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Class 12 Mathematics — Chapter 11

[ Chapter 11: Three Dimensional Geometry j

Quantity / Symbol | Meaning Key relation
a, B,y Direction angles with x,y, z axes [ =cosSa, m = Cosf, n=COS~y
I,m,n Direction cosines (DCs) of a line P+m?4n?=1

a,b,c Direction ratios (DRs) of a line

Position vector of a point on the line | Anchors the line in space

Direction vector (az + bj + ck) Components are the DRs of the line

Scalar parameters

Slide a point along the line

| > | T s
=

Acute angle between two lines

1 Direction Cosines & Direction
Ratios

This section sets up the algebra of a line’s ori-
entation in space — the direction angles, their
cosines (DCs), the proportional direction ratios
(DRs), and the DCs of a line through two given
points.

Direction angles and direction cosines

Fundamental relation between DCs

P+rm?4+n?=1
where I, m, n are the direction cosines
of a line.

Every set of DCs lies on the unit sphere.
Use this to test whether three numbers can
be DCs, or to find one DC from the other
two.

DRs x DCs; any nonzero multiple works

0 < 6 < /2, hence absolute value used

Direction ratios from direction cosines

A directed line through the origin makes
angles «, 8, with the positive z,y, = axes.
The cosines | = cosa, m = €C0s 3, n = COS~
are the line's direction cosines. Reversing
the line's direction replaces each angle by
its supplement, so the signs of I, m, n flip.

Any three numbers a, b, ¢ proportional
to 1, m,n are direction ratios:

l m n

a b c

DRs are not unique — ka, kb, kc (k # 0)
work too. DCs are unique up to overall sign
(line direction).
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DCs from DRs

l = + a , m =
b va?+ b2+ c2
+ ,
Va2 + b2 4+ ¢2
n=-+ c
va?+ b2+ c2

where a, b, c are DRs of the line.

Normalise the DR triple by its magnitude.
Same sign throughout fixes one of the two
opposite directions of the line.

For P(x1,y1,21) and Q(z2, y2, 22):
DRs: ©3 — x4, Y2 — Y1, 22 — 21

DCs: Tro — -’JU1’ Yz — yl’ Z2— 2z
PQ PQ PQ
where PQ =

The DRs are simply the coordinate differ-
ences. Reversing the order Q@ — P flips
all signs — still valid DRs.

DRs and DCs of a line through two points

\/(‘132 —x1)? + (Y2 — y1)? + (22 — zl)_2.

DCs of the coordinate axes
z-axis: (1,0,0) y-axis: (0,1,0) z-axis:
(0,0,1). A line equally inclined to all three

axes has DCs (:I:ig, i\/%, i%)

DRs are not DCs

Direction ratios (2,—1,—2) do not satisfy
a? + bv* + ¢ = 1 in general. Divide by

a? + b% + ¢2 before using them as DCs in
any formula that demands DCs (e.g. cos 6 =
|l1l2 + mama + ninz|).

Collinearity test via DRs

Three points A, B, C are collinear iff the DRs
of AB and BC are proportional. Equiva-
lently, all three coordinate-difference ratios
match.

2 Equation of a Line in Space

Aline in space is fixed by either (i) one point plus
a direction, or (ii) two points. This section lists
both, in vector and Cartesian forms.

F=d4+ b

where @ = position vector of a fixed

point on the line; b = direction vector;
A € Ris the parameter.

As X varies over R, 7 traces every point of
the line. b may be replaced by any nonzero
scalar multiple — the line is unchanged.

r—T1  Y—Yr
a - b - c

where (x1,y1,z1) = fixed point on the
line; a, b, c = direction ratios.

Each fraction equals the parameter A. If a
DR is zero (say a = 0), write that coordi-
nate fixed: x = 1, and use the remaining
two-fraction equality.

Cartesian form using DCs

T—T1  Y—Wh Z—2z

l  om n
where I, m, n are the direction cosines
of the line.

Same structure as the DR form, but the
common value of each ratio now equals the
signed distance from (x1,y1,21) along
the line.

Parametric equations of a line

r=x1tAa, y =y1+Ab, z=2z1+Ac
Useful when you need to substitute a gen-
eral point of the line into another equation
(e.g. to find an intersection or foot of per-
pendicular).

z— z
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Line through a point, parallel to ) — vector form

Line through a point, given DRs — Cartesian for
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Line through two points — vector form

7P=ad+ A(b—a)
where @, b are position vectors of the
two given points.

Direction vector is b — a@. A

0 gives

the first point, A = 1 gives the second,
0 < A < 1 traces the segment between
them.

T — o1 Yy—u zZ—z

T2 — 1 B Y2 — Y1 B 22 — 21

where P(ml?ylazl)aQ(w27y2az2) are
the two given points.

Built directly from two-point DRs x2 —

L1y Y2 — Y1y 22 — 21.

Converting between vector and Cartesian
forms

From # = @+ A\b With @ = 217 +y1j + 21k and
b=ai+bj+ck: set 7= zi+yj+ zk, equate
components, and eliminate )\ to land at
the Cartesian form.

3 Angle Between Two Lines

Line through two points — Cartesian form

Angle between two lines — DR form

aiaz + bbby + cico
vai+bi+ct /a3 + b3+ c3
where (a;,bq,c¢1), (a2, by, cy) are DRs
of the two lines.

Just the Cartesian
by - ba/(|b1]|b2]).

cos O =

expansion  of

Angle between two lines — DC form

cos O = |l1l2 —|— m11Mmo —|— 1Mo |

Sin 0= \/(llmz — l2m1)2 + (m1n2 — My
Denominators vanish because
2+ m? + n?2 = 1. The sin@ form
uses the cross-product components of the
two unit direction vectors.

Perpendicular and parallel lines

Perpendicular (6 = 90°):
aiaz + biby + cic; = 0
AU + nNing = 0
Parallel (6 = 0):

aq bl C1

as N b_z N C2
Perpendicularity uses the dot product;
parallelism uses proportionality of DRs.

or Uil +

The acute angle between two lines is the an-
gle between any pair of direction vectors, with
the absolute value taken on the cosine so that
0<6<m/2

Angle between two lines — vector form
by - by
1B1] |52
where b,, b, are direction vectors of the

two lines.

The absolute value picks the acute an-
gle. Skew or intersecting lines: the for-
mula uses only the directions, not the an-
chor points.

cos 6

Don’t forget the absolute value

cos6 = by - by/(|b1]|b2|) (Without bars) gives
the angle between the directed vectors,
which can be obtuse. The angle between
two lines is always the acute one — always

n1)2 4

wrap the cosinein | - |.

4 Shortest Distance Between Two
Lines

Two lines in space may intersect, be parallel, or
be skew. The shortest-distance formula handles
each case; skew lines give the only nontrivial ge-
ometry.
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Vs

Lines that are neither parallel nor inter-
secting are called skew. They lie in differ-
ent planes. The shortest segment joining
them is perpendicular to both lines, and its
length is the shortest distance.

/

Shortest distance between skew lines —

For # = @, + Ab, and 7 = @, + ubo:
(bl X b2) . ((_1:2 — (_1:1)
|b1 X b2|
Projection of the connector @, — @; onto

the unit vector & = (by x bs)/|b1 X bs| per-
pendicular to both lines.

vel

r

Shortest distance — Cartesian form

V
|
.
\

b X (Gy — @)
|b]

b x by is zero for parallel lines, so the

skew formula breaks. Use the foot-

of-perpendicular construction instead:

project the connector across the common
direction.

How to tell the case before computing

1. DRs proportional = parallel
parallel-distance formula;
coincide).

2. DRs not proportional + scalar triple
product = 0 = intersecting (shortest
distance = 0).

3. DRs not proportional + scalar triple
product £ 0 = skew (use shortest-distance
formula).

(use
zero iff lines

T—x - z—z
For 2 -1t _ YU L and
aq bl Cq
T—Tz Y—Yz2 22— 22,
az b2 C2 .
Tz — &1 Y2 — Y1 22 — |71
ai by C1
d (05)) b2 C2
V/ (bica — bac1)? + (craz — c2a:1)? +|(a
Numerator: scalar triple product of the

connector and the two direction vectors.
Denominator: |b; x bs| in Cartesian form.

Sign and absolute-value handling

The numerator of the skew-distance for-
mula is a scalar (could be negative); always
wrap in | - |. Don't drop the modulus in
the Cartesian determinant version either —
distance is non-negative.

J

Condition for two lines to intersect (coplan

d=0 <= (by X by)- (@ —a1) =0

L2 — L1 Y2 — U1
ay b1
a2 b2

22 — 21
(&1
Ca

Cartesian:

0

Vanishing scalar triple product means the
three vectors are coplanar — so the lines
lie in one plane and (being non-parallel)
intersect.

For 7 = d@; + Aband ¥ = @, + ub (same

b):

Distance between two parallel lines

JEE/NEET Extension: Foot of perpendicular

To find the foot F' of the perpendicular from
a point P to the line ¥ = @ + \b: write
F = @+ A\b, impose (F — P) - b = 0, solve
for A. The perpendicular distance is |F P|
and the image of P in the line is 2F — P.

JEE/NEET Extension: Distance via cross prod-
uct

Perpendicular distance from point P (posi-
tion p) to line ¥ = @ + \b:

bx (p—d
= W#)' — same structure as the
parallel-lines formula, with @, — @; replaced

by p— a.
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Quick Reference — Chapter 11

Topic Key formula
DCs identity P+m?4+n?=1
DCs from DRs l,m,n= ia’—b’c
Va? + b? + ¢?

DCs from two points mzp—@mv y2P—Qy1’ Zzp_Qzl with PQ = /S (22 — 21)2
Line through point, || b | 7=a+ \b
(vector)
Line through point, DRs | =+ = ¥ —by1 S
(Cartesian) a ¢
Line through two points | 7= @+ A(b — a)
(vector)
Line through two points | —— -+ = Y= _ 271
(Cartesian) -no o Bkoh o A2mAa

by - b
Angle (vector) cosf = | L 72

|b1][02]

a1a9 + b1bs + cico
Angle (DRs) cosf =

Vo atv/doa;

Angle (DCs) cos b = |l1la + mima + ning |

Perpendicular  condi-

tion

aiaz + blbg + ci1e = 0

Parallel condition

ar b a
az by ¢

g b A =
Skew SD (vector) d= (b1 x 3) (22 @)
‘bl X b2|
Parallel-lines distance d= meﬁ){al)

Coplanarity (lines inter-
sect)

(by x by) - (@2 — @) =0

Note: The 2024-26 NCERT rationalisation removed the Plane sections (normal form, intercept form,
point-normal, three-point, line of intersection, angle between line and plane, distance from point to
plane) from this chapter. They are not in the current syllabus and so are not covered here.
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