Pl =20 there

£ is concave down on I e Elile) = O there

An inflection point s where cor:cac/if‘y

chanﬂes (£ chanﬂes Si'gn).

/9

intlection " i) =0 AND Sign chanﬂes‘

woncave up

+'Z70
L'zo
concave L]DW’"!
Why vsetul 7
Curve shape : up us dowr bowl

He/ps draw yraphs accurately

Confirms 2nd-derivative test result

Quick  example

e = . 2 PG = ox
= 0 at O .S{gn- chanyes =7 Paon

/

is an inflection point . (Mot an extremum )
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6.6 Oph'mt'sahbn - method

Word-problem recipe
(/_) fead care-pully

Py
(2) MNMame wvariables ; mark them on Qyure

= draw a-pfyure

(3) -Write the Zulanﬁfy Q to be max / min
in terms of .variables

(9) Use a constraint to reduce @ to ome var

() Find da/_dx Joset 2 O . Solwe

(6) Use 2nd-deriv test to confirm max/mmin

(7) State the answer with units ?

mf)de, A rec/uce -7 dl-p-p =57 tesl < <Kpy chain

Common ph"ﬁalls

* Don't poryef' to %?Eﬁaﬁs state ovnits (erm Lo 20
¥ Variables must be 7 O in physical problems

» Ok 2nd-deriv test fails Juse /st-deriv  test
»*

/-Hways uerfpy lf'he critical pt s admissible

.
Useful identities :

® Cylinder = V. = pic 2B S = 20 I

¥ Cone v = (1/3) Vpi r. 2 h =L =
. Sphere : v = (9/3) pLr. 2 S =9 @l 7
s Box : V= Ibh ;. S = 2(p + Bi EEEE
*

Circle : A = pir 2 C = 2 pt &
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Eq. open box from sheet

Sheet oA s recw"anyle
Szuares of side x cut Hrom each cormer ;
sides folded up to Fform open box

Find x that maximises volume

Vi) = w la - 25Kp ~ 2x) | o]

cut x from each corrmer

Tae particvlar case a = b = L

\/z;c(L'Zx)Z

Differentiate
Vil (D) 9 4 90 a9 )
= N )

VWil) = 6. =7 % = L/Z (rgjecfed) or 3 = I
Wilhe) = “FL o 29
Ar Y = Ll s UL gL s e

V__max at x = L/o

V. max = (L/e)(20/2) 2 = 2 | @ = e d
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Eg. closest pt on a parabola

Find pt on y = x 2 nearest fto (O', 2.

Let P(x, x 2) be a pofhf‘ on the curve
Yoo o e 2 )2
= S w i

Miiionise d 2 (same-x a5 d -, easier a{gebra).
Gl 2} =8 w5 =02 x =4 X (2 w 2 - 1)
=) =7 Y. = O or o =il //szrf'(Z)

Cheeck 2nd derivative ,
Gl 20 = g2 2 s

Al = /- //Szrf'(Z) cyg g L9 = G 5 O

Atx = O S e -7 MAX (s«ip)

So ! nearest points (1'-/' //Szrf'(Z), //2)

R 1/ li = 3/9

d__,mf'n = Ssz'(g)/z ; < -anSwer

Tip ¢ S liiitse=d ¥ Z ., rnof d (avoids Szrf'),

Critical pts of 2avi=icniticdl Pls s L vl Code e O )
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Eg. cone inscried in a sphere

Sphere of radive B Find as volume

of ‘a r{?h)" circvlar cone inscribed in it
Let r = base-radivs h = he{?hf’ of cone

From ﬁeomefry .’ r D= hIR 7

Vo= (1)=) - 2k
= OU/=) b 9 (R . k)

apex

NIdh = GTIRNS Bh = 2k 2
dN/dh = 0" =2 YR . Zh) = O
o h = Vﬁ/.? (other root h=0O rgjecf‘ed)

d 2V/dh 2 = G1/=09F - ch)
At h = 9F/3 ¢ = (pi/3)69R - 30 = -9 pi B2 &

e 2 = (IRIRIR ~i9R)2) = R D o

Vo g o= (32/3/) pr /° = <-Key result

Batic: V. cone - V. _sphere = (22/5/0/(9/3) = §/27 .

ie. come tawes §/27 ( 30 %) oF sphere's volume .
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Eq.  perimeter / area trade-ofF

A wire of lenﬂfh 24 ¢ IS cul info 2 pleces
One becomes a szuare " other becomes a «crcle .

Find cuts that minimise the total area
Let x = piece for square (2% - w) Fsr civcle
/4_,52 = GJg) 2 = 0 e

A dr = [l () 2] 2
=2y ) o /(9. T

A total = x 2//6 + (2% x) 2 J (o)
Alle) = /% - (25 <)1)

Alx) = 0 =2 piix = 925 - )
=7 x = 2 4 )

All=) = ¥ 4+ 4T 2 O - MEmn

¥ min = /12 /] (pt' + <) /5,68 om —I T an
pircle. piece = 2F o= /S GY /2.32 cm
Mote - to MAXIMISE area ) QUST make a _sinjle

shape (don't cut) - boundary case
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Eq. cylinder of max volume

i

Cy!inder inscribed in  sphere of radivs R .
Find max‘v-olume cylfnder

v
lef v, h be the cylfnder's radivs he(ghf’ :

constraint z r 2 + (h/Z) 2 K a2
- o L - B @8 2 - A 2/9) h

- R 2 R ke 2 /] 9 =0
= hsz('/ Szrf'(S')

N oV 2 = T2 h L2) € O -7 MmAX
e s e - o R 2/ 3

X

L_\/__,max = (9 e 3 szr-r(SN 6.3

Eq. rect of max area in circle

a

[ect fnscnbed in circle radivs K -

/4::2):.27/ il x 2y 22/?2

Max area = X. = y = /?/szrf'(Z) - Szuare v

Abipiax = .2 e 2 (a szuare) < -intuition
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Pro tips & common mistaces

x Alway s SKETCH a small ‘f:{gure even iF

et not Specf@'cally aswed - clarifies vars
Idenh%cy the constraint (5phere Walad )
feduce to ome wvariable before J:'fﬁ%rénhbﬁnﬁ :
X After thfnj critical pts , CONMFIRM max/min
with £' test or /st-deriv S{gn chanﬂe

f('gjecr roots that maKe a /enﬂfh / area < ©

For closed intervals , cheek endgoints too

Quick reference table

2/

Test Condition Conclusion
/st deriv F(J)=0, e Pl local MAX
o deriv Elc)=0, ) i ek local MIN
2nd deriv f(:):o, P‘".:o local MAX
2nd deriv Fl(J)=0, ¥£70 local /LN
P

—

Mrnemonic - F.D.I.D.

- F{gure First

=
D - Define variables

=
\

Iden)"lfy Zuanf‘ffy to max / min

\V
\

Differentiate ; el = f‘es'f'

* Don't get scared by long word problems ¥

Tackle one sentence at a time .
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Final summary - Ch 6

= dy/dx = rate of change of v w.rt. x

X  lated rates : chain rule on time T

e £ 7 O -7 inwedsing Fie O -z .decreasmﬂ.

*  Tangent slope at P = £(x0) ; normal = -1/F(x0).
= dy F(x) dx for linear approximations

o Critical pt =0 or £ undefined
e et 2 - mAX o 7 o i
¥ dodd feif o P e O MAX £ 2 0 M
X  Apsolute extrema on [a, Bl cf U ((a, B

*

Oph'rm'.mﬂon + paodel -7 reduce -7 dibE == fest

My st-remember resvlts

open box (Szuare sheet) : x :'_. L/b 4 <-Famous
cone in Sphere K - h 9R/3

_cﬂmder in sphere £ : h = 2Ff/sqrt(3) J

I rect in circle R square side szrf'(Z).

Grolden rule

<-or |

always contirm extremum with £ o? Sign'fesf'

End of Chapter ¢ . Session 2026-27
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