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Determinants

y 57 Introduction

7o euery Square matrix o e [a_gjj of order %)
we assocate a number (real or complex) called

the  determinant of A denof‘e'd o el A or

For a 57/S'f'€m of linear ezuahbns

a/x+b/7/2c/

ax-!-bzyzc

2 2

Matrix form - A X = B where
al/ b/ X = </
[az sz ‘{7’ } "{‘2 }
KermarKs _
() A is read as determinant of A , not
modolus of A = Motation z A ; det A4 /\

Cir) Only szuare matrices have determinants.
Giir) det is a function £ oA from set of

Szuare matrices to set of scalars.
L Thix chapter we sf'udy determinants

upto order *Fwo three only with real entries.

Applications : area, aa\’jofnf" inverse, AX = B.
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e Determinant

Order 7

Ao bg ] o icia ol x 7 motrix |, then

A = la 4—5:’nﬂle em"ry
Order 2
llal2:
Let 5 ; Then
al/a22
lhal?
e e B S D e T )
a2/a22
A = ad - b(<—dfayonal -
(s ~ <-anti- dﬁhﬂonal
Example /
it
Evalvate i
=g

2] -1

bl

T o e = ¥

Example 2

Evaluate e Bl
%=/ %

¥
~

= k3 = GettMxri) = % 2 < % 2. 4 /
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Defefm:banf' of Order 3

Expan.sfon of a 3 x 3 determinant is done

alonﬂ Qa E%yﬂ'-mﬁh row or a+column.

All six expansions give the same valve.

all/ al/2 al/3
Let %02/ aZZZaZS

a3/ a32 a33

Expansion along K/
Sign rule < moltiply by (/)

22023 2/a23
Aall = - a :
a32a33 as3/a33
a2/a2l
o al
a3/a32

e )

=gl la2? a33 % @23 . a2/
g2 a2 ace o alsoazt)
g2 a2k a22 -~ a22 a3l)

<- pattern + - X i for first row .
Each 2x2 minor is obtained by deleﬁ'nﬂ

the row & column of the chosen element.
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Expansion along any Row / Column

/‘llogg c/ :
% 22a2 12
p a aa} e /a al/3
a32a353 a32a353
/2a/3
S et ‘
a22a23| 4

Same valve as [/  expansion (uerff:yl

Sign Chessboard

+ - )

= +‘ = <-(-7) raised to f‘-fj

+

femarKs

(i} Expand along the row / column with
maximum 2eroS - faster arithmetic.

(i) All six expansions are ezual in valve.

) EF A s n X n and B = i A . then

¥

3 ol 4 c-« pulled rn times

< -0one pPer row

«

Fy. 2A = el A T = order of A
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Wored Example :

74 2 7
Evalvate =48 e
b / O

Sol.  Two zeros in C3 -7 expand along "C3

S e
Sl
=gl 0 )
= ooy ) = o)
Eﬂ Eva,ume;:o Sin A -c05 a

=sin a O sin b
oS a -sim b O

Ekpandfny a!cnﬂ 7/
D=0 i Al D b ot )
dibenr ca Uik dlisis b 20O

.= Sin A4 Sin b co0f 4@ - oS A En a4 Sin b

|

(Bf C-SKew-Symmef'ﬂ'c %
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Properties of Determinants

B A = A
Valve of det is unchanjed £ rows and

columns are f'nf'erchanyed (franspose).

=7 rows & columns hauve ezual status.

P2 . [Row-swap changes sign.

iF any two rows (or columns) are intfer-
changed, sign of determinant changes

.,.

D' =i iy <-ong Swap = one -

rz Two egual rows -7 D=

I+ any $5i0: rows lor tolinnt) are identical

or  proportional , then D = O

= O<c-ry 73

H

fReason : s:»app.r'nﬁ the two ezual rows
leaves D unchanﬂed, but by P2 also gives -D

so B o b, D 2D =0 == P

Useful +or collinearity / linear dependence.-
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Properties (continved)

Pd . Sealar Fom a row

LF each element of a row is mulﬁph'ed by

"’ the def‘ermtbanf'. Ky mulﬁph'ed by «

« ﬁ ‘- = « A <-K faken ovut of
S <-0NVE  row only

i Sum-row split -~

If a row is expre.s.Sed as a sum of fwo

rows, D oplits as Sum of two determinants:

H

(a+x) (b-f-y) sisecd eﬁ'\g
ab;caf;eﬁj -+ )(Y;cd,-e*pﬂ

Po . [Row-operation R_i -7 R_i + « R v
Value o-ﬁ;D remains. unchanjed i+ a moltiple

of one row is added to another row

'
- ) 3 : =| D<-“ey step for
ﬁ ) 7 ﬁ A = a ﬁ—d O < - simplification

Same operations valid +or  columns el

Used to create zeros +or easy expPaAnSion.
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More Properties

27 Tﬂ'ar!qular : def‘ermt]ndnf'

SRR (s upper / lower f’r{anﬁu!ar, then

A = all a2 (233 | nm 4‘proo’ucf' of

= < - o’a'ayonal

Py . Determinant of a producf'

A3 G A i3 <-even though
«-A5 = BA
Cora:ezuences
A = A =] F ” is a positive fnfeyer.
w1 = « A : n = order of A
T = ; A o = /] / A
Eﬁ.
= WA i §
£ amd LB [=
== 2= )
Thern A = 2 8 = A e ) 3 =Gy R
Check A 20 Y Y, 5] =0 =2 = =
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Using Properties - Worked

a b C
Show that | | 8fr Bl s
: x Y Z

—

=0 vsing row operations.

Solution
Aply, & @ B

a b =
o o 0 = C‘ZEro.row
x v

Keason : a row of all zeros mawes D = O

(expa:hd alonﬂ the zero row -7 each term

carries factor O). -QED.

Usetul Tricks

) T -7 Bd 4 K ﬁ_g Keep s (D) same.
i) Pull common Factor out of a row.

Gir) Create two zeros n a row / column -7

only ore 2x2 minor to compute.

(iv) Symmef'ry -7 Spot egual rows Zu:‘cb{ly.'
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’7’3 Area of a Triangl

1

Vertices Octy wt) , G2, w2) b3, w7

\

wE) T kd (73 - /)
TS (7/_ - 72)

Arca = (1/2) x/ (42

Deterrminant Form

L e
£ %3 w3 < taxe
Rermarks
(7 Area  is positive , tade det

(i) IFf area is given , vse + and - signs.

—

Gii)  Three collinear  points e area = O.

Collinear Pl D = O ; <-test for
e S

Eg. © Vertices (3,81,(-9,22(5,/7
Area = (//’Z;)j £

/ /
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Area - calclation

Expanc/fny along R/
WEE L 2 2 - 1 k9 i

= (2 [ 8 4+ 72

= (//2) (/) = il 2 Sz. units. <-ansSwer

Egquation of line through (x/,y/), (xZ,yZ)

Let + F (_x, 7/) be any point on the line.

Then F o 54 are collinear =7

)

x ;4 /
(//2) x/ 7(/ / e
x2 72 /
Eﬂ. Line fhrouyh A(/,S), B(0,0)
O &) /
(//2) 4 g 4 ‘ C N
x Y /
Expand along K/ : (1/2)ly - 3x] = O

== 7 = % K J c—rezw'red

< - line
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-9 Minors & Cofactors

Definition - Minor M__j)
Minor of an element. a_y is the determinant

obtained by de!eh'ny the i-th row and

\}—f'h column in which a___\lj lies.
Order of /l/fg s P n - /

Definition - Cofactor A__y

Aoy = (2 M__y <- signed

< - mintr

ngn of cofactor depends on position (H:j)
o
= "I" - C—Sryn chart

=

Expansion vsing cofactors

A = sum 5 a5 . A_y

< - Sum ouver \) :

Scanned with CamScanner

< - fix any row i



Date : Page :

Minors & Cofactors - Eg.

Find minors and cofactors of

/ -2

-
Minors
M// R 3 fl M/Z — cf ]
Mz/ e i /I/l(22 = /
Coﬁacfors

e G = 3

i

¥

. E = -9

/2 : [}
Als G0
A=) - sy,

22

f

Mote (. orthogonalipy)
Sum of product of a row's  elements with

cofactors of another row IS Zero

at A K/ a2 A K24 a iR A «3

-—
il

Keason - ezufualenf‘ to det with two eZual rows.
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9.5 . Adoint &  Inverse

Adyoint - Definition
Adjoc'nf of a square matrix - A = [a_aj s the

transpose of the cofactor Matrix [A_Qj :
Denoted by acjj A

Construction

Step / compute every cofactor  A_y

Step 2 ¢ form  cofactor matrix € = [/4_,3] :
Stee 5 @ banspese -7 ad) A = C

For order 3

All A2/ A3/
ady A %/z A22 ASZ} <-rows of

A3 A23 A33 = o

(notice the g Swap - that's the f'ranSpo_'Se).

Shortcwt (order 2
I,',C'AZ e then

d -b <- swap diac /
A - Swap faﬂona !
ad) A % } <- negate off—d{aﬂ.

Scanned with CamScanner



Date : Page :

Sol.
R e : Ay = Ll e
Aol e s B EE B ) B D

L e e
Cofactor matrix [3 2 :]

Transpose =7

=7 <-cwlumns

aff) A = |:‘1 ’3j| L= rows Zoz

Verify by shortcut |
Swap dfa‘gonals AL ) ()

Megate o@c‘dfaﬂonals (Blin oz (=2 )

Same result ¥ < -consistent

Always cheex A . ady A = A L as final test.
Here A S ROl ) s i ; row chec

2H3-7) = & v 2B = 0 Good.
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Adyoint Theorem
Theorem /
For any. Square matrix A of order 0
FA : (ao\(j A) = (ac\f)' Al A= A } - ey
.( - iden ﬁ'f’y

Veribication (n = 3)
(f‘, i) enfry of A (aq) A) =

asylAl T Edeia 2 A i E e R AR A

(t', «) entry, i P= «
a iAo g g2 A k2 e R A w3 =0

(orfhoyonah'fy of cofactors).

aé A formula
maly = <-n = order
a(é A = A <-of A
Derivation A ac\f) A = A ' = A
) /
= A = 0 acé A o= A
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Singular &  Inverse Formula

S ingular vs NMon-singular

A s Sl'nﬂular A A = O
A 1 non»:fnﬂu!ar e A Y= O

Theorerm < (Inverse exists)

/7

&
A square matrix A s inuvertible £ and or:/y i

A (s norv-.s:'nﬁular Giee. A r— 0OJ.

A -/ = (it A 9 g

&

g

Proof s«etch :
2 (’a(éj Al = A = (Theorem /7

wa‘a’e‘ both sides by A €. 2= 0 )
A b A ) ad A= T

137 um'zueness of inverse
A =0/ d T ad 4. B

Quick  checks

>

D
\

o
f
e
\

b
Iy
Y|
&)

4 0 = Al = A )
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Eg. /3 A =/ dera R %=

- W
i+ 3 3
A =/ ‘7’ =
/ z 9
Step / A
Expana.’ alony K
A = de——9) o 35 - 2) G 2=z - 9)
AN SR e %= 0 so° Ao ewictal

Step 2 Cofactors
A= oA e ) =]
A, = =5 A= /, A4, =0

27

A= == Agzz 0, A

3/

Step 3 ac$ A (transpose)

: T =S
aQ(} A Yy [®)
) /
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Properties of Lnverse

(1) Reversal law

4 Bl <p = B Yhva b e
<-order swap
(2) Transpose 4) 7 = )
@-Doub/e Inverse (A w7 sl =
L ]
@ Determinant A x-/ = // A
@ Idenﬁ'fy & i e
Quick veribication (A3) =L =B -/ A -/
A = 22 ) o= L2 o
A = e o el ; AB = -4/
(AB) =y = (i)/)) Y ey
= /) 2 &5 =
B odm g =) a e Matches.
(A n) -t o= (A =, n for positive n
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9.6 Applications - AX = B
System of linear equations
a,x-f—b,y-f-c/z:d/
a2x+bzy+czzzd2
agx-f-bgyf—cgz‘-dg
Matrix form
al b/ c/
Az B2 <2 X = "3‘
as b2 X
x ; d/
where X y B| dz
: 2 dz3
Definitions
Consistent : has at least omrne solution.
Lnconsistent : has n»no solution.
Unt'zue soln .’ exacﬂy one’ (x, Y z).

Infinite soln : free pararherer present.

Here we sf'ud?/ um’zue—so!uhbn case

(matrix method) and consfsf'ency via A
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Matrix Method - Case L

A A = O (A s non'ﬂ'nyular), then A =

exists, and

A X = B

=2 7 2 A X "A =/ 5 (pre~mulf.)
- (i ar Al X =g 5 R (assoc.)
ot T SEBAN) S AR et

tl

X = A = s )3 < - unr'zue

< - solution

Steps

/. “ind A i E D switch Ho Case IE
2 Find adj A

24 el G A ) ey A

2. X o= A =y B a7 oread 6FF

iy

Cramer's Rule (parallel method)

An alternative to +ind Xj 9, 2 uSt'nj ratios

of determinants - covered nrext page.

Both methods need A Bt 2 A A = s
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Cramer's [Kule - Two Variables
a, x - B oy = ¢
4, x + b, ¥ = ¢,
a/ b/
Let D Ziaz = ‘ : & tonfl ot
/ b/
D :—-'- C-x-col - C
= £l bl } R
/ o/
D g <-vy-col - ld
~7’ az cZ ’ e
< =D /D : Y= D__,y idly
EQ.
Sole Ox f £y = 7, 3x 4 Iy = 7
B e
Dy = g _?‘5" = %7 =7 o= 9
By =/ 2 = ) = ;-
= (3, -/ Same as matrix mefhoa.

Hene  (x, y) =
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Cramer's [ule -  Three Variables

Ior
axtbyter = d
axteytez = d
axtbytcz = ds
D = 7 By i) A e ot (coefFicient det.)

D__x = replace x-column by d's

——

D_y = replace y-column by d's

G
N
|

_z = replace z-column by d's

x =D /Dy =D /b 2 =D ol - G

Three Cases

0, B0 -7 unfzue‘ solution.
Gl D 2l D__,x,D__y,DzzO -7

—

fnﬁnif—ely many  solutions.
Gi) D = O

. at least orme of D__x ; D—-—Y b g !:,_,;

—

-7 no solution (lhconsfsf'enf‘).

Algorithm  (case D = 0)
compute (ad') Al B - A ezuals 0 then
sy.sf'em may  be consistent ; else incomsistent.

/
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Consistency - Singular Case

When A =0 A -/ does nrot exist
Compute (ady A) B to decide

@ (m{) A =0
system  may have l'n#nff'ely many
solutions or no solution. CheK by

svbstitution / de,oendency amonﬁ rows.

@ (adj Al B ;'_z 0
sysfem has no solution -7

inconsistent .

Summary
. | A State (ady A) B
=0 unfzue in
=0 infinite 0
=0 no  soln. =0
Tip
First compute A / i+ decides the route.
Don't compute A -/ i A = O  (waste T

Common =error mistacke . fmyeﬁ’:hj to compute

(acf) Al B n' S:hyular case betore declan'nﬂ.

Scanned with CamScanner




Date : Page :

Eqg. Solve 3x3 S:/.Sf‘ém

A = 3(2-3) +2(9+9? +3(-6-9)
e R T Y (%= 0

A
Azlz =T /—luz 26 A =
A

>

-/0 / F

¥

ey
ST GilrT) |:—5f.—b 9 ]

X
!

A5 B =Gl 3y ]

/

ra— — '—. — <= ANSwer
Al i s S R 24_% e

Scanned with CamScanner

25



Date : Page : 26

Word Problem

Sum of three numbers is & . I+ the third is
multiplied by & and the second added ﬁfueS M.
Sum of /st and 3-d ezuals fwice the second.

Find the numbers by matrix mef‘hod.‘

Setup

Let ooy o F be the numbers.
X o Y + -
S o B2 =

x»27/+ 2= 0

23

bl

A = Hite) - HO:Z) + D1} =9 = 1
Compute cofactors -7 aqu A = ==& 3x3

X = (/9 (ac\fj A) B :_(//‘7) [9 Ly 27 ]

/-

Se o / : 7 a 2 : 2= 3 <-the three

< - numbers
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Key Formula Ban«

@ Order 2 - e = ad - bc

@ Order 3 : exPand alo”ﬂ Konr G

with -+ - -+ S{?ns (cheSSboard).
@ Cofactor » A_gy = (=) (H:)') M__y)
@ Ac\f)' s transpose of cofactor matrix

Gn o A ad A, AJ Rl

@ Area : Area = €//2) det

@ Cramer ' x = Dx/D A : Dy/D T Dz/D

//

tl

B A e

~
©
Y
R
tl
B

v

A Cr=t) Memorise

~
~
INT

&

>
tl
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Common Mistakes & Tips

Common Errors

@ S{gn chart 3
Pofgefﬁ'ny the =+=—+— + - + pattern in e)r'j

@ Ordér matters
B
CAB )= = o)A MOT A g

G« A

«L A = A nor A
@ Slhyular trap _ :
i A =0 i no A -/ Use (ac!) A5
@ Area sign - 3
aIway.s" taue Det for area (pos:'hi/e).

-

Exam Tips

Use row / col with most zeros for expansion.

Row operations preserve D, aion for triangle.
Cross-cheek by A . A -/ = & (ore row enouyh).
For Cramer, write. D |, Dx , Dy , Dz  dearly.
Collingarity : det = 0 (= ptel

End euery solution with a +Final boxed answer.
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