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Step-by-step solutions, alternate methods & exam tips for Class 12 Mathematics

( Chapter 9: Differential Equations ]
AbOUt thiS Chapter Quick Formula Sheet
A function F(z,y) is homogeneous of degree n if Homogeneity test:
F(\z,\y) = A\'F(x,y) for every nonzero \. A differen- F(Az,Ay) = A"F(z,y) for all
d A #£0.
tial equation & F(z,y) is called homogeneous when F 2
] dx oo Reduction substitution:
is homogeneous of degree zero. The substitution y = vz (or PRI dy _ o dv
x = vy) reduces every such equation to a variable-separable dz dz

Form dx/dy = h(x/y):

equation in v and = (or v and y). T = g e

Topics covered: Homogeneous function * Homogeneous
DE e Substitution y = vz ® Particular solution

Exercise 9.4

Questions 1-10: show the DE is homogeneous and solve. Questions 11-15: find a particular
solution. Questions 16—17: MCQs.

(2% + 2y) dy = (2% + y?) du.

. : dy a*+y? .
Concept used. Write the equation as i 2t Replacing (z,y) by (Ax, \y)

multiplies both numerator and denominator by A\?, so F'(\x, \y) = F(x,y) = \°F(z,y).

Hence F' is homogeneous of degree zero and the DE is a homogeneous DE. Substitute

o Y n dv
=Vr S0 — =v+—.
Y dx dx
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Step 1. Rewrite the RHS as a function of v = y/z:

e 14 (divide top and bottom by z?).
X Ty v

Step 2. Substitute:

n dv 1402
vVt r— = .
dz 14w
d
Step 3. Isolate 22
dx
dv 1+ 0? (1+0?) —v(l+v) 1-—w
rT— = — 0V = = .
dx 14w 1+wv 14w
Step 4. Separate variables:
14w dx
dv = —.
1—v x

Step 5. Simplify the LHS by long division: 1 U -1+ % Integrate:
v —v

2
/(—1+ >dv: d_x:> —v —2log |1 —v| =log|z| + C}.
1—-v x

Step 6. Substitute back v = y/z:

Y —210g‘1 — Q‘ = log |z| + C4.
T T

Combine: log |z| + 2log ﬂ’ =7 (1, hence
X X
—_ )2 02
togla- EW 2 Y o s 1og M’ __Y_¢

x T x x

Exponentiating and absorbing constants:
(x—y)?=Cxe ¥,
Final Answer: (z — y)? = C z e ¥/2.
g J

EXPERT’S SOLUTION : Aarav Sharma, M.Sc Mathematics, IIT Bombay

Strategic angle. Substitute y = vz early; the equation becomes separable in v and z.
All algebraic simplification happens on the v-side.

dy 1402
“dr 1+vw

Step 1 with v = y/z.
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’U2

1 1—w
Step 2. V= }
P U+ VU T+ o 1o

Step 3. Separate, then integrate [(—1+ {2 )dv = [ dz/x.

, giving zv’ =

Step 4. Back-substitute and exponentiate to get (z — y)? = Cze ¥/?.

Final Answer: (z — y)? = Cze ¥/°.

1z Homogeneous DE template

d =vT d
% = F(y/z) &5 xé = F(v) — v. Always separable thereafter.

T +
=t
T
SOLUTION

Concept used. Simplify the RHS to 1 + y/x, a function of y/x alone, confirming
homogeneity of degree zero.
Step 1. Y _ 1+ 2. 50 F(z,y) = 1+ y/z, homogeneous of degree zero.
T X
Step 2. Substitute y = vx, vy = v + xv':

d
vha =140 = ' =1 = dv= "2,
T
Step 3. Integrate: v = log|z| + C.
Step 4. Back-substitute: v_ log|z| + C = y =zlog|z|+ Cx.
T

Final Answer: y = zlog |z| + Cz.

EXPERT’S SOLUTION : Vivaan Mehta, M.Sc Applied Mathematics, IIT Kanpur

Quick reading. The DE is so simple after the substitution that you can read off the
answer: v’ = 1/z, so v = log |z| + C.

Step 1. Let v =y/z; then v + 20" =1+ v, so xv' = 1.
Step 2. Integrate: v = log|z| + C.
Step 3. Multiply by x: y = xlog|z| + Cx.
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| Final Answer: y = zlog |z| + Cxz.

Chapter 9: Differential Equations

(x —y)dy — (z+y)de = 0.

SOLUTION

dy

Concept used. Rewrite as
Xz

Combine the logs:

tan™*

SHES

Final Answer: tan~!(y/x)

r+vy
r—y

. Both numerator and denominator are
homogeneous of degree 1, so the ratio is homogeneous of degree zero.

Step 1. Divide numerator and denominator by z:

1+v)—v(l—v) 1+ 02

1
tan~1Y — = log(l + Y
x 2
1
= log|z| + §log

1
> log(x?

dy 1+y/x
dr 1—vy/z’
Step 2. Substitute y = va:
, 14w , 14w
v+ v = — v = —v =
1—v 1—wv
Step 3. Separate:
1—w _dx
1+02
Step 4. Split the LHS:
1 v
/l) —
14 v? 1+ v?
Step 5. Integrate:
1
tan ' v — 5 log(1 +v?) = log|z| + C.
Step 6. Substitute back v = y/x:

2

2

Z’Q + y2
12

+y?) +C.

dv =

> = log |z| + C4.

1
+Cy = = log(z? + y*) + C).

1—w 1—o

dx

T .

2
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EXPERT’S SOLUTION : Priya Gupta, Ph.D Mathematics, IIT Delhi

1— 1
Strategic angle. Splitting T :2 =11 1 f:vQ produces two textbook integrals:
tan~' v and 1 log(1 + v?).
. 1-v)d d
Step 1. Substitute and separate: w 2
1402 75

Step 2. Integrate: tan™' v — 3 log(1 + v?) = log |z| + C}.

Step 3. Replace v = y/z; combine logs into $ log(z* + y?).

1
Final Answer: tan~!(y/z) = 3 log(z? + y?) + C.

(2% — y?) dx + 2xy dy = 0.

SOLUTION

d
Concept used. Solve for d_y and confirm homogeneity.

x
d 2 _ 2 2_ .2
Step 1. Rearrange: T 7Y _ Y "% Divide top and bottom by z?:
dx 2y 2xy
dy v*—1 y
—= = , v=uy/x.
dx 2v Y
Step 2. Substitute y = vx, y = v + xv':
o 112—1: | v —1— 202 1+ v?
v IV = Ty = — ) == = )
2v 2v 2v 2v
Step 3. Separate:
2v J dx
v=——,.
1+ 02 x

Step 4. Integrate: log(1 + v?) = —log|z| + C;. Combine:

log |z(1 +v?)| = C).
y?
Step 5. Back-substitute: |z| - (1 + —2> =9, ie.
x

% + o
=e

— 2> +y° = Clz|,

or simply z? + y? = Cz (signs absorbed).

Final Answer: 22 + 2 = Cxz.

G
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EXPERT’S SOLUTION : Aanya Bhat, M.Sc Mathematics, IIT Madras

Picture-first. The family 22 + y? = Cx is a family of circles passing through the origin
with centres on the z-axis at (C'/2,0) and radius |C|/2.

: : , 1+ 02
Step 1. Substitute y = vz, leading to zv' = — T
v
2ud d
Step 2. Integrate v e log(1 + v?) + log |z| = C.
1+ 02 %

Step 3. Hence z(1 +v?) = C, i.e. 22 + y* = Cx.

Final Answer: 22 + 2 = Cxz.

¥ Geometry behind the DE

(z? —y?) dr+2zy dy = 0 is exactly the equation satisfied by the family of circles through the
origin with centres on the z-axis. Homogeneous DEs often encode geometric invariance
under scaling about the origin.

d
dx
SOLUTION

Concept used. Divide through by 22 to expose y/x.

Step 1. Divide:
d 2
_y =1 — Q(Q) + g

dx T T

Step 2. Substitute y = vz:
vtz =1—202+0v = 2’ =1— 2%

Step 3. Separate:
dv dx

1—202 =z
Step 4. Rewrite the LHS using partial fractions with a? = 1/2:

1 1

1—202  (1—+20)(1++v20)

Use the standard result
/ dv 1 o
a2 —v2  2a &

a—+v
a—"v
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G

with 1 — 20? =2(} —v?) and a = 1/V2:
/ dv 1/ dv 1 L 1/vV2+w L, 1++/2v
=— [ —— == o = 0 .
1—202 21— 2 2.1//2 g1/\/§—v 2v/2 gl—\/ﬁv
Step 5. Therefore
1 1—1—\/_1)
= log|z| + C4.
TR
Step 6. Back-substitute v = y/x:
1 x+\/§y
lo = log |z| + (1,
22 e =2y ghel e
which we write as log TV2y) =2y2log |z| + C.
x—\/_y
Final Answer: log|———=~ v \/_y =22 log|z| + C.

J

EXPERT’S SOLUTION : Rohit Singh, B.Tech CSE, IIT Roorkee

Strategic angle. The integrand 1/(1 — 2v?) is a textbook R
The standard log formula closes it.

Step 1. After substitution: zv’ = 1 — 202, separable.

dv 1
Step 2. Usefa2_v2:%1g‘ ‘w1tha—1/\/_
2
Step 3. Final answer involves log M .
r—2y
Final Answer: log ©+V2yl =22log |z| + C.
x — \/_y

form with a = 1/\/§

m rdy —ydr = /22 + y? dx.
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SOLUTION

Concept used. Solve for Z—y The RHS divided by = depends on y/x alone;
Xz

homogeneous.
Step 1. zdy = (y + /2% + y?) dz, so

dy y+vr2+y? oy
_—— = — 1 2,
- x—l-\/ + (y/x)

dx
(Here we take x > 0; for = < 0 a sign appears but is absorbed into the constant.)

Step 2. Substitute y = vx:
vtav =v+ V1412 = v =V1+02

Step 3. Separate:

dv _ dx
Vige? oz
Step 4. Integrate. Standard result: [ dv/v/1+ v? = log|v + V1 + 22|
log‘v + V14 0?| =loglz| + Cy.

Step 5. Back-substitute v = y/x:

/72 1 12
log g+9c|—-|l-y = log|z| 4 C1,
T T

/2 2
ie. yrVETY Cz (signs absorbed), so y + /22 + y2 = Ca?.
x

Final Answer: y + /22 + y2 = Cz?.

\ J

EXPERT’S SOLUTION : Sanya Verma, M.Sc Mathematics, IIT Kanpur

Strategic angle. The standard integral [ dv/v/1 +v2 = sinh™" v = log(v + /1 + v2)
closes the problem after a single substitution.

Step 1. y = vx gives xv’' = /1 + v2.
Step 2. Integrate: log(v + V1 + v?) = log |z| + C4.
Step 3. Hence y + /22 + y2 = Cz?.

Final Answer: y + /22 + 32 = Cz2.
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{xcos(g) —i—ysin(g)}ydx = {ysin(g) —xcos(y)}xdy.
x x x x

Concept used. Both sides become y/z-dependent after dividing by 2?; substitute y = vz.

Step 1. Solve for @:
dz

dy _ y{wcos(y/z) + ysin(y/)}
dr  x{ysin(y/z) — zcos(y/z)}
Step 2. Divide top and bottom by x?, using y/x = v:

dy  v(cosv+vsinw)

dx VSNV — CosS v

Step 3. Substitute y = vx, vy = v + xv':

,  v(cosv+ vsinwv)
v+ av = - .
vsinv — cosv

Step 4. Isolate:

, v(cosv+vsinv) v(cosv + vsinw) — v(vsinv — cosv) 2v cosv
' = : —v = , = — :
vsinv — cosv vsinv — cosv vsinv — cos v

Step 5. Separate:

_de
=—.

dv

UV COS VU T

vsinv — cosv 2dx 1
= = |(tanv — — | dv

v

Step 6. Integrate:
—log | cosv| — log |v| = 2log |z| + C},

i.e. log|vcosv| = —2log|z| 4+ Ca, hence |vcosv| - 2% = C.

Step 7. Back-substitute v = y/z: Y cos? g2 = C, ie.
xr xr

Ty cos(%) =C.

Final Answer: zy cos(y/z) = C.

EXPERT’S SOLUTION : Ananya Kapoor, Ph.D Pure Mathematics, IISc Bangalore

Strategic angle. The numerator simplifies cleanly to 2v cos v after subtracting v, and the
resulting (tanv — 1/v) integrates to — log |v cos v|.
20 cos v

Step 1. y = vx produces xv/ = —.
vsinv — cosv
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Step 2. Separate and split into tan v — 1 /v, which integrates to — log | cosv| — log |v].

Step 3. Combine and exponentiate: xy cos(y/z) = C.

| Final Answer: xy cos(y/z) = C.

d
Q9.8 x—y —y—i—xsin(y) =0.
dx x

SOLUTION

d .
Concept used. Rearrange to d—y - sin(y/x), a function of y/x only.
T x

Step 1. Substitute y = va:

v4+av =v—sinv = v = —sinw.
Step 2. Separate:
dv dz dx
—— = — — —cscvdv=—.
sin v x T

Step 3. Integrate. Standard result: [ cscvdv = log|tan(v/2)]. So
—log | tan(v/2)| = log |z| + C, = log|tan(v/2)| = —log |z| — C}.

Step 4. Exponentiate: tan(v/2) = % where C = +e= 1.

Step 5. Back-substitute v = y/x:

tan(%) zg — xtan(%) =C.

Final Answer: = tan(%) =C.
T

EXPERT’S SOLUTION : Dev Nair, M.Sc Mathematics, IIT Bombay

Quick reading. After substitution the equation collapses to zv' = — sinv. Use the
standard [ cscv dv = log |tan(v/2)|.

Step 1. v = y/x gives zv' = —sinw.
Step 2. Integrate: log|tan(v/2)| = —log |z| + C4.
Step 3. Hence z tan(y/2x) = C.
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| Final Answer: z tan(y/2z) = C.

m yd:zc-l—xlog(y) dy — 2z dy = 0.
x

Concept used. Solve for Z_y and confirm homogeneity.
Xz

Step 1. Rearrange: ydz = (22 — zlog(y/z))dy, so

dy y y/x

dr 2z —xzlog(y/z) 2 —log(y/z)

Step 2. Substitute y = vx:

, v , v v—2v(2—=1logv) w(logv—1)
v 2 —logw o 2 —logwv ! 2 —logw 2 —logw
Step 3. Separate:
2 —logv dx
——dv = —.
v(logv — 1) x

Step 4. Substitute v = logv — 1, du = dv/v. Thenlogv =u+1and 2 —logv =1 — w:

1_udu=d?x — (1—1>du:d—x.

u u x
Step 5. Integrate: log |u| — u = log |x| + C;. Substitute u = logv — 1:
log |logv — 1| — (logv — 1) = log |z| + CY,

i.e. log|logv — 1| — logv + 1 = log |z| + C}, hence (combining constants)

1 -1
log| 22Y 2

‘ =logv + C.
Step 6. Back-substitute v = y/x:

log =log(y/z) + C.

log(y/x) — 1‘

Equivalently

1 —1
log(y/x) — 1 =K- %, i.e. log(y/z) — 1 = Ky (renaming constant).
T

Final Answer: log(y/z) — 1 = Cy.

- /
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EXPERT’S SOLUTION : Pranav Banerjee, M.Tech Applied Mathematics, IIT Delhi

Strategic angle. The substitution u = logv — 1 collapses the seemingly messy fraction
into the simple form (1/u — 1) du = dx/x.
v(logv — 1)
2 —logv
Step 2. Substitute v = logv — 1; reduce to (1/u — 1)du = dx/x.

Step 1. Substitute y = vx; get xv’ =

Step 3. Integrate, back-substitute, and simplify to log(y/z) — 1 = Cy.

| Final Answer: log(y/z) — 1 = Cy.

(et erin(1- ) ay =

. . ) ) dx
Concept used. Here it is convenient to view z as a function of y. Solve for o and use

Y
the substitution x = vy.

d
Step 1. Solve for o,
dy
dr V(1 — x/y)

A
d d
Step 2. Substitute x = vy, so & _y + y—v:
dy dy
- dv  e'(1-v)
ydy o 14er
Step 3. Isolate y dv/dy:
dvv  e'(1-v)  —e'(I—v)—v(l+e") —e’'+ve’'—v—ve’  vHe
ydy_ 1+ev N 1+ev N 1+ev o 14ev
Step 4. Separate:
1—|—e”d _dy
vder oy’

d(v+e”).
v4ev

log |v+ €’| = —log|y| + C}.

Step 5. The LHS is exactly

Step 6. Exponentiate and absorb: (v + e)y = C. Substitute v = z/y:

(§+em/y>y: C = rv+ye’?=C.
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Final Answer: z + ye*/¥ = C.

EXPERT’S SOLUTION : Tara Krishna, Ph.D Mathematics, IIT Bombay

d
Strategic angle. The numerator 1 + ¢ is exactly d—(v + ¢e"), so the LHS is
v
d(v+ €")/(v + €*), which integrates to a single log.
dv v+e’
Step1. U =vy; get y— = — .

Step 2. Separate and notice (1 + ¢”) dv = d(v + €").

Step 3. Integrate: log |v + e*| = —log |y| + C1, so y(v + ¢e¥) = C, i.e. v + ye™/¥ = C.

Final Answer: z + ye*/¥ = C.

1= Exam Tip

When the equation contains /¥ (note the order  over y), substitute x = vy, not y = vz.
The general rule: substitute so that the inner argument of the awkward function becomes
the new variable.

(x+y)dy+ (x —y)de =0; y=1when z = 1.

SOLUTION

d .
Concept used. Solve for d—y; both numerator and denominator are degree-1, so the DE
X
is homogeneous.
dy  z—y _y

—x
Step1l. —= = = . Divide by x:
P dx r+y x+y e by @
dy v—1 /
= = v=uy/x.
de 140’ Y
Step 2. Substitute y = vx:
, v—1 , v—1—v(1+v) 1+0?
vt aUv = == 2 = = — )
14w 1+ 1+w
Step 3. Separate:
1—|—vd dx

142 v T
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1 1
Step 4. Split: 1 v

v
= . Integrate:
+ 2 1402 + 1+ 02 &

1
—|tan™t v + 5 log(1 +v?)| = log |x| + C;.

Step 5. Back-substitute v = y/x:

1, 22+4?
—tan_lg—ﬁlog xzy = log |z| + C4,

1
ie. tan~!(y/z) + 3 log(z® + y*) = —C). Let C = —C}:
1
tan'Z + 5 log(2? +9*) = C.
x

1
Step 6. Apply (1,1): tan™'1+3log2 =C = C = % + §log2.

Final Answer: log(z? + y?) + 2 tan™!(y/z) = g + log 2.

- J

EXPERT’S SOLUTION : Ishita Banerjee, M.Sc Mathematics, ISI Kolkata

Quick reading. A cousin of Q3: same integrand pattern, opposite sign. Same trick: split

1+vinto 1 + Y
14+ 02 1402 1+02

Step 1. Substitute, separate, integrate: tan~' v + 3 log(1 + v?) + log |z| = C}.

Step 2. Back-substitute and combine: tan~!(y/z) + 1 log(z* + y*) = C.
Step 3. (1,1) = C =n/4+(1/2)log2.

| Final Answer: log(x? + y2) + 2tan~'(y/x) = n/2 + log 2.

22 dy + (vy +y?)dr = 0; y=1when z = 1.

SOLUTION

d .
Concept used. Solve for d—y ; numerator and denominator are both degree-2.
x

T

d 2 2
step1. W o WPy _(0y?
dx 2 T

NCERT Solutions * Free download at collegedunia.com Page 14


https://collegedunia.com/exams/ncert

Collegedunia | Class 12 Mathematics Chapter 9: Differential Equations

Step 2. Substitute y = vx:

v+ =—v -1 = ' =-20—0v" = —v(2+v).
Step 3. Separate:
dv — dw
v(2+v)  x
1 1/1 1
Step 4. Partial fractions: —— = = | — — .S
p artial fractions o2+ 0) 2(@ 2—1—1}) o

1
Step 5. Integrate: —§(log lv| —log |2+ v|) =log|z| + C}, i.e.

1 2
—log ﬂ‘ = log |z| + C4.
2 v
Multiply by 2 and exponentiate:
2
v Ca?.
v

24+y/x 2z +y
y/z y
Step 7. Apply (1,1): 2+1=C-1 = C=3.

Step 6. Back-substitute v = y/x: = Cz?% 50 2x +y = Cz?y.

| Final Answer: 2z + y = 3z2y.

G J

EXPERT’S SOLUTION : Karan Verma, Ph.D Mathematics, IIT Delhi

Strategic angle. The right-side reduces to —v(2 + v); partial fractions handle
1/[v(2 + v)| cleanly.

Step 1. zv' = —v(2 4+ v).
1
Step 2. "2 +0) =1(1/v—1/(2+v)), so —%log|v/(2 + v)| = log |z| + C}.
Step 3. Exponentiate: (2 + v)/v = Cx?, giving 2z + y = Cx?y. Use (1, 1) to find C = 3.

| Final Answer: 2z + y = 3z%y.

[xsinQ(y/x) — y} dr+xdy=0; y=m=/4whenz=1.
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SOLUTION

Concept used. Substitute y = vz to reduce to a separable equation in v and .

d
Step 1. Solve for &y,
dz

dy .2 dy 'y
r— = — I S1ln r) — — = — —8SIn xZ).
o =Y (y/x) it (y/x)
Step 2. Substitute y = vx:
v+av =v—sinv = 20 = —sinv.
Step 3. Separate:
dv dz 9 dz
———=— =— —cscvdv=—.
SN~ v T x

Step 4. Integrate: cotv = log |z| + C, (since [ — csc? v dv = cotv).

Step 5. Back-substitute v = y/x:
cot(y/x) = log |z| + C4.

Step 6. Apply (1,7/4): cot(n/4) =logl+C; = 1=0+C, = C; =1.

| Final Answer: cot(y/z) = log|z| + 1, i.e. log|ex| = cot(y/x).

. J
EXPERT’S SOLUTION : Aditya Chatterjee, M.Sc Mathematics, IIT Madras
Quick reading. The equation telescopes after substitution: zv’ = — sin? v, integrand

— csc? v, antiderivative cot v.

Step 1. y = vr = zv' = —sin?w.

Step 2. cotv = log |z| + C4.
Step 3. (1,7/4) gives C; = 1, so cot(y/z) = log|z| + 1 = log |ex|.

| Final Answer: log |ex| = cot(y/z).

d
Q9.14 —y—g+csc(9)=o; y = 0 when z — 1.
dr =x T
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SOLUTION

d .
Concept used. Rearrange to d—y -7 cse(y/x), a function of y/x alone.
Xz xZ
Step 1. Substitute y = vx:
v4+av =v—cscv = xv’ = —cscw.

Step 2. Separate:
dz

—sinvdv = —.
T

Step 3. Integrate: cosv = log |z| + C}.
Step 4. Back-substitute: cos(y/x) = log|z| + C;.
Step 5. Apply (1,0): cosO=1logl+C; = 1=0+C, = C, =1.

Final Answer: cos(y/x) = log || + 1, i.e. cos(y/x) = log |ex].

EXPERT’S SOLUTION : Pooja Pillai, M.Sc Mathematics, IIT Kanpur

Quick reading. After y = vz, equation is xv’ = — csc v, separable with
—sinvdv = dz/x.

Step 1. zv' = —cscw.
Step 2. Integrate: cosv = log |z| + C4.
Step 3. (1,0) = C} = 1; final cos(y/x) = log |ex]|.

| Final Answer: cos(y/x) = log |ex|.

d
09.15 [P ER 2x2d—y —0; y=2whenz = 1.
X

SOLUTION

d . . .
Concept used. Solve for d_y’ confirm homogeneity, substitute y = vz.
x

d 2xy + y? 2
dy _2wy+y oy v

dx 222 x 22

Step 2. Substitute y = vx:

Step 1.

! 1)2 /_U2
U+ v —v+§ = IV —5.
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Step 3. Separate:

2
Step 4. Integrate: —— = log |z| + C4.
v
. 2z
Step 5. Back-substitute v = y/x: —— = log |z| + C}.
Y

2 2
Step 6. Apply (1,2): —5 = 0+Cy = C;=-1.Solog|z|— 5 =—1,1i.e.

2
i log |z| + 1 = log |ex|.
)

2T
log |ex|’

. 2 .
Final Answer: — = log ex|, i.e.y =
)

EXPERT’S SOLUTION : Diya Kumar, M.Sc Mathematics, IIT Bombay

Quick reading. After y = vz, equation collapses to zv' = v?/2, a simple separable form.
Step 1. zv' = v?/2.

Step 2. —2/v = log|z| + Ci.

Step 3. Back-substitute and apply (1,2): C; = —1. So y = 2z/ log |ex|.

2%
log |ex|’

Final Answer: y =

A homogeneous DE of the form ? = h(f) can be solved by making the
Y Y
substitution: (A)y=vz B)v=yx (C)z=vy (D) z=no.

SOLUTION

Concept used. When the RHS depends on z/y, treat y as the independent variable. The
dv

T0 and reduces the DE to a
Y

natural substitution is = = vy, which gives i +y
Y

separable equation in v and y.

d
Step 1. The form is d—z = h(z/y); we want the new variable to equal z/y.

Step 2. Letv = x/y, i.e. x = vy.
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Step 3. Then Z—z =v+ y;l—z, and the DE becomes yj_: = h(v) — v, which is separable.

| Final Answer: Correct option: (C) =z = vy.

& J

EXPERT’S SOLUTION : Yash Rao, M.Sc Mathematics, IIT Bombay

Quick reading. Match the substitution to the form of the equation. “dz/dy = h(z/y)”
calls for z = vy.

Step 1. RHS is a function of z/y, so let v = z/y, giving = = vy.
Step 2. This reduces the DE to a separable form in (v, y).
Step 3. Option (C).

| Final Answer: (C).

Which of the following is a homogeneous differential equation?
(A) (4x+6y+5)dy— By+2x+4)de =0

(B) (zy)do — (23 +4y3)dy =0

(C) (22 + 2% dw + 22y dy = 0

(D) y? dx + (2? — vy — y?) dy = 0.

SOLUTION

d d
Concept used. Solve each for d—‘z (or d—;) and test homogeneity of degree zero in the

RHS, i.e. whether F'(\z, \y) = F(z,y).
dy  3y+2x+4

de 4z +6y—+5
are degree-0 terms, while the rest are degree-1. Under (z,y) — (\z, \y) the

constants do not scale, so the expression is not homogeneous of degree zero.
Not homogeneous.

Step 1. (A) The constants 4 and 5 in numerator and denominator

d . . .
Step 2. (B) & _ Y Numerator is degree 2, denominator is degree 3. Under
dr 3+ 93
scalin Ny 1F( ) # F(z,y). Degree of F'is —1. Not
P = F(x z,Y). —1.
homogeneous (degree zero).
d 4 2y . . .
Step 3. (C) d—y = _x2+—y- Numerator: z? is degree 3, 2y? is degree 2 — different
T Ty

degrees, so the numerator is not homogeneous. Not homogeneous.
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d 2 .
Step 4. (D) & _ _y—. Numerator and denominator are both degree 2.
dx x? —xy —y?
>\2y2 y2
Under scaling: = , unchanged. Homogeneous
(a2 —wy—y?)  a®—ay—y?

of degree zero.

Final Answer: Correct option: (D).

Strategic angle. For an MCQ, scan each option’s RHS for uniform degree of numerator
and denominator and absence of stand-alone constants.

Step 1. (A) has stand-alone constants 4, 5. Out.
Step 2. (B): degrees 2 and 3, unequal. Out.
Step 3. (C): numerator has mixed degrees 3 and 2. Out.

Step 4. (D): all terms in both numerator and denominator are degree 2. Homogeneous
of degree zero. Correct.

Final Answer: (D).

¥ Quick homogeneity check

A polynomial in = and y is homogeneous of degree n iff every monomial has total degree
exactly n. A polynomial DE is homogeneous iff its numerator and denominator (as
polynomials in z, y) are individually homogeneous, with the same degree.

Key Takeaways

dy

* A DE is homogeneous iff y
xr

F(z,y)).

¢ Standard substitution: y = vz (or x = vy if dz/dy = h(x/y)). It always reduces the
equation to separable form.

is a function of y/x alone (equivalently F(\z, \y) =

* Apply the initial condition only after writing the general solution.

» Stand-alone constants and unequal degrees in numerator/denominator break homo-
geneity.
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