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Application of Integrals

From yeomefrf we Unow how to #Hnd areas
of simple shapes - triangles, rectangles,
trapezia, circles etc. But these +ormulae

fail For areas Berweerr enclosed by curves.
There we need Infeyral Calcvlus.

1

Ln this Chapter

/. Area under a wrve v = Hx) or x = ﬂ(y?.

2. Area between two curves.

. .S't;gn convention - curve below x-axis. .

9. Standard regions . circle, ellipse, B
parabo/al ilines + arcs of curves.

Recall

Definite t}ofejral from previovs chapter -

evalvated by Fundamenfa_! Theorem of Calc: i

integral_a b Rx) dx = Flp)| - <F(49 ary ants-

<-derivative of +

Idea : think of the region as a surn of
thin .Sf'rfp.s £ let strip width -2 O :

sum becomes a definite th'eﬁral.
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Area_under Simple Curves

/_?ejfoin_rk_:»oundgdi by curve ¥y = 10()5),7 the

Vx—:m{i_f_ and f'hg ordfnafe_s x = a, x = b.

= - s :
Somo s e T .
fﬂm -
| i -
< v
| s i E

Formula (Vertical Strips)

1
A = integral__a i y dx = integral _a<" ”‘16 ‘f(&) d>c'

/?eason o strip at x has height vy = A<,
wfdf'h dx ; area dd = v dy . _S"”_f"m"”ﬁ all
strips From Xx = a foax = b 3:1__/:3__5 the ftotal:

A = lim  ( S N4 dx ] = integral_a

ﬁezur}:ec_fﬂ__{ ’E(") 7= O inilo. 0]
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Area w.r.t. y-axis

ﬁeﬂfon bounded by W = 3(7), the y-axis

@id the lines ¥ = Cuiem d 0l el

|
Q.

e e

=
=

i

“ormula (Horizontal Sf'rl)o.s)

+

A = integral__c d x dy = integral_Lc “?f’ﬁﬁ‘(g’?’ dy

/ height £ x

Use horizontal strips when the curve is

given as  x = j(y) 0FR when the region s

easier to bound by p Ao T, A d ratheg

Fas x = a , x = b

| ﬁezuirea’ 2 ﬂ(y) 2= O n [c, dj
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Sign Convention”’

Cae b ;2 Hx) 2= O in [a, 0] .

Then the curve lies below the x-axis.

~g

y|
i
~

Definite fnf"ﬁﬂfa/ comes out neyaﬁue , but
area is always wRgmtioe positive . So taxe

A = f'r:f'ejral_,a b %) Shgbsolute value

4—911135 true area

Case 2 7 Curve crosses x-axis

IF part of curve is above and part below

X-axis

, Split™ at~thes zeros o Ll
&

A= A + A (f:{'g 5.9/

/ 2

!

/VGVE’f \jusf add - f'hey would cancel 7
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Find area enclosed by x° + v° = a°

i
3
k3 ‘ A
e e : x
, y
Y'

~ Setup

Symmetry about both axes

lotal.area = 9 x (area o Zuadranf)
o= J a7 dx : v = root( az”‘. g
Standard fnf’gﬂral

integral root(a’-x?) dx = (x/2) root(a®-x%) +
(a%/2) sin"(x/a)

A = Pl‘ a 2 <-matches the
= : <=Umown tormula
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o - Al Method (Horizontal .Sf'ﬂ'P.S) : .
| Same drdde, but infegrate w.r.t. y i ¢
| From x° + }/2 = a° » = root(a’ - 77{2)
e 3 , E =3
=
g —— = 0 > -
g i e LO/ x ; ¥ 3
L - G =
. : Workin o = e
ol A = 9 L x dy = "-{’L roof(aszz_)f_dy
& By symmetry, same standard integral : 4
L | A= 9 G/2) reotla -yt el |
= : la 2t ;m'/(y/a)- J Fom O to a
-i% .
& 4 =9 (a/2 . pi/2 ) =pla .
e : <-SAme AnNnSwer -
B (A= pia 2 c"-b’th methods -
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|
.!
|
) Example 2 : Area of an Ellpse

Find area enclosed by x°/a® + yz/bz =/

o ilimy
e

Wor«kin
From egn Iy = +/- (o/a) root( a® - x° )

v r (b/a) root(a’~-x°) dx

o) 3

A

tl

\ = (90/a) [ (x/2) root(a®-x?) + :
(a"/2) sinCc/a) ] Hom- O Fo &

| = (Yp/a) . (02/2)(pl/2) = pi a b 'j
|
|
| A = Pl- a & Cowhen ‘o= b
] <-becomes pi a2 3
1
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Ellipse - Al+ (Horizontal Strips)

\

From ezn T g +/ (a/b) roof‘(bzﬂyz)

B
. : [j
i
| s
Workin
Ao w S am ) o

= (Va/b)[ (7/2) roof(bz—yz) -+
_(bz/Z) St'n'/(y/b) ] Bom O to B

= (Va/b)(bz/Z)(pf/Z) = pl a b

A = P" a B ﬂ. s <-Same AnSwer

Contirms : area is- infrinsic Aot axis—dependenf'.

-
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Standard Areas - Quick [ecap

() Circle x &

A = P" a 2 <-radius a

(il Elipse . x " 2/a 2.+ v 2/b 2

=
LA = P,‘ a b <-Semi-axes a,*b

(il v = v b &, Xt % = & x = b
A= :'nfeyral__a b (v w + ¢ 7 dx

fl

wilh: = a M2 4oy - oa)

() Parapola v Zio ey £ e

i

2 inf'eﬂral_,o h root(9ax) dx
= (3/3) root(a) . h (3/2)

(v) y = rootta) ;| xegxis , x = O ; x

2

R

.."nf'eﬁn-a/____o Y root(x) dx = (2/3)(3) = /6/3

Memorise these - saves time in /MCQs.
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Area between Two Curves

ﬁeﬂfon bounded between Y = ﬁx) and 4
Y = g0xd | with ) 7z 90 in [a, 6]

\Y\
£
* I\[D:D
b g(x) b 4
0
.
7"

Formula

A infeyral_,a b I el O j(x) J dhelopper? -

< - (IObver)

Strip height = top curve - bottom curve
l = Ax) - 9()(7 ; width = a%

IF curves intersect, the limits a, b are the

x-coords of points of =oAtac intersection

| =
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When Curves Cross Each -Oﬁxek

/

| el 7= ﬁ(x) on [a, cj but i
Ax) <= \g(x) b s, b . Splt at x = g

A = infeyral___a ¢ 0F - y) dx + inf'ejral__r. _‘b“’”@

42
“\\ 71
a b
x
0
L /J/V
)

e L4

Find intersection by Hx) = 9():_)
In each sub-interval check which s

bigger (pluy in_a fest %2 . e
(se. A = :'nf'eﬂral £ - 9 dx in short.

: {:‘.Zw'ualenf__ P A J A A dx

a
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~ Example : Line crossing x-axis

-_

Find area bounded by W= S o 2. Ny

|
|
,! x-axis and the ordinates x = -/ , x = /
|
|
|

|
|
|‘
[
|
|
i‘
== e x
|
[
i

Line meets x-axis when 3x + 2 =, £ a3 v o -2 /%

. Below x-axis on [~/, —2/33 , abouve on [_"2/3, /j

_;i ee)E - 7

- A = J"/ (3x+2) dx + J_z/g (3x+2) dx

| .

5 = [3x/2 * 2x] . From_ -/ to —-2/3’ | +

| = -1le - (-1/2) + (/2 - (C2/30) W
: = 1z + ()2 + 2/)3) = /2 + Flle

A.= /3/3 sg units
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Example : Area under v = cos x

. Find area bounded by Y = o5 x.  betwith

Y = O, and ¥ = 7 pi

.

Worin
B3~ x 52+ on (O pi/2) 4 = non (pf'/Z, 3pi/2) ;
+ on (3pi/2, 2p7) . Split accordfhﬂly

A

¥

pi/2 3pi/2
cwos x dx + J oS x dx

O pil2

2pi
+ J : c0s x dx
3,:,{2

[ein ] - U - O] + =) - 2 e
Lo gy

bl

tl

i 5 sq units
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._Example : Area under y = Sin X

“ind  area bounded by y = sin x between
\ xoz O and X-o= 2 pi (Misc Q 3).

| 2
|
(11

—_—
| ﬁ\

x' 3 = X ¥
: O 0 P 2pr

@ {
e | 7"

Wor«in

sin x 7= O on [O, pfj ; Sin x <= O on [p:’, pr]_

| p S ;
LA = L sin x dx + J sin x dx
[
| &= [fcos x] (O to pi) + Loeog x] (o T 2pi)
-
| = = 00+ (-7 - 17
< =4 2
o= 9 59 units et
= S e <-cos x case i
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(BExample : v = x 2 ,x = /) to 2

-

f;md area between y = xz ! X-axis f

L ded the lmes x = 0 %X =%
L _

|

|

| :

" 7

‘l =x 2

[

|

T = x

i 0 ; >

| =

| . :

\ %
! -_—
\

[ 7f'

Here  x° 7= O always - ro mod nreeded.

b {
=
T8
rlé'
x ~
o
¥

[ng/Bj-pmm/foZ

T3 - llE = PR

fl
¥

/4 = 7/3 59 units

Always cheek : vy 7= O on the interval 7

/
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| ‘

¥
X
£
X
¥
~
.
N

_fExamEIe .

- -~ £
Find area betwgen, vy = x' | x-axis

;' and the lines  x

fl
~
x
y
"

Setvup
Y = x  is 7= O for all real x . So strip
hei'?hf' = v, width = dx G 5{9:’} Issuve.

bl

[xr/:’,"‘jﬁmm/f'o!"

L & iy

fl

(212 = 1) ok, =829 ) &

y!

Ao By 59 units <-= 629.8 .

Mote *

| Generally : integral_a b e = € BT - A
—
,‘ / Cn 4 7 2

4 .
% (case Py s f ju/es !oy W)
|
\
1
I
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| :
Examfle Py = x 3 ,x = 272 0N

7

| X-AxiS

!

and _X.)5., ~duyOxez= /. (Mise Q7

i

" Area boundeO{ by Y = >’

Workin 5
S ur oY B [-2, Oj’ ; 7 O on [O, /j

/l A = J_Z x” dx. + J; x” dx
| = [x7/9](-2 to O) + [x7/9J0 to /)
= - - + )y « ) = -[-.//"7':‘

‘ e = /7/'7’ SZ units
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| Example - Yy = x5 mod(x)

Area bounded by v = x mod(x) | x-axis "
G oz - o = (/M:'_Sc_é? =)

1

- Hint - Rewrite

e wmede) = (8 ke B

( - x 2y ¥
o
x ' — Vﬂ x
g
Workin
A = J_/ (-x%) dx + JO x® dx
= Li=x’/3J(-7 to ©O) + [x?/3J(0 +o /1)
s B O - il= £ (2 Bl

= /)2 o+ /3

\ A = 2/3 SZ units
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-_Ekample Y ‘z mod( x + 3 )

L

Setch y = modl x + 3 ) and evalvate
O :

| ol n i Bl e QD)
Ke-express
mod(’x+3)z—(x+3),x<z—3.
2 e 4 B k2
7
V-shape /
& 5 o
x 0 x
=
# *

- Workin :
d = = -(x+3) dx + Jig (x+3) dx

[—(x+3)é/2] (% fp =7
i+ [Oe437 /2] L-2. 46 O
b 90 - By - o)

tl

f)
¥

9/2 4 98

&)
f)
L
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Q3 :  /st-quadrant area of circle L
Moz and il

f =29, =0,

A __J/ oot ‘,_"%)__‘,JF_ . T

= _[_(X_/Z) roof‘(‘ffxiz)r e VSI}‘)‘/[X/Z)j_
from O fo 2

0 + 2., pif2dhes Oz pi

o
P

A = pi (Option A) .

——

QY - 2 = Yx -axis = 3
: Y & = o 7 e
N = yz_/ﬁ’ : R’eylbn 0 e 2 8

L - s

.y

=] e e L B O s 3

L 27 S 2= )T S

. 75 (pton B) | -
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Parabola v 2 = 9ax

Area between the parabola and latus

rectum Tl (4 0.

v =Yax

Workin
57 Symmef'ry about x—&x:’s

Az 2 r 4 e = 2 ro £ roof(ax,)-dx

O

= 9 rootla) [ v XS/Z/B’ j 1C(Om O to a

= vl aitla) . e = i)

a4 = (9/2) a 2 59 units <-JEE

favoou rite
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Area between Line & Parabola

s

Find area between o = and 7‘2 =i 3

7’sz X
Y'EX
b 4
x
0
7'.
Workin
Lntersection o= rnoF % =7 woim )
On [O, /j % et % A= o so

E L a0

= 9 Mewaglls 1 B ot
&= vz Ly /2
A = /e sq units
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abola v = x 2 & |line v =

-

-
{

~ind area CnC/O-_fed by these curves,

o . 2
- Lntersection = x___-l— _2 = A

Line /s above parabola on [a/, Zj_ 5

4 = r} (G« + 2) - x dx

= [ x /2 £ 2x - x /2Ty te 2

= 2+ go¥)3 - (2| - 2 +99)3)
A = 7/2 59 units
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Two Paravolas : yz=x 2 , x=y 2

¥ L4

“ind area enclosed by both parabolas.

: ﬁ _
j

Worin 7
Solve w® = oot % =k = 0 A

\
|
|
X
|
|
—
: }
|
|
|
|
|
|
( On (O, 2 root x 7 x° . So
|
|

g | A L ( root x - x'rz 2 dle

y!

L =l 7 iz - x)z j 0 to /
2)2 . 4= '
A = }/z 9 units

bl
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Howi f'o 7 Tacle /";n'_/- Area Problem

Five-Step Recipe

@ Setchthe curves care-ﬁ_b_!ly.

*

@ .Ldenf't-pyf'he reﬂton & lf'S boundarles

/}
S {l °

@ f'mdpomf's of mf‘er.fec‘hon (/tmrl’:)

““—\

@ Choo:reuerhcal or hoﬂzo»of'al strips.

\
(
X

| = .
\ @ .Lnf'ejraf'eand faKe b i+ neededt
\
\
&

S trip- direction Tip

T \/erfj'c_dl strip C de 2 : A feﬁlbr_) bounded
: by vertical lines x = a, x = b .
* Horizontal strip ( dy_ )7 e i bounded by

horizontal lines v = ¢, vy = d

* Symmefry ﬁrsf 2 m’#? often Zua_rfers the

- Common Slip-ups

(a) Forgetting . when cwrve s below axis.
L (b) Wro;jj Mimits - check by suvbstitution fo

- (c) Sp!ifﬁbﬁ at 7wr0ny th'e_rs_ecffon pot'nf'.r
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eal-life Applications

Where these formulas matter

/.

2,

Land 5ur¢/e7/fny - frreﬂular plof’.«:..
Enﬂiheeﬂhﬁ : cros.s—.secﬁ'on%o-p beams
Phy_/_ffc.f e = inf'eyra/ Fodx .

i.e. area under : F vs x ﬂraph
Economics.: consumer / producer surplus

= area between demand & supplyf curuves.

Statistics probabﬁffy = area under

the proba b:)’h‘y - densh‘y function

Chapter Summary

A v= t'nf'eyra/__,a b Hx) dx . el (2=
A = integral_c d gly) dy , 9(y?) 7=
A = :‘nfeyral__a b £ - j C'{g;to—cwue

Constants worth rememben'ny

circle

Pl a 2 i ellipse pia b ;

parabola-latus (5/3) a 2
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_- ” __Hf.sf'orfcal | ./Vof'e | -

Infggral Calwlus traces back to ancent

Gree« Method _oac Exhavstion -
vsed i+ to cq'mpuf‘e areas of plane reﬂions.

/7th century revolution

" Mewton (1665~) - theory of qu{on; ;
e anﬁ»deri}/ahve as Inverse of f'a_nﬂenf'.
X leibnitz (J689-86) - introduced the
symbol = integral for summing thin areas.
. Cauchy (early ric) - gave the rigour
via the concept of it

Key Idea

Df@ae rentiation & ”n f'eﬂ rastion Qare

inverse operations - Fund. Thm of Cal.
‘o

7c//dx ¢ _lbf'eﬂral__,a x 1) dF } = Bkl

<-Part T

___Pr(_)_ci‘_‘{ke_ 7 Ex 773”.7/7 -+ MJ'S'C_ Ex on Crh 3
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