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Inverse Trigonometric. Fns

ﬁecap from Ch / n :
: _fnver.fe 0_10_10 et G _V exists Only A+ £ s

both TATG one-one - AND onto (b\:}ecf'{i/_e). :
Then a9 _}/ -7 X with \9_(#)(7) =k s denoted :
b E

 The Problermn
Tr{g Fns | Sin. o cof tan ... are periodic.
Over their WATURAL domain R they are AMOT

one-one = no  Inverse exists, -
Fix ¢ restrict the domain to a Smaller interval 1
- e e - \ —

where the Function becomes one-ome AAD onto.

Original Trig Frs (recall)
e ]

s e ) _

ae . @ L (o)) T2 R0 K

e 2 (ALY 2 R
e B Woatdil2) o2 R 00T
cosec s - . '.7 ZooC

NMote ;V(sm x)‘/ = / Sy /VOT Sin

Don'f'_ gqnﬁb;e the two notations ? S . o
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Branch : sin (v & 0SS Inv

Arc-sine  (sin inv x)

festeiet” " sln 6. | -pi/2 ., P2 ki =z one-one,

onto with range [—/, /j . Lnuverse exists.

Sl'ﬂ‘/ Z ['./‘, /j - [’W/Z ; W/%Eﬂ‘nujpa/

<-valve branch

.Q:
Other: branches = [FT/2 o sT0/2]  Fo2Fl/e | Tilz] o8
all j:'ue- range ‘[—/, /] 2= put only the Fs+ princpal
one is the STANDAKD convention.

Arc-cosine (cos inv x)

festrict oS fo [ . Pl j =7 one-one, onto.

oS [»/, s il ‘ Efprinkipal

<-valve branch

Graph Idea

Graph of v = sin inv x =  refection of
=t S (Crestricted)  in the line yi= %
Same trick works for eUery Inverse

swap the (x, f) coordinates of euery point.

-

X darx portion of WCERT th 2./ = prinupal branch
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Other Four Inuverses

sbr
™

nv x

cosec

N //54'n x

i.e. when x = nll

= = not defined when sin x = O

ﬁanye

Y Prarmey

-7
cosec

% o [T 2]

(0}

)

Séc nv x

S A= //cos x

= undefined at odd mault of pf/Z

Sec

k- G

Y = o il /e

tan

nv x

festrict tan o

( -pi/2 , pi/2 ) -- open intul ?

f'an’./ 2 ° -7

¢ /2 [T/2 Sopen, rotf

<-closed ¥

cof v x

[estrict cot fo

(e ) EL

ol R

Lo 0
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Domain / Range Summary

Memorize this table -- examiners love i+ ¥
Forction ____ Dorain  Range (PV.B.)

. ‘[ . ] B —ﬁ/z., Fi/2. ]
S o e

cosec ' x L CE ) Lo b - (o)
sec 'x gi- (5, 1) \ o I -t T2
tan ' x r ' € e iz )

wt'x R ; .o FE )

_ Memory Tip

sin , coSec , tan -7 ranges Sympetric  ABOUT O '
s oo o ranges from O to T[T (positivel

tarn , ot -7 OPEN brackets (TT/2  excluded)

Pnhcdoal value = valve of the inverse #n

Iyt'nﬂ inside its prinupal valve branch.
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| Flbdthq Pﬂ'hccjoal V_alues_ a5

:'Ez 2o e o O //root2 )
|

| Let  sin(//root2) = v
| .
" Then | sin ¥ = //root2 .

: ! ﬁanﬁe of sinl as LoTT/2 2 :
e «nrnow sin(]_f/_"/) = //foof'?_ s
\ and : 7_(/’7’ lies ____fnsicfe the p:_fincvpal b(an_ch.i

| Therefore  sin (//root2) = T1/9 & s

[

" Eq 2 : ot inv ( -//root3 )

Let cof"/(-//rcofS’) =y

| Then coft y = —//Vroof"j’

| Wé Unow ;of’(]_f/.?) = _//roof‘g i :
=Lz ety = ot 1/3) = ot TT =
 | —=otl 2N

ﬁanée of cot”’ f'.S-V( O Il ) and _277/3 lies in ifi |

| Hence cor'/(—//roofs) = 277T/3 <-Ans.
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Property / - Self Inverse

For an invertible £ 1 e always have

o Eh) ) = x AND Ll he) )= x

For trig fns

sl 5n x ) = x k0 F-v /]

P

Watch Out ?

| sin (sin x) is M7 ezua/ fo x

when * x is OUTSIDE the prinupal branch.

7

¥

£g ¢ s ap Sl )
/e s 07 w LoTT/2, T2
Use <lBI1/s) = SM(]_T el
and  2FT/e i [T/, Fl/2]

Therefore S ldin BT/ ) = 2l

» Same ﬁofcha for cos a'nu, tan inv etc.

 ALWAYS check the princpal range Lirst ?
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< - outer £
£-1s f’r{g

<-princpal !

sin( 21T/$ )

. <-Ans.
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%

How does each inverse react fo Y -2 ex T

S lan) = oy ;

¥ moler /] <-odd

fariilew) = - odanw ey iy <-odd
cosec (-x) = - cosec x 7 X Pl < oo
Mot odd (have pi shift)
- i ;
o (oxl = [ v o8 % <-x in
i v o |
See ‘/(' X) = T—r -  Sec iy X <- x =/

ot o) = [T - cof '

<-x in R

Mremonic . Sin / tarn / cosec are

s /1 e/ cof  need -TT

L]
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coseel v = Sl Gl

<- x 7=/

sec”’ x z_cos'/ (1/x) L
cof % = tan (lx) o 0
Complementary sums :
Each Function + its wo-Function = pi/2
1
sin”’ x + cws’ x = [T7/2 S n
e e e
tan x = cot”’ o= T—I'/Z <-x in R
-/ i ;
cosec  x o .sec/ ¥ = [l /)2 ﬁl S )

K

Proof fC{EQ ot Sin -

Then cos(TT/2 - 7/)

bl

3

=
~
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| Addition & Svbtraction

{ L -
{ * . —

E tan inv x + tan inv VA

=,

[ tan & o dan v _mn" (x+y)/(/-x7)

valid when xy < /

| rfan'/ - tan y = tan”’ (xfy)/(/-l-xy)-

'[ valid when Xy 7 o

[ If xy 7 / and e 70 i add e : _\
‘. tan % 4+ tan y = b1 tar (X'f-y)/(/-xy) .

If oy TR and X = 0w aibtoact ) el

|
‘| :
1 : fan. x 1 fan v o= [ + tan”’ (x+7_/)/(/—x7)

-/ /
= E
- Sin inv x + sin inv v :

| sin x + sin’ y = sin (x roof(/»yZ)-l-y robf({-xZ))

| vald when olies iy s ) add w2 Y2 a=

| -
! 0f % 4 ok y = cos'/(xy - roof((/-xz)(/—yz))) ;
| : , ; E
[ o= watch xy  term sigr ca reﬁblly Tk E

Scanned with CamScanner




Date : Page : /0

2 H)ef'a (i Double;ﬂnqle) Forms

2 tan inv x (three forms)

2 tan”’ x = Sin‘( (”Zx / (/4x2) ) _ = e
2 fan'/ x = C'O.S‘/ ( (/‘XZ)/(/‘ILXZ) ) 5 L-x T= O,
2 farnl x = tan 2x / (/.'XZ)V ) . <--/ix</

Double of sin inv , S inv

i € 2 potl/-x2) ] i f‘_—-’/"z

!

Ry
2 Xin x

2 cadiow o5 (22 - / ) <-x 7;_//;—2

Y/

Triple-angle (Misc Ex)

R x = <m0 3 2 ) <-x in
= ===z 2]

2 o8 e = o L Y2V a0
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Worked Eq : Proof of 2 sin inv

Show -

/

h € 2% rootl/-x2) ) = 2 < x

valid for -//roof’Z P e e e //roof‘Z 5

Proof  (substitution trick)

L

€7)  let  x = < O o that  an x = 6
(20 Jhen mootl/-x2) = }oof(/-smz th) = s ©
(3) S 2% aoHlin?) = 7 =in 6 .{ﬁ% cos B
() Use. 2 <inD) co? 8 = an 20

()  Theretore 2x rooH/-x2) = sin 2@

(o) Apply sin”’  omn both sides
' sin (2% root(/-x2)) = 20 = 2 sin” x

Therefore sin (2% root(/-x2)) = 2 sin” x <-QED.

¥ ; ¢ :
Same idea : x = cos th gives the 2 cos inv form.
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Worked Eg : Simplify

Express  tan( cos x / (/ - sin x) ) in simplest form

for SRED o nn e il /2

Solution

& U< o< x = wosilc/2) - <n?lx/2)  and

L - Sin o = lcoshe/2) - sinlac/2)) A

) MNMumerator +actors as
U el G )7] ) G cosloudil-sinlc/2) ).

(3) Cancel one (cos(x/2)-sin(x/2)) Factor ;
tan C (cos(x/2)4+35in(x/2)) ] (wos(x/2)-sin(x/2)) )

(<) Divide num & denom by cos(x/2) -
= tan 0 U + tan(x/2)) / (1 - tan(x/2)) )

() (/'f-f'an@\)/{/’f'an@) = tar(T1/9 + B).

e} Hence drswer = [1/9 L x/=29

Y

f'an_/(cos x/(/».s‘fn X))l = ﬂ/"/ -+ X/Z <-Ans.

ﬁfcb( : convert to halﬁ-anyle x/Z First .
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More Worked Examples

a

Eqg $ : cof inv (1/root(x2-72), x>/

(/) Lett x = sec B fsince % 7 1)
(2) Then roor(x2 - /) = root(sec28 - /) = tan O
(3) So //roof'(xz'/) = J/tan O = cr 6

(9) cotlotr B) = O = sec”’ x

£ <-Ans. 4

cot {1/ root(c2-1)) = sec’ x

Eg 6 v sine i C sin 3pf/$" )

ekl 21/ s MO0 m L B2 T2 T ﬁ
So we can MOT dfrecf'ly write sin (sin ANle) = 2/l :

Lo sl 3l /C) = nsink T o2 2P ) ) = ol 20/ ]

S sl TS s (sn Zﬂ/f"). = ﬁ:ﬁéﬁ ZTT/s‘.:

<-Ans.

snlan 3 P/s)s = Zﬁ/f

* /—lhuay.s reduce to prf}-:c:joal—-branch form Hirst. 4 :
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Tips & Common Mistakes

Common Mistakes (avoid ?)

(/) Wﬂ'h'nj Cinlin ) By Sin x

They are DIFFEREAT 7  See pg /.

(2)  Assuming L ) e By At
True only when  x in [-I‘f/z, o]

- (3) bege#:bj the constraint deof . & / when

/

using  tan”" x + tan” v = tan Ucty)/(1-5t5xy).

C

(<) Co’mcusfnj s (-x) = ]_f. = oy ox aith s =S %
(<) Pfcb(inﬁ ArY anﬁle whose Sin s yiven,
instead of the one IWNSIDE the princpal

valve branch.

Quick Roadmap

(a) Idenﬂ»cy which inverse +n is as«ed.

(b) Substitute x = sin B 7 cos B / tan 6
() Sf'mph’acy using basic trig identities.

(d) Apply inverse on both 3ides.

(e) Check the O lies in prinupal branch.

(F)  IF outside : use Property / /2 4o Hix.
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